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Vector Rotation (1)

A A
Rot(0)
(Xl ) .V1)
(Xo ) .VO) v
Yo a'

> >

X
Matrix (2A) 3 Young Won Lim
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Vector Rotation (2)

Y1
Yo

(Xl’ .V1>

(Xo’ YO)

> >
R
rotate by 0 _
= X, Ccos0 — y, sin0
(X, y,) oy (x, y,) ,
X,sin®+ y, cosO
Matrix (2A) 4 Young Won Lim
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Vector Rotation (3)

A
(Xo ) .VO)
Yo
~ >
Xp
In the rotated coordinate
invariant length  X,, Y,
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Vector Rotation (4)

X, = X, C0s0 — y,sin0 Yy, = X,sin0+ y, cos0O
A A
(x1, y1) (x40, y1)
g \\\ A A X \\
| X, sin 0 L \
/\\\'(Xo’ Yo) v (X0, Yo)
0 Y1 0 \
<> y, cos6 //\
> ) 4 v
>
<> <>
Y, sin0 Y, sin6
Matrix (2A) 6 Young Won Lim
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Transformation

W — (Xl’ J’1)

v = (X, ¥o) ROt(G) v

> rotation operator >

map
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Matrix Transformation

A A w
%
f: V _) W (Xl’ yl)
(Xo’ )’o)
> >
transformation

X, = X,C080 — y,sin0 cosO —sin0

X;| _ |cosB —sinB||x, A =
Y1 = X, sinO + y, cos0 v, sin®  cos0 ||y, sin®  cosO
w = A X
wo = TA( X )
T,
X - w
Matrix (2A) 8 Young Won Lim
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Coordinates and Coordinates Systems

Rectangular Coordinate System

§ (15 15) A any vector

/ (x, )

coordinates (1.5, 1.5)

Non-Rectangular Coordinate System

any vector
(x", y")
>
coordinates (ﬁ E)
Matrix (2A) 9 Young Won Lim
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Standard Basis

2
R’ R A any vector
e, e, = (1,0) A x. 3
X,y
= (0, 1
1 e, e, ( ) /
— N,
1
standard basis |e,, e,] spans R’
3
R’ R any vector
e, e, = (1, 0, O) (X y) A
e, = (0,1,0
b =010 \
. ‘ > e, = (0,0,1)
1 > >
el
standard basis (e, e, e,] spans R’
Matrix (2A) 10 Young Won Lim
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Basis and Coordinates

= 1.5e, +1.0e,
m,

1 0
= 1.5 + 1.0

0 1]

>
= [1.5 1.0] [1 O]
basi { } 0 1 collinear vectors -
asis €, € linearly dependent vectors

coordinates (1.5, 1.0)

many bases but the same number of basis vectors

basis (u,, u,} basis {v,, V,} basis (w,, w,]
A coordinates A coordinates A coordinates
u, (xu, yu) v, (Xv, yv) w, (xw, yw)
Vi w,
T > >
u,

Matrix (2A) 11 Young Won Lim
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Standard Basis & Standard Matrix

A
= (0,1 . ", (e, - IR
. \ T ,(e,) = (cosO, sin0)
‘ transformation
= (1, 0)
standard basis {81, 82} standard matrix A =
X;| _ |cos® X,
Y1 sin 6 Y1 el
wo= A x A -
wo= o T,(x)
X » W
Matrix (2A Y Won Li
e 12

Transformation



Dimension

R2
In vector space

any one vector ine R' linearly independent
any two non-collinear vectors plane R® linearly independent
any three or more vectors linearly dependent
v, = k,v,+k,v,
2 2
A A R A R
1 \% \%
R y y Vv,
\% \%
v, - 1
> > >
Matrix (2A) 13 Young Won Lim
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Basis

S = (v, vy, LV, non-empty finite set of vectors in V
: . v, # kv,
S isabasis (@
Vs,
{S linearly independent
S spans V Vi
>
w = k,v,+k,v,
span(S) = span{v,, v,, - , v, @ A R’
: . L . V2
all possible linear combination of the vectors inin S w
Vi
{w=kv,+k,v,+ -~ +k. v, } >

