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Fourier Series with real coefficients

Z(ak cos(kwyt) + by sin(ka,t)]
a
x(t) = g, + D g, cos(kaw,t +¢,)
k=1
b
x(6) = X, + 2, R{xe
k=1
Xy =gy ’
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Phasor Representation X, via g,, ¢,

X(t) = g, + Y9, cos(koyt + 9,

k=1

x(t) = g, + g, Rl
k=1

Q0

x(t) = g, + 2, Rlgee™ ]

k=1
+jo,

X, =g.e
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Spectrum

Real Single-tone Sinusoidal Signal

x(t) = Acos(w,t+ ¢) Acos(w,t + ¢)
| = A (gl giloerely
= R{xe'" 2
_ é(e”"’e”‘”” Feiteion)
X X" °
— | A Fjot A —jot K f§ *
_ ) e + 9) e — {A62+J }e"‘j(l)ot_l_ {A82+J } e_jﬂ)ot
X =Ae"
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Spectrum

Real Single-tone Sinusoidal Signal Real Multi-tone Sinusoidal Signal
N
x(t) = Acos(w,t+ ¢) x(t) = Ag+ D, Aycos(ot + ¢y)
k=1
' N
= R{xe'" = X, + R D, X e
k=1
X +jw,t X* —jw,t il Xk i X* —j
— e 0 + = ¢ 0 — + Ttk +]wkt+_k jo,t
2 2 Xo ,; 2 |© 2

— J b the phasor of
Xy = Age angular frequency m,

Spectrum
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Spectrum

Real Multi-tone Sinusoidal Signal

X_:e—jwkt Xk +jw, N
2 2 x(t) = Ao"'ZAkCOS((Dkt"'q)k)
k=1
N
. = X,+R{D X
Xi Xx k=1
2 2
N *
X, ot X .
= X, + —K ot p K pm IOt
> 0 ,;1 2 2
—w, +,

only magnitude is display

— J Ok the phasor of
X, = Age angular frequency @,

Xo= A
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Power Spectrum

Real Multi-tone Sinusoidal Signal
2

* 2
& —J oy & +j oy al
> > x(t) = A0+I{Z;Akcos(u)kt+q)k)
N
2 = X, + %R ZXkejwkt
* 2
2 2
N *
X X, _.
‘ ‘ :X0+2_k+1wt ke]wkt
| > k=1 | 2 2
—m, +W,
only magnitude is display
— J Ok the phasor of
Xy = Age angular frequency ,
% |2 2 2
& — & = | £ = _|gk| X.= A
2 2 2 4 0 0
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Fourier Series with complex coefficients

4
) = 3 o e
k=—o0
a
x(t) = g, + D g, cos(kaw,t +¢,)
k=1
b
X(t) — XO + Z SR{Xk +jkw0t}
k=1
_1 +io, _1 -,
Ck_§g+ke (k>0) Ck_zg—ke (k <0)
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Real Coefficients

x(t) = a, + Z(ak cos(kwyt) + b, sin(k(oot)) x(t) = g, + X, g, cos(kwyt+ ¢,)
k=1 k=1
1 pr _
a, = T-[ox(t)dt 9o = 702 2
g. = Va,+b
a, = %fix(t) cos (kw,t) dt ' ' kb
¢, = tan | ——~
b, = %fj;x(t)sm (K, t) dt ‘ a,
Ay, Ay, Ay, - 9o> 915> G5 -
bO: bl’ b2’ ¢0: ¢1: ¢2’
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Real Coefficients a, b, via g,, ¢,

x( Z(ak cos(kwyt) + b, sin(k(oot)) x(t) = g, + X, g, cos(kwyt+ ¢,)
P k=1

cos(o+f) =  cos(a) cos(p) — sin (o) sin(p)

g cos(kw,t +¢,) = g, cos(¢,) cos(kw,t) — g, sin(¢,) sin(kw,t) a;+ b, = g;
b, _
a, cos(kw,t) + b, sin(kw,t) o, tan (¢,
a, = ¢, 9o = G
a, = g, cos(d,) <;> g, = \a,+b;
| b
~b, = g, sin(¢,) ¢, = tan H -
aj
Spectrum 11 Young Won Lim

