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concat, map, filter

concat :: [[a]] -> [a] concat [|[a, b], [c], [d, e, f] ]
concat |] =] [a, b, c,d, e, f]
concat (xs:xss) = xs ++ concat xss
SO
map :: (a ->b) ->[a] -> [b] mapf [a,b,c,d]
map f [] =] [fa,fb,fc,fd]
map f (xs:xss) =fxs:map f xss
: _ o U
filter :: (a ->bool) -> [a] -> [a] filterp [a,b,c,d]
filter p [] =] [pa,pb,pc,pd]
filter p (xs:xss) =if p xs then xs : filter p xss l l 3
else filter p xss [ a C, ]
Bird’s Sudoku Young Won Lim
Pruning (3A) 4 2/11/17



Definitions of filter

filter :: (a ->bool) -> [a] -> [4] filter m ]

filter p [] =l [pa,pb,pc,pd]
filter p (xs:xss) =if p xs then xs : filter p xss Tl F Tl Ts
else filter p xss [ a, C, ]
filter p = concat . map (test p) map (test p) [a, b, c,d]
test p x =if p x then [x] else [ ] [pa,pb,pc,pd]

I F 1 T
[ [£], [] [£], [(§]]
concat [ [a], [], [c], [d]]

[ 4, c, d]j
Bird’s Sudoku 5 Young Won Lim
Pruning (3A) 2/11/17



Definitions of filter

testp.f=map f.test(p.f)
testpx=if p xthen [x] else [ ]

testp.fx
=test p (f X)
=if p (f x) then [f x] else []

test(p.f)x=if (p.f) xthen[x] else[]
=if p (f x) then [x] else [ ]

map f.test (p.f) x=
=if p (f x) then map f [x] else map f[]
=if p (fx) then [f x] else []
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concat, map, filter

map id =id

map (f.g) =mapf.mapg

mapid [a,b,c,d]
[ida,idb,idc, id d ]
[a, b, c,d]

map(fg) [5.b, &, 8]

[f.ga,fgb,fgc, fgd]
[f(ga).f(gb) f(gc) f(gd)]

mapg [a,Db,c,d]
[g9a,gb,gc,gd]

mapf.mapg[a,b,c,d]
mapf [ga gbgc,gd]
[f(ga).f(gb) f(gc) f(gd)]
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concat, map, filter

f.head =head . map f f.head [a,b,c,d]=fa
head . mapf[a,b,c,d]=
head [fa,fb,fc,fd]=fa

map f . tail = tail . map f map f.tail[a, b, c,d] =
mapf[b,c,d]=[fb,fc,fd]
tail. mapf[a, b, c, d]=
tail [fa,fb,fc,fd]=[fb,fc,fd]

map f . concat = map f. concat [ [a], [b], [c], [d] ] =

concat . map (map f) mapf.[a,b,c,d]=[fa, fb,fc,fd]
concat . map (map f) [ [a], [b], [c], [d] ] =
concat . [ map f [a], map f [b], map f[c], map f[d] ]| =
concat[[fa],[fb],[fc],[fd]]=[fa, fb,fc, fd]
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concat . concat

concat .

map concat = concat . concat

concat . map concat [[[a]],[[b]],[[c]], [[d]]] remove inside [ ] first
concat . [ concat [ [a] |, concat | [b] |, concat | [c] |, concat | [d] | ]
concat [[a |,[ b ],[c ][ d]]

[a, b, c,d]
concat.concat[[[a] |,[[b] ], [[c]], [[d]]] remove outside [ | first
concat [[a], [b], [c], [d]]

[a, b, c,d]
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map f . concat

concat . map (map f) = map f. concat

concat . map (map f) [[a], [b], [c], [d]]
concat [map f[a], map f [b], map f[c], map f[d] ]
concat [[fa], [fDb], [fc], [fd]]

[fa,fb,fc, fd]

map f . concat [ [a], [b], [c], [d] ]

map i [5b%.%)

[fa fb,fc, fd]
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Strict Function

f.head =head . map f

f (head []) = head (map f[]) = head [] (undefined)
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concat, map, filter

map f . tail = tail . map f
map f.reverse = reverse. map f

f. head = head . map f
map f . concat = concat . map (map f)

concat . concat concat . map concat
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filterp . map f

filter p. map f=map f. filter (p . f)

filterp. mapf[a, b, c,d]
filterp. [ fa, fb, fc,

fd]

