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Partial Derivatives

Function of one variable y = f(x)

dy _ i Fleax)=f(x)
dX AXx=>0 AX
Function of two variable 2z = f(x, y)
0z _ o FX#AX, V)= f(x, y)
aX Ax-=>0 A X
treating y as a constant
0z _ i X, y+Ay)-fix, y)
ay Ax-=>0 Ay

treating x as a constant
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Partial Derivatives Notations

Function of one variable y = f(x)

f(x+Ax)—f(x)

— = lim
dX Ax=0 A X
Function of two variables 2z = f(x, y)

0z _ of _ _ _ 0z _ .. fix+Ax, y)-f(x,y)
DT Ol I O X i-];c:lz](-) A X

treating y as a constant

9z _ of _ , _ £, 9z _ fix, y+Ay)-f(x, y)

oy oy Y oy ~ m Ay

treating x as a constant
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Higher-Order & Mixed Partial Derivatives

Second-order Partial Derivatives

o’z _ o [0z o’z _ 5 |0z
o x> ox\|ox oy’ oy\oy
Third-order Partial Derivatives
0’z _ g [0’z 0’z _ 9 |0°z2
ox®  0xl|ox® oy> 0yl\ay’
Mixed Partial Derivatives
2 2
0"z _ 0 0z _ 0"z _ _O0_ 0z
oxo0y  0x\0y B oyox  O0yl|ox
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Chain Rule (1)

/N

Function of two variable 2z = f(u, v)
u = g(x,y) v = h(x,y)

0z _ 0zou , 0z0v 0z _ 0zdou 0z0dv

0 X ou ox oV 0X oy ouoy ovaoy
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Chain Rule

Function of two variables 2z = f(u, v)

Z Z
oz 0z oz oz
ou oAY ou ov
u Y u 1%
ou ou  ov ov. ou ou  ov ov
0 X oy 0 X oy 0 X oy 0 X oy
X y X y X y X y
0z _ 0zou _ 9zdv 0z _ 0zou 0z 0v
0 X ou 0Xx OV 0X oy oudy ovay
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Directional Derivatives

Function of two variables 2z = f(x, y)

0z _ i FOX+AX, y)=fx, y) —» value
aX AXx-0 AX

Rate of change of f in the x direction

. Y A - 7
0z _ i FIX Y+AY)-f(x, y) > value
OV  ax=»0 Ay
Rate of change of f in the y direction $ ©
k =0, 0, 1)

j=1¢0,1,0)

Rate of change of f in the u direction > >y
i= (1, o,y'@\;

—P value 7
[ | X
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Gradient of a 2 Variable Function

Function of two variables  f(x, y)

VFix,y) = g—£i+%j E> vector

Rate of change of f in the x direction
Rate of change of f in the y direction

Slope in the
y direction
Slope in the
x direction of - 4 A2
oy
of _
ox 2 A
‘ k
j
| > >y
ﬂi = —2i . \
of o _ _q ox ! 6
8y1 = J - y u
X
X
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Gradient of a 3 Variable Function

Function of two variables  f(x, y)

VFix,y) = g—£i+%j E> vector

Rate of change of f in the x direction
Rate of change of f in the y direction

Function of three variables  F(x, y, 2)

oF oF oF
Fix,v,z) = —i+ —j+ —Kk vector
VF(x,y,z) 6X1+6y]+62: ﬁ>

Rate of change of f in the x direction
Rate of change of f in the y direction
Rate of change of f in the z direction
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General Partial Differentiation

Function of two variables

(x, y, 0)

f(x+Ax, y+Ay)-f(x, y)

f(x,y)

u = Ccoso

AX
Ay

= hsino0

h

» (X+Ax, y+Ay, 0)

h = V(ax) +(ay)

_ f(x+hcos0, y+hsino)—f(x, y)

Rate of change of f in the u direction

Vector Calculus (2A)
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—P value

11

i + sinf j

A ? f(x+AX,y+Ay)
f<M
Af
L Kk h
J
= >y
u
0 Ax : Vv = hu
Ay
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Directional Derivative

Function of two variable  f(x, y) u = cosi + sin® j
v = hu
(x, y, 0) » (X+Ax, y+Ay, 0)
Ax = hcos6 . .
Ay = hsin® h = (ax) +(ay)
A ? f(x+AX,y+Ay)
f(x.y)
Af
Lk $
J
B >y
i u
Rate of change of f in the u direction O o v = hu
X AY
: X +hcosO, y+hsin6)—f(x,
D, f(x,y) = lim f Y =fix, y) —» value
h-0 h
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Computing Directional Derivative (1)

Function of two variables  f(x, y) u = cos0i + sin0 j

D. f(x,y) = lim f(x+hcose,y-;zhsme)—f(x,y) —» value
h-0
0 =0" ®i=cosOi+ sin0 j %j

B D iy = tim LOHRyIfOuy) _of I\
o i
oXx

6 =90° ™ j = cos90°i + sin90° j

‘ D, f(x,y) = lim fix,y+h)-f(x,y) _ of

h->0 h oy
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Computing Directional Derivative (2)

Function of two variables  f(x, y) u = cos0i + sin0 j
D, f(x,y) = lim fix +hcos6, y + hsing)-f(x, y) —» value --,
h->0 h ‘.
’l
_of s, 9of u = cos0i + sin6 j :"
VIilx,y) =1+ R J .
of of . y
@] WJ '

of .  of
Vf(xy)_é_xl-l-aj 0 X oy
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Computing Directional Derivative (3)

