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2-D Vector Field

a given point in a 2-d space =) A vector

(X0, Vo) (M(xy V), N(xy¥o))

2 functions

(X0, Vo) —» M (X, Y,)

(X0, Yo) —— N (X, Vo)

(Xo, Vo) EE— F(xo, YO) = M(XO,YO)i + N(Xo,yo)j
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3-D Vector Field

A given point in a 3-d space ) A vector
(Xo, Yo, ZO) <M(X0,y0,20), N<Xo'y0120)1 P(X01y0120)>

3 functions
(Xo, Vo, 20) ——» M (x,Y0,Z,)

(X0, Vo, 29) —— N (Xo Yo, 20)

(Xo, Yo, Zo) _— P(xo'yolzo)

(Xo, Yo, Zo) EE— F(Xo, Yo, Zo) = M(xo,yo,zo)i + N(Xo,yo,zo>j + P(Xo,yo,zo)k
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2-Divergence

Flux across rectangle boundary

oM ON aM ON
~ [—AX]|A —A AXA
ox Vo lay Ay ox "oy [AXAY
Flux density aM oON . .
Divergence of F Flux Density
0 X ay
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Inward & Outward Flow - Top, Bottom

F(x,y) = M(x,y)i+ N(x,y)j M(x, y) F
(M(x+AXx,y)— M(x,y)l M(x+AX, ) ‘
_1? out in ?out
o ‘ Mix,y) | M,y | +1 Mx,y) | [ Mooy |
out In in out
+2 M(x+AX, y) T (x+AX, y) -2 M (x+AX, y) +2 M(x+AX, y)
v B —2—(+1) = -3 +2—(-1) = +3
+2—(+1) = +1' 1 n ) out )
M(x+AX, y) M(x+AX, y) M(x+Ax,y) 3 M(x+Ax,y)
- M(x,y) - M(x,y) - - M(x,y) - M(x,y)
+1 ut in out
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Inward & Outward Net Flow - Top, Bottom

F(x,y) = M(x,y)i+N(x,y)j M(x, y) F
M(x+AX, y)

:

MBEBCYI- M, y)l oM _
A X

0 X

* Positive Slope of a tangent line parallel to the x axis
« Outward bound net flow along the x axis

MBSOV - MO, v oM _
AX

0X

 Negative Slope of a tangent line parallel to the x axis
* Inward bound net flow along the x axis
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Net Flow - Top, Bottom

F(x,y) = M(x,y)i+N(x,y)j

F(x,y) (-i)Ay = -M(x, y)Ay

TTTTUTTTTTTTTTTTTTTTTTTTT‘ —

o M(x, y)l
A X
F(x,y) ~ oM
0 X
Ay (IM(x+AX,y)— M(x, y)jAy
oM
M(x+AXx,y) = —aX AX|Ay
illl[llllll[l[l[ll[l[llll[lv
F(x+Ax,y)-(+i)Ay = M(x+AX, YAy
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Inward & Outward Flow - Left, Right

F(x, = M(x,y)i+ N(x,v)] > -
(x, y) (x,y)i+N(x,y)j N{x, y] N(x, yray)
(N(x,y+*Ay)— N(x, y)|
in out out in in in out out
+1 +2 -1 -2 +1 -2 -1 +2
== g - — =i - ' ¢
N(x,y) N(x|y+Ay) N(x,y) N(x]y+Ay) N(x,y) N(x]y+Ay) N(x,y) N(x]y+Ay)
IN IN out
[ - C = C _3. -
out in N out
+2—(+1) = +1 -2-(-1) = -1 —2—(+1) = -3 +2—(-1) = +3
N(x, y+Ay) N(x, y+Ay) N(x, y+Ay) N(x, y+Ay)
_N(le) _N(le) _N(X,y) _N(X/.y)
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Inward & Outward Net Flow - Left, Right

F(X,_y) = M(x,y)i+N(X,y)j N(x, y) T\’ N(x,y:Ay)

(NCOYFAYI- N(x, )l _ N _
Ay

0y

» Positive Slope of a tangent line parallel to the y axis
« Outward bound net flow along the y axis

(NBOFRAGI- N(x, )l _ N _
Ay

0y

 Negative Slope of a tangent line parallel to the y axis
* Inward bound net flow along the y axis
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Net Flow - Left, Right