[ p(fa), p(fb), p(fc), p(fd)]

T = T T
[ fa, fc, fd]
map f . filter (p.f)[a, b, c,d]
[(pfa, (pf)b, (pfHc, (pfHd]
T¢ F T¢ T¢
mapf. | a, C, d]
[ fa, fc, fd]
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filterp. mapf — proof

filter p. map f=map f. filter (p . f)

filter p . map f
= concat . map (test p) . map f

= concat . map (testp . f)
= concat . map (map f. test (p . f))

= concat . map (map f) . map (test (p . f))
=map f. concat. map (test (p . f))

=map f . filter (p . f)
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filter p = concat . map (test p)
test p x = if p x then [x] else [ ]

mapm.mapn=mapm.n

testp.f=mapf.test(p.f)
mapm.maph=map m.n
concat . map (map f) = map f. concat

filter p = concat . map (test p)
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filter (p.f) with a self-inverse f

filter (p.f)=map f. filter p. map f

map f. filterp.mapf[a, b, c,d]
map f. filterp [ fa, f Db, fc, fd]

map f. [p(fa), p(fb), p(fc), p(fd)]
map f [ fa, fc, fd]
[ f(fa), f(fc), f(fd)]

filter (p.f) . map f=map f. filter p

map f. filterp [a, b, c,d]

map f [pa,pb,pc,pd]
map f [ a, c, d]
[ fa, fc,fd ]
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filter (p.f) with a self-inverse f — proof

filter p. map f=map f. filter (p . f)

Assume f.f=id = mapf.mapf=map (f.f) =map id =id

map f. filterp. mapf = map f. map f. filter (p . f)

filter (p.f)=map f. filter p. map f

filter(p.f).mapf=map f.filterp.map f. map f

filter (p.f) . map f=map f. filter p
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map and filter

filter p. map f=map f. filter (p . f)

map f . filter (p . f) =filter p . map f

Assume f.f=id

filter (p.f)=map f. filter p. map f

filter (p . f) . map f =map f. filter p
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Solve with pruning

solve :: Grid -> [Grid]
solve = filter valid . expand. choices

filter valid . expand = filter valid . expand . prune

prune :: Matrix [Digit] -> Matrix [Digit]

[Grid] Matrix Choices Grid

expand choices
[Matrix Digit] Matrix [Digit] Matrix Digit

Bird’s Sudoku
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expand — map cp

Matrix Choices
Matrix [Digit]

map cp
[LCv. 91 (1. 91 (4] [1.91 (1915 [71 [1.91[1.9]) expand :: Matrix Choices -> [Grid]
[[1.091, [1.09], [1.09], [1°..9], [1.)97], ['9],  ['4], [1.797], [‘1'..’9’&
([3),__[6], [V 91 [V '91[1/9}[1 9} (19} [19][8] ] expand = cp . map cp
(7). 2] [4]  [1.%9][6] [1.9][1..9] [1..9] [1..9]]
[[1.797], [1.797], [1..97], ['4], [r.09n 2], [1.09][1.797], [1.797],
[[1-9], [1.9), [1..9] [1..91 [8],__[L.9] [1.91. (9] [3] |
- = -
[[41__T1.9) [7./9] [1.9] [..9] [T.91 [1.91.[5),__[61 1 cp.mapcp=[[[a]]]->[I[[a]]]
[[1.79, [1.797], 5], ['37, [1r.097 [1.09], ['1.797, [1.97], [1..9 1,
[[T2OLIT-0)[6]  [1).  [1-9][181[9)  [1.9][1-9]]]

cp (map cp)