Matrix (2A) 14 Youngl\i\l/?[rz) }_ir;
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Linear Dependent (1)

{u,v,w} linearly dependent

w = u+y u = w—yv V — wW—1Uu
A A A
1% 1% 1%
w w w
> > 1 > >
u u u
u+v—-—-w =190 u+v—-—w =20 u+v—-—-w =0
Matrix (2A) 15 Young Won Lim
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Linear Dependent (2)

{u,v,w} linearly dependent

A A A
\4 \4 \4
w w w
> —> - L
u u u
ku+k,v+k,w =0 mu+m,v+mw = 0 nu+nv+nw = 0
(k, = 0) Ak, = 0)A(Kk, = 0) (m, =0)A(m, = 0)A(m, = 0) (n, = 0)A(n, = 0)A(ny=0)
(ky # 0)V(k, # 0)V (k; # 0) (m, # 0)V(m, # 0)v(m, # 0) (ny # 0)v(n; # 0)v(n; # 0)

Matrix (2A) 16 Young Won Lim
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Linear Dependent (3)

vy, V2, Vs, v} linearly dependent / é

kv,+k,v,+kyvo+k,v, = 0

(k, #0)Vv(k, #0)Vv(k, #0)V(k, #0)

‘/\

A A .

OV, + m,v,+ m,v, +m,v, = 0 mv,+ myv,+myv,+myv, = 0
(m, = 0)v(m, # 0)v(m, # 0)V(m, #0) (m, # 0)v(m,# 0)v(m, #0)Vv(m, #0)
1 2

Matrix (2A) 17 Young Won Lim
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Linear Dependent (4)

(vi,v,, vy, v, linearly dependent /\ /\
v Z/ J /

7\

Ny
R R

<

)
|

Matrix (2A) 18 Young Won Lim
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Linear Independent (1)

S = (v, vy, LV, non-empty set of vectors in 'V
kivi+k,vy+ - +k v, =0 "
the solution of the above equation Va
trivial solution: kj=k,= - =k, =0
{ if other solution exists S linearly dependent >
if no other solution exists S linearly independent v,
A v, A A A V2
k,v, k,v, Vi v, v
V> Vs 3
—v,
— > > > - > >
V1 kv, .
Matrix (2A) 19 Young Won Lim
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Linear Independent (2)

S = 1{vy, vy, LV, non-empty set of vectors in V
kivi+k,vy+ - +k v, =0 "
the solution of the above equation v,
kij=k,= -+ =k, =0
{ if other solution exists @ S linearly dependent > >
if no other solution exists @ S |inearly independent V1

at least one vector in S is a linear combination of the other vectors in S

Vi = Kivy+kyVo+ o KV g+ R Vit KV,

@ S linearly dependent

no vector in S is a linear combination of the other vectors in S
v,.>< kivi+k,vo+ - +k, v, ;+Kk V; .+ - +Kk,V,

® S linearly independent

Matrix (2A) 20 Young Won Lim
Transformation 11/10/12



Linear Independent (3)

S = vy, vy, LV, non-empty set of vectorsin V
kivi+k,vy+ - +k v, =0 "
the solution of the above equation v,
k,=k,= - =k, =0
{ if other solution exists ® S linearly dependent > >
if no other solution exists @ S |inearly independent V1
S={0} linearly dependent
S=1{v,| linearly independent
S=1{v,,Vvy,| v, # kv, linearly independent
Matrix (2A) 21 Young Won Lim
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Change of Basis