F(x,y) = M(x,y)i+N(x,y)j

F(x, y)-(—j)Ax = —N(x, y)Ax \
~-N(x, y) N(x, y+Ay)
> o >
=1 3
—
— >
- F(X, y) >
— ] <l
— A X A X :
R e
e <
— ] <l
e <
1_. - t
F(x, y+Ay)-(+j)ax =[N{GY*AY) A x
_—N(X, y)} 0N _ ON
N — —N (x, AX = |[=—AVIA
Ay 5y (x, y)) 5y X
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2-D Divergence (1)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

| J
i (x,y)

Top Velocity F(x,y)(—-i) = —M(x,y)

i | ‘A'y‘ i | "‘_nywy)

Left Velocity Right Velocity

F(x,y)(—J) A X Ax F(x,y)(+]j)
= —N(x,y) _ F(x,y) = +N(x,y)

A
(X+AX, y) l’ ‘ii l’

Bottom Velocity F(x,y)(+i) = +M(x,y)

(X+AX, y+AY)

Flow rate of outward bound fluid
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2-D Divergence (2)

The rate at which fluid leave the rectangle

Across top F(x,y) (-i)Ay = —M(x, y)Ay
Across bottom F(x+Ax, y) - (+i)Ay = M(x+AXx, y)Ay
Across left F(x,y) (—j)Ax = —N(x, y)Ax
Across right F(x, y+Ay)-(+j)Ax = N(x, y+Ay)AX
oM
Across top + bottom  [M(x+Ax,y)— M(x, y)j|Ay = a—xAX Ay
: ON
Across left + right (N(x, y+Ay)-N(x, y)]Ax = EAy A X
Flux across rectangle boundary
oM oN OM , ON
~ |[—AX|AV + |—AVI|AX AXA
0 X Y oy Y OX 6y X2y
Flux density aM oON . .
- a Divergence of F Flux Density
X y
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2-D Divergence and Del Operator

2-D Vector Field F(x,y) = M(x,y)i+N(x,y)j

Flux across rectangle boundary

0 X

oM + CAl AXAYy
0X oy

ﬂAy A X —

oy

~~

Ay +

Flux density =

8M+8N
0 X o0y

F(x, y) = (aixi+%j)-(Mi+Nj)

A X A X

-V F

Divergence of F
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3-D Divergence and Del Operator

2-D Vector Field F(x,y) = M(x,y)i+ N(x,y)j

Divergence of F =

8M+8N
0X oy

_ --(Mi+Nj) :l-F

3-D Vector Field F(x,y,z) = M(x,y,z)i+N(x,y,z)j+P(x,y,z)k

oM ON OP
+ +
0 X oy 0z
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2-Curl (1 - 5)

Circulation around rectangle boundary

ON
—A
0 X X

ON oM
0 X oy

A X =

I

oM
—A
oy y

Ay — AXAY

Circulation density

oON GM) k-component Circulation Density

ox oy Curl of F
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CW & CCW Spin - Top, Bottom

F(x,y) = M(x,y)i+N(x,y)j Nix,y)
(IN(x+Ax,y) N(x, y)) |

N(x+Ax, y) >
+1 +1
Cccw 1 CW
9 ¢ | -
>4 +2—(+1) = +1 <= s s —2—(+1) = -3
+2 )
-1 —1
- ! cw - r CCW
¢ | O | L+ o
- > s -2-(-1) = -1 . - — +2-(-1) = +3
) +2
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CW & CCW Net Spin - Top, Bottom

F(x,y) = M(x,y)i+N(x,y)j N(x, y) f\’
N(x+Ax, y) & >
(N(x+AX,y) -~ N(x, y)] ON
A X - a—x > 0

 Positive Slope of a tangent line parallel to the x axis
« CCW bound net flow along the z axis

(NGERE- N(x. v} _ N _
A X

0 X

* Negative Slope of a tangent line parallel to the x axis
« CW bound net flow along the z axis
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CW & CCW Spin - Left, Right

F(x,y) = M(x,y)i+ N(x,y)j M(x, y) [ M(x, y+Ay)
- (M y+Ay)- M(x, y)) {

| | T CCw
+1 +2 +1 B l
CW . +
¢| B fo| -
+2—(+1) = +1 °
2 -2 —(+1) = -3
A
Ccw
?—1 -2 | -1 T +2 —
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Net Spin - Top, Bottom