-

[cp[[[1./97,[1.797, [4], [1.797,[1.9],[5], [7], [1.'9],[1.'9]]| [ L[ [e——"], (S ], (S .). . e e 1
cp[[1..97, [1.797, [1.79], [1..97, [L. 9%, [9], [4], [1..97,[1..91]] [ [ -], [ ], (O], _ o 1
cp[[3],  [6], [1.79],[T./9], [1.9],[1.19], [1./9],[T-'9], [8] ]} [ [m—— (S (-] o L.
ep[[71, 2], [4]  [1.9][6], [1.79], [1.'97, [1.91]] [ — | —. (— eee 1
cp[[L.797], [L9], [1-9], [4],  [L-9%,[2], [L1.9], [1-"9T, [1-'9T]) LB A& _AL____E_ I oo C 1
op|[[1-/97, /97, [T-/9T, [T-.97, [8], T-9%.091. 131 1 [ UNSS—]. (. (S see L]
cp[[4],  [1.9],[1.'9% [1.797], [L..9], 19105 6] 1 [ (W], [ S, [S——, eee 1
op[[T-97, [1-/91,[5, 3], [1./9%,[1. 97, [T.9], [T.9], [1-97], L[ [S—, (S (S e L
cpl[[1.09],[1.091, 6], [1],  [1.)9], L1917, [1.091,[1.79111] iC_F AT F AC 8 R eoe 11

map cp
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expand —cp . map cp

map Ccp Cp . map cp
[ ([ [m— ], (S SEN]. (SN SN, e e 1] P
[ [———], [ S— ], [, cee L] fe== m=l| |INEE fEEl| [(fEEs s
IiC__ " AC ¢ AC & cee I.] ﬁ” ”ﬁ” ”ﬁ]l °ee °e* ]
@C_ 8 AC 8 AC e see | e
[ [, [ ], [, eoe L] ]
[ (Wmmss omm], [emmes oEE]. [ ], cee 1] [G I'Id]
@C 8 AC 8 mC & B eece 1 ; .o
[ (MNNES ], (SNNE NN, (NN ) cee I [Matrix Digit]
@8 AC '8 AC__ 8 I} see 11
r \
((mmes sE], ) ([[FEE . ] (e ],
RN NS W] CEET  EE],
L B IRk NEEET THN|. s I8k o000 o000
e - |y . . P L. Iy
\ y
g Grid = Matrix Digit
[Row Digit]
[[Digit]]
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Valid

valid :: Grid -> Bool

valid g = all nodups (rows g) &&
all nodups (cols g) &&
all nodups (boxs Q)

all nodups[rl r2 r3 r4]

(nodups rl) && (hodups r2) && (nodups r3) && (nodups r4)

Bird’s Sudoku
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nodups

valid :: Grid -> Bool

valid g = all nodups (rows g) &&
all nodups (cols g) &&
all nodups (boxs Q)

nodups :: Eq a => [a] -> Bool
nodups |] = True
nodups (x:xs) = X notElem” xs && nodups xs
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notElem

nodups :: Eq a => [a] -> Bool
nodups [] = True
nodups (x:xs) = X notElem” xs && nodups xs

notElem :: (Eq a) => a -> [a] -> Bool
notElem x xs = all (/= x) xs

T O

all(I=2) [ 1, 3, 6, 9]
TesaTesaTeaaT - True

Bird’s Sudoku
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all

all :: (a -> Bool) -> [a] -> Bool

Determines whether all elements of the structure satisfy the predicate.

all (>O)@‘i

Bird’s Sudoku
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Infix and Prefix

Using infix functions with prefix notation — parenthesis ()

(+)12
()34

Using prefix functions with infix notation — backtick ~ °
foldl (+) 0 [1..5]

((+) “foldI’ 0) [1..5]

https://wiki.haskell.org/Infix_operator
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pruneRow

pruneRow :: Row [Digit] -> Row [Digit]
pruneRow row = map (remove fixed) row

where fixed = [d | [d] <- row] -- single element list — the only choice
pruneRow [ [6], [1,2], [3], [1,3.4], [5,6] ] -- Fixed - [6, 3]
[[6], [1.2], [3], [1.,4], [3]]
pruneRow [ [6], [2,5], [3], [1,2,4], [4] ] -- Fixed - [6, 3, 4]

(6], [, [3], [1], [4]]

filter nodups . cp = filter nodups . cp . PruneRow
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Remove

pruneRow :: Row [Digit] -> Row [Digit]
pruneRow row = map (remove fixed) row
where fixed = [d | [d] <- row]

fixed = [6, 3]
map (remove fixed) [ [6], [1,2], [3], [1,3.4], [5,6] ]

