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Partial Derivatives

Function of one variable y = f (x)

d y
dx

= lim
Δ x→0

f (x+Δ x )− f (x)

Δ x

Function of two variable

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

treating      as a constant

treating     as a constant

y

x
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Partial Derivatives Notations

Function of one variable y = f (x)

d y
dx

= lim
Δ x→0

f (x+Δ x )− f (x)

Δ x

Function of two variables

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

treating      as a constant

treating     as a constant

y

x

∂ z
∂ x

=
∂ f
∂ x

= zx = f x

∂ z
∂ y

=
∂ f
∂ y

= z y = f y
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Higher-Order & Mixed Partial Derivatives

Second-order Partial Derivatives

∂
2 z

∂ x2 = ∂
∂x (∂ z∂ x ) ∂

2 z
∂ y2 = ∂

∂ y ( ∂ z∂ y )
Third-order Partial Derivatives

∂
3 z

∂ x3
= ∂

∂x (∂
2 z

∂ x2 )
∂3z

∂ y3
= ∂

∂ y ( ∂
2 z

∂ y2 )

Mixed Partial Derivatives

∂
2z

∂ x∂ y
= ∂

∂ x ( ∂ z∂ y ) ∂
2z

∂ y ∂ x
= ∂

∂ y (∂ z∂x )=
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Chain Rule (1)

Function of two variable z = f (u , v )

u = g(x , y ) v = h(x , y )

∂ z
∂ x

=
∂ z
∂u

∂u
∂ x

+
∂ z
∂v

∂v
∂ x

∂ z
∂ y

=
∂ z
∂u

∂u
∂ y

+
∂ z
∂v

∂v
∂ y
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Chain Rule

Function of two variables z = f (u , v )

z

u v

x y x y

∂ z
∂u

∂ z
∂v

∂u
∂ y

∂u
∂ x

∂v
∂ y

∂v
∂ x

z

u v

x y x y

∂ z
∂u

∂ z
∂v

∂u
∂ y

∂u
∂ x

∂v
∂ y

∂v
∂ x

∂ z
∂ x

=
∂ z
∂u

∂u
∂ x

+
∂ z
∂v

∂v
∂ x

∂ z
∂ y

=
∂ z
∂u

∂u
∂ y

+
∂ z
∂v

∂v
∂ y
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Directional Derivatives

Function of two variables

∂ z
∂ x

= lim
Δ x→0

f (x+Δ x , y )− f (x , y)

Δ x

z = f (x , y )

∂ z
∂ y

= lim
Δx→0

f (x , y+Δ y)− f (x , y )

Δ y

Rate of change of f in the x direction

Rate of change of f in the y direction

Rate of change of f in the u direction y

z

x

i = 〈1, 0 , 0〉

j = 〈0, 1 , 0〉

k = 〈0, 0 , 1〉

θ

j

value

value ?

value
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Gradient of a 2 Variable Function

Function of two variables

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

f (x , y )

y

z

x

i

j

k

θ
u

∂ f
∂x

= −2

∂ f
∂ y

= −1

vector

∂ f
∂x

i = −2i
∂ f
∂ y

j = −1 j

Slope in the 
x direction

Slope in the 
y direction

x

y

Rate of change of f in the x direction
Rate of change of f in the y direction
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Gradient of a 3 Variable Function

Function of three variables

∇ F (x , y , z) =
∂F
∂ x

i +
∂F
∂ y

j +
∂F
∂ z

k

F (x , y , z)

vector

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j vector

Rate of change of f in the x direction
Rate of change of f in the y direction

Function of two variables f (x , y)

Rate of change of f in the x direction
Rate of change of f in the y direction
Rate of change of f in the z direction
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General Partial Differentiation

Rate of change of f in the u direction

Function of two variables f (x , y)

(x , y , 0) (x+Δ x , y+Δ y , 0)

h = √(Δx )
2
+ (Δ y)

2

y

z

x

i

j

k

θ
u

v = hu

v = hu

f (x+Δ x , y+Δ y )− f (x , y )

h

=
f (x + hcosθ , y + hsinθ)− f (x , y )

h

Δ x = hcosθ

Δ y = hsinθ

Δ x

Δ y

h

f (x , y )

f (x+Δ x , y+Δ y )