F(x,y) = M(x,y)i+N(x,y)j

-— -—
e  — -—
N(x,y) <—R ® { M(Xz y)}
By AX
F(x,y) _ [N
|l ox
Ay (N(X+AX V)= N(x, y)lay
N(X+AX, V) @i -
— — — — ﬂ
— — — = 1 ox AX)Ay
—p —p
— —
F(x+Ax, y)-(+j)Ay =NEEAXYIAy
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CW & CCW Net Spin - Left, Right

F(x,y) = M(x,y)i+N(x,y)]j M(x, y) F { M(x, y+ay)

| MGOVERTE M(x, y)] oM _
Ay

0y

» Positive Slope of a tangent line parallel to the y axis

« CCW bound net flow along the z axis

| MGOTERTE M(x, y)] oM _
Ay

0y

* Negative Slope of a tangent line parallel to the y axis
« CW bound net flow along the z axis
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Net Spin - Left, Right

F(x,y) 4
Y 14
vV | Ax A X N
Y 14
| |
o -
~[M(x, y+Ay)-M(x, y)) _(m)
Ay oy
oM
- MR M, y)ax = |2
( (x, y)]AX 8yA A X
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2-D Curl (1)

Velocity Fields F(x,y) = M(x,y)i+N(x,y)j
of fluid flows

Top Velocity F(x,y)(—j) = -N(x,y)
J
L (x, y) (x, y+Ay)

Left Velocity

F(x,y)(+i)
= +M(x,y)

Right Velocity

F(x,y)(-i)
= -M(x,y)

(X+AX, y) (X+AXx, y+Ay)

Bottom Velocity F(x,y)(+j) = +N(x,y)

Flow rate of counter clock wise circulating fluid

Vector Calculus (3A) 24 Young Won Lim
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2-D Curl (2)

The flow rate of counter clock wise circulation

Along top F(x,y) (-j)JAy = =N(x, y)Ay
Along bottom F(x+Ax,y) - (+j)Ay =N(x+Ax, y)Ay
Along left F(x,y) (+i)Ax = M(x, y)Ax
Along right F(x, y+Ay)-(—i)Ax = —M(x, y+Ay)Ax
oN
Along top + bottom (N(x+AXx,y)—- N(x, y)lAy = a—xAX Ay
: oM

Along left + right —(M(x, y+Ay)-M(x, y)lAx = —(WAy A X
Circulation around rectangle boundary

ON oM oN oM

~ |——A A — | —A A X = —
ox " |°Y oy Y ox 0y AXAY

Circulation density

oON GM) k-component Circulation Density

ox oy Curl of F
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2-D Curl and Del Operator

2-D Vector Field F(x,y) = M(x,y)i+N(x,y)j

Circulation around rectangle boundary

oON oM ON oM
~ |—AX|A — |=—Ay|AX = — AXA
0 X Y oy Y 0 X oy X8y
. . . _|ON oM
Circulation density = I x ay)
I~ Ay t o o
: F(x, y) } :(a—xi+aj+0k)><(Mi+Nj+0k)
; AX AX .{
¥ . 1 Curlof F = VM X F
e ————r——r—r—
i j kK
0 0
ox 0y
M N O
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3-D Curl and Del Operator

2-D Vector Field F(x,y) = M(x,y)i+ N(x,y)j
i j k
Curl of F _ |[ON _oM )\, R
0X oy ox 0y
M N 0

= (-)X(Mi+Nj+Ok) :le

3-D Vector Field F(x,y,z) = M(x,y,z)i+N(x,y,z)j+P(x,y,z)k

Curl of F _[oP _oN)|. (oP oM|. [oN oM, 11k
urt-o oy 0z ox 0z ox 0oy ox 0y o0z
M N P
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2-D Divergence

y
(x, y) (x, y+Ay)
X // /
(x+AXx, y) (Xx+AX, y+AYy)
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Chain Rule

Function of two variable y = f(u, v)

Vector Calculus (3A) 30 Young Won Lim

Divergence & Curl 9/24/12



References

[1] http://en.wikipedia.org/

[2] http://planetmath.org/

[3] M.L. Boas, “Mathematical Methods in the Physical Sciences”
[4] D.G. Zill, “Advanced Engineering Mathematics”

Young Won Lim
9/24/12



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31