[6], [3],
remove [6, 3][1,2]

remove [6, 3][1,3,4]
remove [6, 3] [5,6]

-
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Remove

remove [6, 3][1,2]

filter (notElem™ [6, 3]) [1,2] =—————[1,2]

remove [6, 3][1,3,4]

filter (notElem [6, 3]) [1,3,4] =———[1 4]

remove [6, 3] [5,6]

filter (notElem” [6, 3]) [1,3,4] =———[1 4]
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Remove

pruneRow :: Row [Digit] -> Row [Digit]
pruneRow row = map (remove fixed) row
where fixed = [d | [d] <- row] -- single element list (the only choice)
fixed = [6, 3]
map (remove fixed) [ [6], [1,2], [3], [1,3.4], [5,6] ]
remove :: [Digit] -> [Digit] -> [Digit]

remove ds [x] = [X] -- do not remove fixed choices
remove ds xs = filter (notElem™ ds) xs

filter CnotElem  ds)  [[6], [1,2], [3], [1,3,4], [5,6] ]

Bird’s Sudoku
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prune

prune :: Matrix Choices -> Matrix Choices
prune = pruneBy boxs . pruneBy cols . pruneBy rows

where pruneBy f = f . map pruneRow . f f f=id
pruneRow :: Row Choices -> Row Choices -- single element list
pruneRow row = map (remove ones) row - (the only choice) fixed = ones

where ones = [d | [d] <- row]

Bird’s Sudoku
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pruneBy

boxs .boxs =id
cols . cols =id
rows .rows =id

pruneBy boxs =boxs . map pruneRow . boxs
pruneBy cols =cols . map pruneRow . cols
pruneBy rows =rows . map pruneRow . Rows

pruneBy f = f. map pruneRow . f
pruneRow :: Row Choices -> Row Choices

pruneRow row = map (remove ones) row
where ones = [d | [d] <- row]
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filter valid

. expand

filter valid . expand
= filter (all nodups . boxs).
filter (all nodups . cols).
filter (all nodups . rows) . expand

valid :: Grid -> Bool

valid g = all nodups (rows g) &&
all nodups (cols g) &&
all nodups (boxs g)

filter (all nodups . boxs) . expand
= map boxs.
= map boxs.
= map boxs.
= map boxs.

filter (all nodups) . map boxs . expand
filter (all nodups).cp.map cp . boxs
cp . map (filter nodups) . map cp . boxs
cp . map (filter nodups . cp) .. boxs

Bird’s Sudoku
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map and filter

Assume f.f=id

filter (p.f)=map f. filter p. map f

filter by p.f

first apply f, then filter by p
filtered element : applied by f
double application f : back to original element

filter (all nodups . boxs) . expand

= map boxs . filter (all nodups) . map boxs . expand
= map boxs . filter (all nodups).cp.map cp. boxs

= map boxs . cp . map (filter nodups) . map cp . boxs
= map boxs . cp . map (filter nodups . cp) . boxs

Bird’s Sudoku
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expand =cp . map cp

map cp
[L0L.9), (1.9) (4], [1.9, [1.9),(5), (7], [1.91[1..9]], expand :: Matrix Choices -> [G”d]
([1.'9] [1./97], [1.9], [1.'9], [1"./97, [9],  [4],  [1.'9] [1../97],
((3) _r6]_ [1.9] [1.'9] [1./9],[1./9] [1.9) [1.9].[8] ) expand = Cp ) map cp
(71 (21 41 [1.91,[6] [1.'9] [1./9],[1'.'9], [1.'97],
[[1.797, [1.097], [1.097, [4],  [1.79],[2], [1.'9], [1./97, [1..97],
((1.'9] [1./9], 197, [1.'97, [8],  [1./97,[1'.'97,[9], [3] ']
> = -
(r41 (1.9 (1797, [1.97, ['1.'9], [1"./97, [1.'97, [5],  [6] ] Cp . map Cp - [ [ [a] ] ] > [ [ [a] ] ]
[([1.9] [1.091[5],  [3],  [1.797 [1.797], [1..9], [1../97, [1..97],
(rr.opreenrel, [l [1.09] (179,191 [1.97 [1.797]]

cp (map cp)

