Spectrum Representation (2B)



Copyright (c) 2009 - 2017 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
1/23/17


mailto:youngwlim@hotmail.com

W, and w,

TsNO W, W,
T, period m
X[n] O L I B B s B l/ A
W, Wy
N, samples T,
27 27
Wy = — W, = —
Lo T, 0.=2n A o.=2n
A 21 A 21
U)O = — (Ds _
NO 1 N
(1)0 (I)O

5A Spectrum

3 Young Won Lim
Representation 1/23/17



Fourier Transform Types
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Computation at kw,

CTFS Periodic x(t) CTFT Aperiodic x(t)
C, = lfT () e "™ dt ko, w) = [ etge o « ko,
= )oxede k 0, X(jo) = J_ x(t)e™dt o <ko,
@ kw,=k 2% rad/sec @ kw,=ko,f,=k 27 rad/sec
0o~ T 0o~ 0ls ™ NTS
DTFS Periodic x[n] DTFT Aperiodic x[n]
_ LN ke X(jo) = 3 x[nle™ Gk
ylk] = & ZOX["] Koy jo) = 2 O € ko,
. 2 . 2
@ koo():k(oofs:k(N;ES rad/sec @ koo():kooofszk(N;ES rad/sec
5A Spectrum 5 Young Won Lim
1/23/17

Representation



Computations using DFT

CTFS Periodic x(t) CTFT Aperiodic x(t)
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C, ~ %DFT{X(H T,)) ko, X(jkoo)~ T,DFT (x(nT,)} ko,
2 . 2
@ k(o():k(?ﬂ: rad/sec @ kow,=ko,f,=k N;Es rad/sec
DTFS Periodic x[n] DTFT Aperiodic x[n]
N-1 +0 .
yIk] = % > x[n] e ko X(jo) = 2 x[n]e®"
n=20 n=-—o
y[k]=-DFT(x[n]} ko, X[jko)~ DFT{x[nll 6 e ko,
@ kow,=ko,f,=k I\ZI;ES rad/sec @ ku)o:kd)ofszk(]\zlj;,s rad/sec
5A Spectrum 6 Young Won Lim
1/23/17

Representation



Computations using DFT

CTFS Periodic x(t) CTFT Aperiodic x(t)
CkN%DFT{x(nTS)} X|jkw,)~T ,DFT(x(nT,))

x(nT,) ~ N IDFT{C,) X(nTs)NTLIDFT{X(jk(DO)}

DTFS Periodic x[n] DTFT Aperiodic x[n]

1 o

y[k]:FDFT{x[n]} X|[jkd,|~ DFT(x[n]}
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5A Spectrum 7 Young Won Lim

Representation 1/23/17



FFT Amplitude and Power Spectrum

Two-Sided Amplitude Spectrum Two-Sided Power Spectrum
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FFT Amplitude and Phase Spectrum

Two-Sided Amplitude Spectrum

1
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CTFS and Power Spectrum

Two-Sided Power Spectrum

1 1
X(KIP = |6, = 3(a; + b)) = Fo,f

1
N?
Single-Sided Power Spectrum
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g, each sinusoid's amplitude
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Average Power and Total Energy
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Parseval’'s Theorem for DFT

DFT
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Periodogram as a frequency domain samples

DFT
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Parseval’'s Theorem
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Approximate CTFS Parseval’s Theorem
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DTFS Parseval’'s Theorem

DTFS
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Approximate CTFT Parseval’'s Theorem

CTFT Total Energy % Total Energy
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Approximate DTFT Parseval’'s Theorem
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Average Power and Total Energy

Periodic Signals

Aperiodic Signals

Average Power

Total Energy

%

Continuous | | | - | >
Time

Average Power %IT|X(I)|2dt Total Energy __[O|X(t)|2dt
Discrete ““aI?Tm >
Time .

1 +00
Average Power NZ_:; Ix[n]f Total Energy T, 2. Ix[n]/
Spectrum Young Won Lim

Representation (2B)

19

1/23/17



Parseval’'s Theorem

Periodic Signals

Aperiodic Signals

Average Power

Total Energy
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Average Power and Total Energy

Periodic Signals Aperiodic Signals
Average Power Total Energy
i Average Power TFT Total Ener
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DFT Approximation of Parseval’s Theorem

Periodic Signals

Aperiodic Signals

Average Power

Total Energy
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Time e L TN : N-1
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Integration Approximation

2 dw€¢wn,
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Fourier Series Coefficients

Periodic Signals Aperiodic Signals
Frequency o = 27T o = 27T . _ 2T
Spacing "7 NT, " NT, |'° N
Amplitude 1 _ T, _ _ v (
Spectral Density N k] =G, N X[k] =T, X[k] = X(jko,)
Frequency kw, =k 21 ko, =ko,f, =k 21
Bin NT, ’ NT,
C, willl be spread over f, C./f,=C,T,
T T T T T [ T ]
1 1 1 1
fo= T, " NT, fo= T, NT.
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One-sided Fourier Series Coefficients

Periodic Signals Aperiodic Signals
Frequency W = 27 _ 27T o = 27 N 2n
Spacing " NT, T, " NT, | N
Two Sided 1 . T, 3
F.S. Coefficient X[k| =G, WX[k] = X(jko)
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2 2T
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Spectral Density Functions

Aperiodic Signals
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Total Energy

Periodic Signals

Parseval’s & .2 1 2
Theorem ,;)m %fmx(t)' .