Δ f

value

u = cosθ i + sinθ j
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Directional Derivative

Rate of change of f in the u direction

Function of two variable f (x , y)

(x , y , 0) (x+Δ x , y+Δ y , 0)

Du f (x , y ) = lim
h→0

f (x + hcosθ , y + hsinθ)− f (x , y)

h
value

h = √(Δx )
2
+ (Δ y)

2

v = hu

Δ x = hcosθ

Δ y = hsinθ

y

z

x

i

j

k

θ
u

v = hu
Δ x

Δ y

h

f (x , y )

f (x+Δ x , y+Δ y )

Δ f

u = cosθ i + sinθ j
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Computing Directional Derivative (1)

Function of two variables f (x , y)

i = cos0 i + sin0 j

Du f (x , y ) = lim
h→0

f (x + hcosθ , y + hsinθ)− f (x , y)

h
value

u = cosθ i + sinθ j

Di f (x , y ) = lim
h→0

f (x + h, y )− f (x , y )

h
=

∂ f
∂x

j = cos90 ̊ i + sin90 ̊ j

D j f (x , y) = lim
h→0

f (x , y + h)− f (x , y)

h
=

∂ f
∂ y

θ = 0 ̊

θ = 90 ̊ ∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

∂ f
∂x

i

∂ f
∂y

j

θ
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Computing Directional Derivative (2)

Function of two variables f (x , y)

Du f (x , y ) = lim
h→0

f (x + hcosθ , y + hsinθ)− f (x , y)

h
value

u = cosθ i + sinθ j

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

u ∇ f (x , y )⋅u = Du f (x , y )

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

∂ f
∂x

i

∂ f
∂y

j

∂ f
∂x

i

∂ f
∂y

j

∇ f (x , y ) =
∂ f
∂x

i +
∂ f
∂ y

j u = cosθ i + sinθ j

θθ
ϕ
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Computing Directional Derivative (3)

Rate of change of f in the u direction

Function of two variables f (x , y)

Du f (x , y ) = ∇ f (x , y )⋅u value

Du f (x , y ) = lim
h→0

f (x + hcosθ , y + hsinθ)− f (x , y)

h
value

u = cosθ i + sinθ j

∇ f (x , y) =
∂ f
∂ x

i +
∂ f
∂ y

j

u = cosθ i + sinθ j ∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

u ∇ f (x , y )⋅u = Du f (x , y )

∂ f
∂x

i

∂ f
∂y

j

ϕ
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θ

Computing Directional Derivative (4)

Rate of change of f in the u direction

Du f (x , y ) = ∇ f (x , y )⋅u value

∇ f (x , y) =
∂ f
∂ x

i +
∂ f
∂ y

j

u = cosθ i + sinθ j

Du f (x , y) = ∥∇ f (x , y )∥∥u∥cosϕ = ∥ ∇ f (x , y)∥cosϕ

−∥∇ f (x , y )∥ ≤ Du f (x , y ) ≤ ∥∇ f (x , y )∥ maxmin

the direction of       ∇ f (x , y) Increases most rapidly f (x , y)

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

u ∇ f (x , y )⋅u = Du f (x , y )

∂ f
∂x

i

∂ f
∂y

j

ϕ
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Gradient Example (1)

f (x) = x2y = f (x )

x −3 −2 −1 0 +1 +2 +3

df
dx

−6 −4 −2 0 +2 +4 +6

+1 +2 +3−1−2−3

d f
d x

= 2x

Scaled arrows

+2

+4

+6
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Gradient Example (2)

x

z
y = f (x , y) f (x , y ) = x2 + y2 ∂ f

∂ x
= 2x

∂ f
∂ y

= 2 y

y

x=−3 x=−2 x=−1 x=0 x=+1 x=+2 x=+3
y=−3 −6,−6 −4,−6 −2,−6 0,−6 +2,−6 +4,−6 +6,−6
y=−2 −6,−4 −4,−4 −2,−4 0,−4 +2,−4 +4,−4 +6,−4
y=−1 −6,−2 −4,−2 −2,−2 0,−2 +2,−2 +4,−2 +6,−2
y=0 −6,0 −4,0 −2,0 0,0 +2,0 +4,0 +6,0
y=+1 −6,+2 −4,+2 −2,+2 0,+2 +2,+2 +4,+2 +6,+2
y=+2 −6,+4 −4,+4 −2,+4 0,+4 +2,+4 +4,+4 +6,+4
y=+3 −6,+6 −4,+6 −2,+6 0,+6 +2,+6 +4,+6 +6,+6