-4

Col cp . Row cp

map rows . expand = expand . rows map boxs . expand
map cols . expand = expand . cols = map boxs . cp.map cp
map boxs . expand = expand . boxs =Cp.map cp . Boxes

first rearrange box elements into rows, then expand
first expand, then rearrange box elements into rows
over the each of the expansion
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expand and boxs

For the row-wise access,
cols rearrange column elements into rows
boxs rearrange box elements into rows

map boxs . expand
= map boxs.cp.map cp
=cp.mapcp.boxs

= map boxs

filter (all nodups . boxs) . expand
= map boxs.
= map boxs.

filter (all nodups) . map boxs . expand
filter (all nodups) . cp . map cp . boxs

. cp . map (filter nodups) . map cp . boxs
= map boxs.

cp . map (filter nodups . cp) . boxs

Bird’s Sudoku
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filter and cp

filter (all p) . cp = cp . map (filter p)
allp=and . mapp

A
cp A

(1,2, 3], [2], [1, 3]]
1,2 1], [1,2,3],[2,21],[22,3], 3, 2,1], [3, 2, 3]]

filter (allp) .cp A =filter[allp[1, 2, 1], allp[1, 2, 3], all p[2, 2, 1],
allp[2, 2, 3],allp[3, 2, 1], all p [3, 2, 3] ]

= fiter[and [p1,p2,pl],and[p1l,p2,p3],and[p 2,p 2, p 1],
and[p2,p2,p3l,and[p3,p2,pl],and[p3,p 2, p 3]]

map (filter p) A [ filter p [1, 2, 3], filter p [2], filter p [1, 3] ]

[filter[p1, p2,p3l,[p2],[p1l p3]]

cp.map (filterp) A = cp.[filter[p1l,p2,p3],[p2],[p1l, p3]]
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map and filter

filter (all p) .cp = cp.map (filter p)

First cp, then filter by all.p — every element of every list must satisfy p
First filter by p then cp

filter (all nodups . boxs) . expand

= map boxs . filter (all nodups) . map boxs . expand
= map boxs . filter (all nodups).cp. map cp . boxs

= map boxs . cp . map (filter nodups) . map cp . boxs
= map boxs . cp . map (filter nodups . cp) . boxs

Bird’s Sudoku
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map compaosition

filter (all nodups . boxs) . expand

= map boxs . filter (all nodups) . map boxs . expand
= map boxs . filter (all nodups).cp. map cp. boxs

= map boxs . cp . map (filter nodups) . map cp . boxs
= map boxs . cp . map (filter nodups . cp) . Boxes

map (filter nodups). mapcp = map (filter nodups . cp)

Bird’s Sudoku
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PruneRow property

filter (all nodups . boxs) . expand

= map boxs . filter (all nodups) . map boxs . expand
= map boxs . filter (all nodups).cp. map cp. boxs

= map boxs . cp . map (filter nodups) . map cp . boxs
= map boxs . cp . map (filter nodups . cp) . boxs

= map boxs . cp . map (filter nodups . cp . pruneRow) . boxs )

filter nodups . cp = filter nodups . cp . pruneRow

filter valid . expand = filter valid . expand . prune
prune = pruneBy boxs . pruneBy cols . pruneBy rows
where pruneBy f = f . map pruneRow . f
pruneRow row = map (remove ones) row
where ones = [d | [d] <- row]

Bird’s Sudoku
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PruneRow property

filter (all nodups . boxs) . expand

‘ * * *
= map boxs . cp . map (filter nodups . cp) . Boxes :>
= map boxs . cp . map (filter nodups . cp . pruneRow) . Boxes

‘ * * *

= filter (all nodups . boxs) . expand . pruneBy boxs

Bird’s Sudoku 40 Young Won Lim
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prunBy boxs proof — (1)

filter (all nodups . boxs) . expand -

= map boxs . cp . map (filter nodups . cp . pruneRow) . boxs

= map boxs . cp . map (filter nodups) . map (cp . pruneRow) . boxs

= map boxs. filter (all nodups). cp . map (cp . pruneRow) . boxs

= map boxs . filter (all nodups). cp . map cp . map pruneRow . boxs

= map boxs . filter (all nodups) . expand . map pruneRow . boxs

= filter (all nodups . boxs) . map boxs . expand . map pruneRow . boxs
= filter (all nodups . boxs) . expand . boxs . map pruneRow . boxs

