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Vector Valued Functions

Set of points (x, v, 2)

Parametric functions C x = f(t)
{ oy =gl (F(£), glt), hit)
. 2z = h(t) parameter t

Vector Valued Function / Position Vector

agiven t m A pointin 3-d space r(t) = (f(t), g(t), h(t))

= f(t)i + g(t)j + h(t)k
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Vector Valued Functions (1)

Vector Valued Function rit) = (f(t), g(t), h(t)
= f(t)i + g(t)j + h(t)k

domain

agiven t, = A position vector
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Vector Valued Functions (2)

Vector Field (x, vy, 2)

domain

a given point in a 3-d space ) A vector

(Xo, A% ZO) <uo, Vo, Wo)
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Limit of a Vector Function

Vector Valued Function r(t) = (f(t), g(t), h(t))

Limit of a Vector Valued Function

limr(t) = [lim f(t), lim g(t), lim h(t)

t>a t>a t>a t>a

Limit of a Vector Valued Function

r(a) is defined

limr(t) exists

t->a

r(a) = limr(t)

t=>a
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Derivative of a Vector Function

Vector Valued Function r(t) = (f(t), g(t), h(t))

Derivative of a Vector Valued Function

r(t) = lim rit + At) — r(t)

At=0 AT
rt) Position Vector rit) = (f(t), g(t), h(t))
r'(t) Velocity Vector r'(t) = (f'(t), g'(t), h'(t)
Tangent Vector, also
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Arc Length (1)

Vector Valued Function

Derivative of a Vector Valued Function ri(t) = <f (t), g'(t), h (t)>
As r(to) = (f(to)/ g(to)/ h<to))
rite+l) = (f(to+1), glte+1), h(te+1))
Ar(t)
dr(t)
dt
A Z
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Arc Length (2)

Vector Valued Function r(t) = (f(t), g(t), h(t))
Derivative of a Vector Valued Function ri(t) = (f'(t), g'(t), h'(t)
. Lt A r'(t) = lim rit + AAtZL — r(t)
t, ty+AtL A2 0
(f(to), gl(t), h(t,)) h(t,+At)—g(t,)
A
Z glto+At)—g(ty)
f<t0+At>—f(fy 4

S y

(f(ty+At), gl(ty+At), h(ty+At))
X
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Arc Length (3)

Vector Valued Function r(t) = (f(t), g(t), h(t))

Derivative of a Vector Valued Function r'(t) = <f'(t), g'(t) h'(t))

h(t,+At)-h(t,) dh
At dt

dg
(to"'At)_ (to) dt
Fltg+at)=F (t,) T at
At
VIF )P +[g' ()P +[h'(£)] = e (el
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Arc Length (4)

Vector Valued Function

Derivative of a Vector Valued Function

z

/ (f(to+At),

X (f(to), glty), hit,)

>
y

b
Length of a Smooth Curve

a
b

a

d

Jlr'(e)dt

r(t) = (f(t), g(t), h(t))

r'(t) = (f'(t), g'(t), h'(t)

r(t) = lim rit + At) — r(t)
At=>0 At

glty+At), h(t,+At))

[V P +1g ()P +[h' ()] dt
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Arc Length as a Parameter

b

s = [VIf ()P +[g () +[h(t)dt

a

Length of a Smooth Curve

b

= [ Ir'(t)ldt
Directed Distance from P(t,)
s@® = T|v(~c)| dt s increases in the direction of increasing t
tO

‘ Arc Length Parameter

= ZIT'(T)II de
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Speed, Velocity, Unit Tangent Vector

Arc Length Parameter s(t) = £|v(r)| dt

Speed is the absolute value of vy (t) % = |v(t) %S(t) _ %;[IV(r)Idr
Velocity Z—; = v(t)

Unit Tangent Vector T = %
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Unit Tangent Vector

t

_ ds _ dr _ = vit)
s(t) = £|v(1:)|dr 5= v(t) g = vit) T = vit)
dt _ 1 _ 1
ds  ds  |v(t)
dt

Unit Tangent Vector ar, _ drdt _ 4 1

ds dtds

-z
Ar(t)

r(ty) = (f(to), glto), hity)
r(tg+l) = (f(to+1), gltg+1), hite+1))
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Composite Function
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Chain Rule of a Vector Function (1)

Derivative of a Vector Valued Function

s = ul(t)
ds  du(t) ,
dt  dt u'() |
dr dr ds . .
dt ~ dsdt ()u'(t) range
A Z

r(s,)
s(®) Zr (tlde ?Hr JIld<
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Chain Rule of a Vector Function (2)

Vector Valued Function r(s) = (f(s), g(s), h(s))

Scalar Function s = ul(t)

s = ul(t)

ds _ du(t) .
dt  dt u'(t)
dr _ drds

dt — dsdc - " sh'(t)

0 00v09m 009 0 0 ©0OmBm©m©m©©© B B © B B © © B ©©  © © © ©
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Integration of a Vector Function

Vector Valued Function r(t) = (f(t), g(t), h(t))

Limit of a Vector Valued Function

[rt)dt = ([ f(t)dt, [g(t)dt, [h(t)dt

= [f(t)dti + [g(t)dtj + [h(t)dtk
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Displacement, Velocity, Acceleration

Displacement r(t) = f(t)i + g(t)j + h(t)k
Velocity vit) =r'(t) = f'(t)i + g'(t)j + h'(t)k

Acceleration  a(t) = v'(t) = r''(t) = f''(t)i + g''(t)j + h''(t)k

Speed t o i . .
Pee lv(t)l = %H = If'(t)i + g'(t)j + h'(D)K]
= V(F' () + (g'(t) + (h'(t))
_ ldx) [yl , [dz|
|l dt dt dt
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Unit Tangent of a Vector Function (1)

Displacement

Velocity vit) =r'(t) = f'(t)i + g'(t)j + h'(t)k
Unit Tangent T = F(t)
&= e
1 ﬂ — ﬂ@ e B
rt) WG = gsdr T
b b
Arc length s = [NIf' ()P +1g' ()P +[h ()P dt = [|Ir'(t)dt
S a ‘
ds ey R
T I ()]
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Unit Tangent of a Vector Function (2)

Displacement rit) = f(t)i + g(t)j + h(t)k
Velocity vit) =r'(t) = f'(t)i + g'(t)j + h'(t)k
velocity - speed
- direction
Unit Tangent dr <
recti _ r'(t) dr _ dt _ r'(t) _
direction T (t) Eael i - @5 - o] - T(t)

. dr _ drds as _ o
rit) W = Gsdr = = el
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Curvature of a Vector Function (1)

Vector Valued Function rit) = f(t)i + g(t)j + h(t)k
Unit Tangent r'(t) dr
T = = —
)= o) = ds
Curvature K = HZ—Z
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Curvature of a Vector Function (2)

Vector Valued Function

Unit Tangent

Ir'(t)l  ds
Curvature K = Hd—T
ds
Arc length s dT _ dT ds ds _ I ()]
dt ds dt dt
dT
dT  dt T'(t)
g4 _ Yt = = t
ds = ds e - W
dt
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Line Equations (2)
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