+1 +2 +3−1−2−3

−1

−2

−3

+1

+2

+3

x

y



Vector Calculus (2A)
Derivatives 19 Young Won Lim

9/17/12

Gradient Example (2)

x

z
y = f (x , y) f (x , y ) = x2 + y2 ∂ f

∂ x
= 2x

∂ f
∂ y

= 2 y

y

+1 +2 +3−1−2−3

−1

−2

−3

+1

+2

+3

x

y

Du f (1,1) = ∇ f (1,1)⋅u

u = cosθ i + sinθ j

= 1

√2
i + 1

√2
j

= (2,2)⋅( 1

√2
, 1

√2
)

= 2√2

Scaled arrows

+2

+4

+6
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Gradient Example (3)

x

z
y = f (x , y) f (x , y ) = x2 + y2 ∂ f

∂ x
= 2x

∂ f
∂ y

= 2 y

y

+1 +2 +3−1−2−3

−1

−2

−3

+1

+2

+3

x

y

Du f (3,2) = ∇ f (3,2)⋅u

u = cosθ i + sinθ j

= 1

√2
i + 1

√2
j

= (6,4)⋅( 1

√2
, 1

√2
)

= 3√2 + 2√2 = 5√2

Scaled arrows

+2

+4

+6
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Level Curve (1)

x

z
y = f (x , y) f (x , y ) = x2 + y2 ∂ f

∂ x
= 2x

∂ f
∂ y

= 2 y

y

+1 +2 +3−1−2−3

−1

−2

−3

+1

+2

+3

x

y

f (x , y ) = 3

f (x , y) = 2

f (x , y) = 1f (x , y ) = c

Level Curve
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Level Curve (2)

x

z
y = f (x , y) f (x , y ) = x2 + y2 ∂ f

∂ x
= 2x

∂ f
∂ y

= 2 y

y

+1 +2 +3−1−2−3

−1

−2

+1

+2

+3

x

y

d f
dt

=
∂ f
∂ x

dx
dt

+
∂ f
∂ y

d y
dt

= 0

f (x , y ) = 3

x = 3cost

Level Curve

y = 3sin t

∇ f (x , y) =
∂ f
∂x

i +
∂ f
∂ y

j

r '(t ) =
dx
dt

i +
d y
dt

j

∇ f (x , y)⋅r ' (t ) = 0

r '(t)r (t )

∇ f (x , y )
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Level Surface

Function of two variable f (x , y)

Level Curve f (x , y ) = c

x=g(t)

y=h(t)

d f
dt

=
∂g
∂ x

dx
dt

+
∂h
∂ y

d y
dt

= 0
∇ f (x , y) =

∂ f
∂x

i +
∂ f
∂ y

j

r '(t ) =
dx
dt

i +
d y
dt

j

∇ f (x , y)⋅r '(t ) = 0

Function of three variable F (x , y , z )

Level Surface F (x , y , z) = c

x= f (t )

y=g (t )

dF
dt

= 0
∇ F (x, y , z ) =

∂F
∂x

i +
∂F
∂y

j +
∂F
∂ z

k

r '(t) =
dx
dt

i +
d y
dt

j +
dz
dt

k

∇ F (x , y , z)⋅r '(t ) = 0

z=h(t ) ∂ f
∂ x

dx
dt

+
∂g
∂ y

d y
dt

+
∂h
∂ z

dz
dt

= 0

∇ f orthogonal to the level curve at P

∇ F normal to the level surface at P
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Tangent Plane

Function of three variable F (x , y , z )

Level Surface F (x , y , z) = c

P0 F (x0 , y0, z0) = c

∇ F (x0 , y0, z0)⋅(r − r0) = 0

∂ F
∂x

(x0 , y0, z0)(x − x0) +
∂F
∂ y

(x0 , y0, z0)(y − y0) +
∂F
∂ z

(x0 , y0, z0)(z − z0) = 0
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Chain Rule

Function of two variable y = f (u, v )

u = g(x , y ) v = h(x , y )
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