Average Power

x(t) x(t)
| | | .
P i \
C, Hx(jm)

cerrtt] [ { { W BEEEEE |

Amplitude Spectral Density (ASD)

Amplitude Spectral Density (ASD)
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DFT Approximation

Periodic Signals Aperiodic Signals
Two Sided 1 _ T, R
F.S. Coefficient N Xlk]=C, N X[k]= X (jko,)
Parsevals ek =1 f x(eFae L[ x(jofdo= [ Ix(cfd
”””””” _2ax|
Approximation N-L ,k 2 Nl = .
OFf)FI)ntegratlon pert % = Tn—o |X[Tl]| NlTs I;) |TSX[k]| = Ts 20 |X[n]|
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Using Periodograms

Periodic Signals

Parseval’s N e 1 2
Theorem ,;) i = 7 [ (e e
Approximation N-1 2 N-1 2
By DFT's L3 | LIk = et

Averaging Operation

Average Power

Aperiodic Signals

Integrating Operation

Total Energy

2 N-— N-1 N-1 N-1
using LY P k)=~ [x[n]f T, P, k|=T, |x[n]}
Periodograms N = N =% k=0 =0
Spectrum Young Won Lim
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Using PSD & ESD

Periodic Signals Aperiodic Signals

Parseval’s L - ) 2

Theorem ’;)|Ck| = [, Ix(tfde J; (joldo= flx(t)l dt

/_IA_\C\)/;‘I'I aéjﬁefé))\llver & k=_0 PSD[k] = Average Power 1::_01 ESD|[k] = Total Energy
Approximated pspiclle | L gl o

PSD & ESD [K] N2| K] ESD[k] = ZIX[K]

Spectrum |
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Using PSD, ESD, and Periodograms

Periodic Signals Aperiodic Signals
T
ASD YXlK=c, 2 X[K]= X(jka,)
Approximated X[k} _ T, 2
PSD & ESD o PSD| k] N|X[k]| = ESD|[k]
Using i) K S K ESD[k
PSD & ESD 2 PSDk]| Sum(PSDI[K]) 2 ESD|[k] Sum( [K])
USing lN—1 ) . ; N—1P L fi
Periodograms N,Z;,P’“[ ] Averaging 2 K] Integrating
App_roximated Lix[kP=p_[x] LixikP=rp_[k]
Periodograms N i
S t i
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FS Coefficients of Periodic and Aperiodic Signals

Periodic Signals

Aperiodic Signals

Frequency _ 1 1
Spacing A= WA AT =Nac
Two Sided At
F.S. Coefficient X (k) N X (k)
One Sided 1 o At o
F.S. Coefficient N Xk k=0, 3 ~ X (k) k=0, 3
2 2At
FX(k) k=1,,5—1 TX(k) k=1,,5—1
Frequency
Bin kA f kA f
Average Power Total Energy
Spectrum
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Power Spectrum and Power Spectral Density

Power Spectrum Power Spectral Density Hz
1 T 2
~|X[k]P N-1 N-1 ~|X[k]|
N 1 2 2 N
T v 2 [T XU =1, X x[n]
T T T T ]
1 o1 1% 1P Power Spectral Density Hz = sec
N ZOX [n] = szopf[ ]|
N—1 %|X[k]|2
= S[k]Af
k=0
1 N-1 1 N-1 [ ]
=~ 2 Skl = = 3 |X K] -~
s k=0 N* k=0 Af _ 1 Normalized
T fo N Frequency
S[k] = S IX[KIF

Periodogram — Power Spectral Densit
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FS Coefficients of Random Signals

Random Signals

Frequency Spacing Af= 1
~ NAt
Two Sided P—N_ls(k)A B
Power Spectral Density = f Nac& X
One Sided P:Nfs (A f S SA f=-3S
Power Spectral Density =
N

Frequency Bin
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Power Spectrum using FFT

Discrete Fourier Transform

N -1

X[k] = Y x[n] e /F/Nkn X = fft(x)
n=0
1 N -1 .
X[n] — K X[k] e+j(2n/N)kn X = 1fft(X)
N =0
— + kot Approximated
x(t) = k;@ Cie k CTFS Fourier Series Coefficients
+ M '
xes(t) = 20 v €™ DTFS fc = fft(x)/N = X/N
k=—M
~ _ X[k] Approximated - 3 *
Ci ™ Y = N  Fourier Coefficients X 1fft(fc)*N

5 | X [k] |2 Approximated
G ~ N2 Power Spectrum

Spectrum
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Periodogram using FFT

C _ X[k] Approximated RMS in continuous time
k¥ ¥ T TN Fourier Coefficients

5 X [k][ Approximated

G ~ N2 Power Spectrum
N-1 N-1 A 1}-

1 — 5 1 ~ 5 verage L 2(1’) dt

=3 £n] = — Y 1x[k] g

N ,;) N2 = | | Power T )

2 . . B

x kP RMS of sq root RMS in discrete time
= N Periodogram [

| X [k][ k0.1 N Approximated
N — it L periodogram ’A‘ N A
| X [k]| Square root | N e
— k=0,1,...,N—1 . kK1PA = — k112
/N Periodogram NA k;)|g[ ] N;)Ig[ ]|
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Signals without discontinuity
Signals with discontinuity

Sampling frequency is not an integer
multiple of the FFT length

Leakage
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Fourier
A

Transform
f (t) A continuous sum of

weighted exponential
OIS : >
frpsiio -

—0 < < +©

L

Not so useful in transient analysis

Laplace
Transforln(lt) oSt = f(t)e_((” jo)t

Linear Time Domain

ﬁﬂ@llé'ls .@ondition
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z Transform

fln] 2™

Discrete Time System

Difference Equation

7 = esT — eGT ej(uT
A
J(s)=w
>
R(s)=c
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