>
Oold Basis B = (u,, u,| New Basis B' = (u',, u',}
= cos 0 coordinate of u’, u', = cosOu, + sinOu,
18 sin 0 with respect to B u', = —sinOu, + cosOu,
'], = —sin O coordinate of u’, v = ku', + k,u’,
21B T ;
cos O with respect to B
= k,(cosOu,+sinOu,) + k,(—sinOu,+cosOu,)
= (k,cos0—k,sin0)u,+(k,sin0+k,cos0)u,
[ ] k, coordinate of v [ ] k,cos©0—k,sin® coordinate of v
VI — with respect to Vi — . with respect to B
El k, g L ? k,sinO+k,cos0 0
Matrix (2A) 29 Young Won Lim
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Change of Basis

|
Oold Basis B = (u,, u,| New Basis B! = (u',, u',}
V] k, coordinate of v v -COSG —sinB- k,| coordinate of v
Vg = ' Vg = '
B K, with respect to |BY B sin®  cosO ||k, with respect to B
. -cosﬁ —sinB-
vls= ' sin®  cosH6 [V_
. cosH coordinate of u'1
u'y]p = sin O with respect to B (v]p = P.-)B[Vh
, —sin 6 coordinate of u'2 — u' u’
[u',]s = cos 0 with respect to B P._)B [ L 2]3]
Matrix (2A Young Won Lim
(2A) 23 11/10/12
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Transition Matrix

P.eB:[ [u'l]B [u'z]B [u'n]B} [V]B:P._,B[Vh

' coordinate of u', coordinate of v
' coordinate of u’, [va C(_)?]rdinate of VB
[u’, s with respect to B . with respect fo
Posig=| [wlgg (g - [u,lg) Vig= Pomlvls
coordinate of u, coordinate of v
[u1]l with respect to|Bj [v]s with respect to B
coordinate of u, [va cc_)c;]rdinate of v
[uz]. with respect to |Bi B with respect to il

Matrix (2A) _ 24 Young Won Lim
Transformation 11/10/12



Change of Basis Example (1)

Rot (30°)
o >

cos® —sinB
sin® cosH

|

H Rot(—30°)
PB».: [ [u1]. [uz]. [un].} P.—)B — [ (u' ]y [u',l; [u'n]B]
R . . [
coordinate of u, 2 ] coordinate of u’, 2
[u1]l with respect to|B ._% 1B with respect to B | %
coordinate of u, - u')] coordinate of u', —3
[uz]l with respect to Bl \3 > 8 with respect to B 3
2 2
RN Bo_L
Pp,p = _21 é Ppop= i ¢_§2
2 2 2 2

Matrix (2A) 25 Youngl\i\//olrg) Hrg
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Change of Basis Example (2)

Rot(30°)
)

(—sin0, cos0) [u', ],

u, cosO —sin0O u'
sin® cosHO
| > > (cos®, sin®) [u',],
u,
Rot(—30°)
[u, ]
. u [
(sin®, cos6) 2 (u ]l cosO sinB u,
1 .
1 (cos, —sin6) sin® cos0O
| 1} > (cos®, sin@)
u,
Matrix (2A) 26 Young Won Lim
Transformation 11/10/12



Change of Basis Example (3)

[V]B: P._,B[Vh P.—>B

: 3
] coordinate of u’, g
coordinate of v u, g i
: with respect to B 1
[V]. with respect to |Bf P | 2
1 coordinate of v ] coordinate of u’, _%
[V]B with respect to B 2B with respect to B /3
2
ﬁ 1 1 —1+4/3 ﬁ 1
— |2 2 — 2 —| 2 2
wo= 1 43 [1] | 1+43 Pp,p= 1.3
2 2 2 2 2

Matrix (2A) 27 Youngl\i\//olrg) Hrg

Transformation



Change of Basis Example (4)

= (1,1
. v=(11)
- >
| u,
Poomg=| [wleg [wlag - [u.lgy) vIga= Po@lvls
R
coordinate of u, 2 [v] coordinate of v
[ul]l with respect to[Bl _% L2 with respect to B
' |
_ 1 coordinate of v
] coordinate of u, 5 [v I with respect to B
2B with respect to |Bi V3
2
ﬁ 1 V3 1 1+4/3
p _| 2 2 |2 2|1 2
BaBt S \/—E v o _1 \/_5 1 —1+/3
2 72 2 2 2
Matrix (2A) 28 Young Won Lim
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Transformation & Transition Matrix

