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Co-function Identities



y

x 1

x , y 

−1

sin = y

cos = x

tan = y / x

π
2

− α

⇒ cos( π
2

− α)

⇒ sin( π
2

− α)

⇒ cot ( π
2

− α)

cos( π
2

− α) = sinα

sin( π
2

− α) = cosα

tan ( π
2

− α) = cotα

csc( π
2

− α) = secα

sec( π
2

− α) = secα

cot ( π
2

− α) = tanα
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Angle Sum and Difference Identities (1)



y

x 1

x , y 

−1

π
2

− α

sin (60 ̊ + 30 ̊) = 1

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
√ 3
2

+
1
2
⋅
1
2

= 1

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ

sin (60 ̊ − 30 ̊) =
1
2

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
√ 3
2

−
1
2
⋅
1
2

=
1
2
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Angle Sum and Difference Identities (2)



y

x 1

x , y 

−1

π
2

− α

cos(30 ̊ + 60 ̊) = 0

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
1
2

−
1
2
⋅

√ 3
2

= 0

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

cos(30 ̊ − 60 ̊) =
√ 3
2

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
1
2

+
1
2
⋅

√ 3
2

=
√ 3
2
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Angle Sum and Difference Identities (3)



y

x 1

x , y 

−1

π
2

− α

tan (30 ̊ + 60 ̊) = + ∞

tan (30 ̊) =
1

√ 3

tan (60 ̊) = √ 3

tan (60 ̊) = √ 3

tan (30 ̊) =
1

√ 3

1

√ 3
+ √ 3

1 −
1

√ 3
⋅√ 3

= + ∞

tan (α + β) =
tan (α) + tan (β)

1 − tan (α) tan (β)

tan (30 ̊ − 60 ̊) = −
1

√ 3

tan (30 ̊) =
1

√ 3

tan (60 ̊) = √ 3

tan (60 ̊) = √ 3

tan (30 ̊) =
1

√ 3
1

√ 3
− √ 3

1 +
1

√ 3
⋅√ 3

= −
1

√ 3

tan (α − β) =
tan (α) − tan (β)

1 + tan (α) tan (β)
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Angle Sum and Difference Identities (4)

sinα

cosα

sinβ

cosβ

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ sin(α − β) = sinα⋅cosβ − cosα⋅sinβ

sinα

cosα

sinβ

cosβ

sinα

cosα

sinβ

cosβ

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

sinα

cosα

sinβ

cosβ

sin (α + β)

cos(α + β)
=

sinα⋅cosβ + cosα⋅sinβ

cosα⋅cosβ − sinα⋅sinβ

tan (α + β) =
tan (α) + tan (β)

1 − tan (α) tan (β)
tan (α − β) =

tan (α) − tan (β)

1 + tan (α) tan (β)

sin (α − β)

cos(α − β)
=

sinα⋅cosβ − cosα⋅sinβ

cosα⋅cosβ + sinα⋅sinβ
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Product to Sum (1)

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ+

+

sin (α + β) + sin (α − β) = 2sinα⋅cosβ

sinα⋅cosβ = 1
2 {sin (α + β) + sin (α − β)}

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ–

+

sin (α + β) − sin (α − β) = 2cosα sinβ

cosα⋅sinβ = 1
2 {sin (α + β)− sin (α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ+

+

cos(α + β) + cos(α − β) = 2cosα⋅cosβ

cosα⋅cosβ = 1
2 {+ cos(α + β) + cos(α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ+

–

−cos(α + β) + cos(α − β) = 2sinα sinβ

sinα⋅sinβ = 1
2 {−cos(α + β) + cos(α − β)}
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cosα⋅cosβ = 1
2 {+ cos(α + β) + cos(α − β)}cos(α ± β) = cosα⋅cosβ ∓ sinα⋅sinβ

Product to Sum (2)

sin(α ± β) = sinα⋅cosβ ± cosα⋅sinβ sinα⋅cosβ = 1
2 {sin (α + β) + sin (α − β)}

cosα⋅sinβ = 1
2 {+ sin (α + β)− sin(α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ
cosα⋅cosβ = 1

2 {+ cos(α + β) + cos(α − β)}

sinα⋅sinβ = 1
2 {−cos(α + β) + cos(α − β)}

sin (α + β) = sinα⋅cosβ + cosα⋅sinβ sinα⋅cosβ = 1
2 {+ sin (α + β) + sin(α − β)}

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

sin (α − β) = sinα⋅cosβ − cosα⋅sinβ
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Angle sum and difference identities

http://en.wikipedia.org/wiki/Derivative
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Double Angle Formula

http://en.wikipedia.org/wiki/Derivative
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Triple-angle formulae

http://en.wikipedia.org/wiki/Derivative
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Half-angle formulae

http://en.wikipedia.org/wiki/Derivative
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Power-reduction formula

http://en.wikipedia.org/wiki/Derivative
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Product-to-sum

http://en.wikipedia.org/wiki/Derivative
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Sum-to-product

http://en.wikipedia.org/wiki/Derivative
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Euler's Formula 

e iθ
= cos(θ) + i sin(θ)

e i(A+B)
= cos(A+B) + i sin (A+B)

e i A ei B = (cos(A) + i sin(A))(cos(B) + i sin (B))