Function of two variables

D, f(x,y) = lim

f(x+hcos0, y+hsin0)—f(x, y)

fix,y) u = cos0i + sind j

—P value

h->0

Vitoy) = Shis 8

u = cosOi + sin6 j

0X W
Duf(xly) — Vf(xly)u _> Value
Rate of change of f in the u direction
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Derivatives 5 9/17/12



Computing Directional Derivative (4)

9L j
ay‘
Vitoy) = Shiv 88 ST U Vikoy)u = D)
of i
u = cos0i + sin0 j -~ Vixy =2Li490;
X oy =~
Duf(xly) — Vf(X,y)ll — Value ‘:
Rate of change of f in the u direction ,"
D, f(x,y) = IVf(x,y)lllullcose = [|Vf(x,y)llcosy h
min -V, y)ll = D, f(x,y) = [IVFy)ll max S
y
the direction of Vf(x,y) f(x,y) Increases most rapidly
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Gradient Example (1)

2 daf _
f(x) = x vl 2 X
| X -3 -2 -1 0 +1 +2 +3
/ ar -6 -4 -2 0 +2 +4 +6
dx
> Scaled arrows
> +2
— +4
el 46
e—— s -
-3 -2 -1 +1 +2 +3
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Gradient Example (2)

2 .2 of of
= f(x, fix,y) = x"+y - =2x —— =2y
y=fxy axg oy
-3
f—2
4
—1
VS
-3 -2 -1 +1 +2 +3 y
+1
+2
x=—3 x=—2 x=—1 x=0 x=+1 x=+2 x=+3 +3
y=-3|-6,-6 -4,-6 -2,-6 0,-6 +2,-6 +4,-6 +6,—-6
y=-2|-6,-4 —-4,-4 -2,-4 0,-4 +2,-4 +4,-4 +6,-4
y=-1|-6,-2 -4,-2 -2,-2 0,-2 +2,-2 +4,-2 +6,-2
y=0| -6,0 -40 -2,0 0,0 +2,0 +4,0 +6,0
y=+1|-6,+2 —-4,+2 -2,+42 0,+2 +2,+2 +4,+2 +6,+2 X
y=+2|-6,+4 -4,+4 -2,+4 0,+4 +2,+4 +4,+4 +06,+4
y=+3| -6,+6 —-4,+6 -2,+6 0,+6 +2,+6 +4,+6 +6,+6
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Gradient Example (2)

u = cosOi + sin6 j
1 » 1
ﬁl + ﬁj
D,f(1,1) = VF(1,1) u

=(2,2) (5,5

= 242
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f(x,y)

2 2
:X+y

Scaled arrows

> +2
— +4
el 46
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Gradient Example (3)

> +2
— +4 -2
— G 1
y> o — P
-3 -2 - 1 \+
x S yrin
u cosOi + sSinod j N
_ 1 . 1 . o
= 7 1 + ) J .
D,f(3,2) = Vf(3,2)-u
= (6,4) (5, %) )
= 3V2+2V2 = 5V2
Vector Calculus (2A) 20 Young Won Lim
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Level Curve (1)

y = f(x,y) flx,y) = x’+y* == =2x L =2y

// ')\\
AV
. (T
-3 —Si . / 1 72 £3 y
\ T2/
fix,y) =3 N V.
Level Curve fix,y) =2 -
flx,y) =c foey) =1 }
Vector Calculus (2A) 21 Young \é\//oln7 Hrg
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Level Curve (2)

y = flx,y) = x"+y’ 3y X @—Zy
Level Curve
fix,y) =3 |
X = 3cost /// o \\
= 3sint
) TN
- |
-3 -2 -1 Hl +2 73/ y
<, df _ofdx, 2fdy _ K TNl v
dt ox dt oy dt \\ +2
Vixy =2Li+ 2L
0 X BRY, VFx,y) r'(t) = 0 Viix,y)
r'(t) = ﬂi + d—yj
dt dt VX
Vector Calculus (2A) 29 Young Won Lim
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Level Surface

Function of two variable  f(x, y)

Level Curve fix,y) =c
_of . . of .
x=g(t) df _ o0gdx , ohdy _ 0 C> VFilx,y) = Loy
y=h(t) dt ox dt oy dt r(t) = ﬂi . d_yj
dt dt

V f orthogonal to the level curve at P

Function of three variable F(x, y, z)

Level Surface F(x,y,z) =c
_oF,, oF . oF
x=f(t) C> dF - C> VF(x,y,z) = PVl Yy J+ = k
=g(t) dt , dx, dy. dz
V=9 l"(t):ﬂl+ﬂ]+ﬁk
z=h(t) of dx , 0gdy , ohdz _

ox dt oy dt 0z dt

V F normal to the level surface at P VF(x,y,z)-r'(t) =0
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Tangent Plane

Function of three variable F(x, y, 2)
Level Surface F(x,y,z) =c

PO F<X0’~y0, ZO) = C

V F(Xo, Yo, 2o) (r—1s) = 0

oF

OF OF
a_X(XOI Yo, Z,)(X — X,) + E(Xof Yo, 2,)(V — Yo) + E(XO/ Yo, Zy)(z—2,) =0
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Chain Rule

Function of two variable y = f(u, v)
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