A A w
%

(x y) f:V > W
/ b /

transformation

the same Basis the same Basis

eZ — (0’ 1)
| >
transition
€, = (1, O)
Old Basis New Basis
Matrix (2A) 29 Young Won Lim
Transformation 11/10/12



Projection onto the Lines Through Zero (1)

A A a
L/ Re L/
0 - 0 -
- e
proju = 1% g
lall
Matrix (2A) 30 Young Won Lim
Transformation 11/10/12



Projection onto the Lines Through Zero (2)

Finding the vector a

A A T(e,) =(cos0, sin0)
L R L
,// ! . //
7 e
i e,=(1,0) /

vector component of e along a

A T (e,) = (sin(90 — 0), cos(90 — 0))
. = (cos0, sin0)
L/ L ~
€, = (0’ 1) - %0 ._ v //
90—-0
,, 0 > : 0 >
/,/ | ///
vector component of e, along a
Matrix (2A) 31 Young Won Lim
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Projection onto the Lines Through Zero (3)

Finding the projection of the unit vectors

lal® = 1
A
i a = (cos0, sin0) a = (cos0, sin0)
_ p
el L 8. //"/ L
e,=(1,0) e =(1,0)
. _u-a vector component of e, along a
proj,u = 7 a
lal
la|f = cos’0 +sin’6 = 1 B
e, =(0,1) . a=(cosH, sinb)
e;a = (1,0)(cos0,sinB) = cosO L
T(e,) = Gl 4 = (cos’0, cosOsin0) T (e,)
a
e;a = (0,1)(cos0,sin®) = sin0 -
T(e,) = eza-a a = (cos0sin0, sin’0) vector component of e, along a
Matrix (2A) 32 Youngl\i\l/(:)LrE) Hrg
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Projection onto the Lines Through Zero (3)

Finding the projection of the unit vectors

lal® = 1
A
i a = (cos0, sin0) a = (cos0, sin0)
_ p
el L 8. //"/ L
e,=(1,0) e =(1,0)
. _u-a vector component of e, along a
proj,u = 7 a
lal
la|f = cos’0 +sin’6 = 1 B
e, =(0,1) . a=(cosH, sinb)
e;a = (1,0)(cos0,sinB) = cosO L
T(e,) = Gl 4 = (cos’0, cosOsin0) T (e,)
a
e;a = (0,1)(cos0,sin®) = sin0 -
T(e,) = eza-a a = (cos0sin0, sin’0) vector component of e, along a
Matrix (2A) 33 Youngl\i\l/(:)LrE) Hrg

Transformation



Projection onto the Lines Through Zero

The Standard Matrix

lal® = 1
A
i a = (cos0, sin0) a = (cos0, sin0)
L P L
> e
- e,=(1,0) . e =(1,0)

vector component of e, along a

T = [T(e,) | T(e,)
| e, =(0,1) i a = (cos0, sin0)

cos’0 sin6 cosH ) L

sin O cos 0 sin’0

cos’0  $sin26

0 e

%sin 20 sin’0O

vector component of e, along a

Matrix (2A) 34 Young Won Lim
Transformation 11/10/12



Reflections About the Lines Through Zero (1)

line is represented by a vector a

A A
H,x - L Pox /L/
N\ H,x - x X P.x - X
- X > — X »
e

2(Pgx — x) = Hgx — x
2P, x — x = Hyx

2Pyx —I)x = Hyx

Matrix (2A) 35 Young Won Lim
Transformation 11/10/12



Reflections About the Lines Through Zero (2)

(2Pyx —I)x = Hyx

cos’0  $sin26

1 . .
>sin26  sin®0

) ~ .
2Py — I = 2co§ 0—1 §11;126
sin20 2sin“9 — 1

cos20 sin206

H, = |,
sin20 —cos20

Matrix (2A)

36 Young Won Lim
Transformation 11/10/12
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