= [cos(A)cos(B) − sin (A)sin(B )]

+ i [cos(A)sin(B) + sin(A)cos(B)]

cos(A+B) = cos(A)cos(B) − sin(A)sin(B)

sin (A+B) = sin(A)cos(B) + cos(A)sin (B)
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Sin( angle sum and difference )

sin (A) sin (B)

cos(A) cos(B)

A B

sin (A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

sin (A−B)

sin (A)cos(B) − cos(A)sin (B)

sin (A)cos(B) − cos(A)sin (B)
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Cos( angle sum and difference )

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A−B)

cos(A)cos(B)− sin(A)sin (B)

cos(A)cos(B) + sin(A)sin(B)
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Product to Sum : sin cos

sin(A) sin (B)

cos(A) cos(B)

A B

sin (A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

+sin (A−B)

sin (A+B) + sin (A−B) ⇐ 2sin (A)cos(B)
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Product to Sum : cos sin 

sin (A) sin (B)

cos(A) cos(B)

A B

sin (A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

−sin(A−B)

sin (A+B) − sin (A−B) ⇐ 2cos(A)sin (B)
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Product to Sum : cos cos

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

+cos(A−B)

cos(A+B) + cos(A−B) ⇐ 2cos(A)cos(B)
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Product to Sum : sin sin

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

−cos(A−B)

cos(A+B) − cos(A−B) ⇐ −2sin (A)sin(B)

−cos(A+B) + cos(A−B) ⇐ +2sin (A)sin(B)
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Product to Sum 

sin(A) sin (B)

cos(A) cos(B)

A B

sin (A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

+sin (A−B)

sin (A) sin (B)

cos(A) cos(B)

A B

sin (A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

−sin(A−B)
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Product to Sum 

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

+cos(A−B)

sin (A) sin (B)

cos(A) cos(B)

A B

cos(A+B)

sin (A) sin (B)

cos(A) cos(B)

A B

−cos(A−B)
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Sum and Difference 

A

B

A+B = X

A−B = Y

X+Y = A+B+A−B = 2A

X−Y = A+B−A+B = 2B
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Product to Sum 

sin ( X+Y
2 ) sin ( X−Y

2 )

cos( X+Y
2 ) cos( X−Y

2 )

X+Y
2

X−Y
2

sin (X)

sin ( X+Y
2 ) sin ( X−Y

2 )

cos( X+Y
2 ) cos( X−Y

2 )

X+Y
2

X−Y
2

+sin (Y )

sin ( X+Y
2 ) sin ( X−Y

2 )

cos( X+Y
2 ) cos( X−Y

2 )

X+Y
2

X−Y
2

sin (X)

sin ( X+Y
2 ) sin ( X−Y

2 )

cos( X+Y
2 ) cos( X−Y

2 )

X+Y
2

X−Y
2

−sin(Y )
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Product to Sum 

cos(X ) +cos(Y )

cos(X ) −cos(Y )

sin ( X+Y
2 )

cos( X+Y
2 )

X+Y
2

sin ( X+Y
2 )

cos( X+Y
2 )

X+Y
2

sin ( X−Y
2 )

cos( X−Y
2 )

X−Y
2

sin ( X−Y
2 )

cos( X−Y
2 )

X−Y
2

sin ( X+Y
2 )

cos( X+Y
2 )

X+Y
2

sin ( X+Y
2 )

cos( X+Y
2 )

X+Y
2

sin ( X−Y
2 )

cos( X−Y
2 )

X−Y
2

sin ( X−Y
2 )

cos( X−Y
2 )

X−Y
2
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Product-to-Sum & Sum-to-Product

sin (A+B) + sin (A−B) ⇐ 2sin (A)cos(B)

sin (A+B) − sin (A−B) ⇐ 2cos(A)sin (B)

cos(A+B) + cos(A−B) ⇐ 2cos(A)cos(B)

−cos(A+B) + cos(A−B) ⇐ 2sin(A)sin (B)

sin (X ) + sin(Y ) ⇒ 2sin ( X+Y
2 )cos( X−Y

2 )

sin (X ) − sin(Y ) ⇒ 2cos( x+Y
2 )sin ( X−Y

2 )

cos(X ) + cos(Y ) ⇒ 2cos( X+Y
2 )cos( X−Y

2 )

−cos(X ) + cos(Y ) ⇒ 2sin ( X+Y
2 )sin ( X−Y

2 )

SUM PRODUCT

SUM PRODUCT
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