= filter (all nodups . boxs) . expand . pruneBy boxs

filter (all nodups . boxs) . expand

= filter (all nodups . boxs) . expand . pruneBy boxs

filter valid . expand = filter valid . expand . prune
prune = pruneBy boxs . pruneBy cols . pruneBy rows
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prunBy boxs proof — (2)

= map boxs . cp . map (filter nodups . cp . pruneRow) . boxs
= map boxs . cp . map (filter nodups) . map (cp . pruneRow) . boxs
map (f.g) =map . map g

= map boxs . cp . map (filter nodups) . map (cp . pruneRow) . boxs
= map boxs. filter (all nodups). cp . map (cp . pruneRow) . boxs
filter (@all p) . cp = cp . map (filter p)

= map boxs . filter (all nodups). cp . map (cp . pruneRow) . boxs
= map boxs . filter (all nodups).cp . map cp . map pruneRow . boxs
map (f.g) =mapf.map g

= map boxs . filter (all nodups). cp . map cp . map pruneRow . boxs
= map boxs . filter (all nodups) . expand . map pruneRow . boxs
expand =cp . map cp
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prunBy boxs proof — (3)

= map boxs. filter (all nodups) . expand . map pruneRow . boxs
= filter (all nodups . boxs) . map boxs . expand . map pruneRow . boxs
filter (p . f) . map f=map f. filter p

= filter (all nodups . boxs) . map boxs . expand . map pruneRow . boxs
= filter (all nodups . boxs) . expand . boxs . map pruneRow . boxs
map boxs . expand = expand . boxs

= filter (all nodups . boxs) . expand . boxs . map pruneRow . boxs
= filter (all nodups . boxs) . expand . pruneBy boxs
pruneBy f =1 . map pruneRow . f
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Pruning (1)

solve = filter valid . expand. Choices

filter valid . expand = filter valid . expand . prune

pruneRow row = map (remove fixed) row
where fixed = [d | [d] <- row]

remove ds [x] = [X]
remove ds xs = filter (‘notElem" ds) xs

notElem x xs = all (/= x) xs
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Pruning (2)

f.f=1d assumed

filter(p.f)=map f. filterp. map f
filter (p . f) . map f=map f. filter p

filter p. map f=map f. filter (p . f)

map f. filter p. map f
=map f. map f. filter (p . f)

= filter (p . f)

filter valid . expand
= filter (all nodups . boxs) .
filter (all nodups . cols).
filter (all nodups . rows) . expand
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Pruning (3)

filter (all nodups . boxs) . expand

= map boxs . filter (all nodups) . map boxs . expand
= map boxs . filter (all nodups) . cp . map cp . boxs
= map boxs . cp . map (filter nodups) .map cp . boxs
= map boxs .cp . map (filter nodups . cp) . boxs

boxs . boxs = id
map boxs . expand = expand . boxs
filter (all p) . cp = cp . map . (filter p)

filter nodups . cp = filter nodups . cp . prunerow

map boxs . cp . map (filter nodups . cp . prunerow) . boxs
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Pruning (4)

map boxs . cp . map (filter nodups . cp . pruneRow) . box =

map boxs .cp . map (filter nodups) . map (cp . pruneRow) . boxs =
map boxs . filter (all nodups) . cp . map (cp . pruneRow) . boxs =

map boxs . filter (all nodups) . cp . map cp . map pruneRow . boxs =
map boxs. filter (all nodups) . expand . map pruneRow . boxs =

filter (all nodups . boxs) . map boxs . expand . map pruneRow . boxs =
filter (all nodups . boxs) . expand . bosx . map pruneRow . boxs =
filter (all nodups . boxs) .expand . pruneBy boxs =

filter (all nodups . boxs) . expand =
filter (all nodups . boxs) . expand . pruneBy boxs

filter valid . expand = filter valid . expand . prune

prune = pruneBy boxs . pruneBy cols . pruneBy rows
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Pruning (5)

cp - map (filter p) = filter (all p) . cp
boxs . boxs =id

boxs . expand = expand . boxs
boxs . boxs =id

pruneBy f =f . pruneRow . f
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