Representation (2A) 1/2/17



Complex Coefficient C, via g,, O,

X(t) = Z Ck €+jkw0t °--,C_1,CO,C+1,“'

k=1
=g, +Y g, 1 ritkosal e—j(kwotwk))
k=1 2
= go+ ) lgk e”"’k] el 4 lgk e /" ejkw°t)
k=1 1] 2 2
— go + Z Ck e+jkm0t + [C_k}e—jkmot
k=1
— 1 +j O — 1 —J O
Ck_§g+ke (k>0) Ck_zg—ke <k<0) 9059159,
Spectrum oung Won Lim
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Fourier Coefficients Relationship

k=1,2,.. nk=1,2,
a, = ¢, 9o = do
[ 2
a, — g Cos(q)k) g = V@ * b
' ¢, = tan ' b
b, = g, sin(¢,) < a,
k:O,il,+2, mk:1,2,
Ck:%g+k e"" (k>0) Xo = 9o
C,=39,¢"" (k<0) X, = gye’”
Spectrum oung Won Lim
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Two-Sided & One-Sided Spectrum

x(t) = qa, + Z(ak cos(kooot) + b, sin(kwot)) x(t) =g, + ng cos(kooot+q)k)
k=1 k=1
X(t) — Zo.i Ck +jko,t X(t) — Zo.i Ck +jkw,t
k=— k=—o
a (k =0) 9o (k=0)
C, = %(ak ka) (k 0) Cy = ;g+k e’ (k O)
%(ak"-jbk) (k<0) %g—k et (k <0)
a (k = 0) { 9o (k = 0)
C,| = C,| =
Cd { La+b; (k # 0) = zlg:] (k= 0)
tan_l(—b /a) (k > 0) _ {"“Pk (k > 0)
Ara(C.) = kT Tk Arg(C) =
9(C) { tan '(+b,/a,| (k < 0) ' — Py (k < 0)
Power Spectrum  Two-Sided Periodogram One-Sided
|Ck|2 = |C—k|2 = %|gk|2 = %(ai"'bi) %|gk 2 = 2'|Ck|2 = %(ai"'bi)
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Power Spectrum

Two-Sided Power Spectrum

|(:,k|2 — %(ai-l-bi) "y C—lza COZ) C+12’
= [L/al+biP s wlafs
- (%|9k|)2 = +la.f’
Single-Sided Power Spectrum
2 |Ck|2:2%|gk|2 — (\/_1§|gk|)2 — |gk,rm52 |g0 ’ 2|91 ’
e
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Periodogram

| a |
x(t) = g, + . g, cos(kw,t +¢,)
k=1
Periodogram One-Sided
Floulf = Hoif = Hai+bd) ok, 3l Hof,

9. = Vai+b; kK=0,1,2,

In Matlab, periodogram(x) is a
one-sided PSD (Power Spectral Density) estimate for real x
two-sided PSD (Power Spectral Density) estimate for complex x
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Example Signal

x(t) = g, + g, cos(1-2mt) + g, cos(2:2mt) + g, cos(3-2mt)
5 cos(2mt)— 7 cos(4mt)+ 11 cos(6mt)

T, =1 f 1
w, = 2xnf 27
g, = 0 0w, = 0
g, = 5 1w, = 2xm
g, = —7 20, = 47
g, = 11 3w, = 6m
g, = 0 4-m, = 8m
e = 0
Spectrum 17 Young Won Lim
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Real Coefficients (ak, bk), (gk, cbk)

x(t) = g, + g, cos(1-2mt) + g, cos(2:2mt) + g, cos(3-2mt)
5 cos(2mt)— 7 cos(4mt)+ 11 cos(6mt)

gy cos(kwyt +¢,) = gy cos(d) cos(kw,t) — gy sin(¢,) sin(kw,t) a;+ b, = g;
by
a, cos(kw,t) + b, sin(kw,t) “a, tan (¢,)
dy = Yo dy = Yo 9o = 4o 9o = 4o
o =9 a=gws0) () g=a+0 g =
- 0
—b, = 0 —b, = g, sin(0) ¢, = tan ' . ¢, =0
k

Spectrum 18
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Complex Coefficients

C, via g,, ¢,

x(t) = g, + g, cos(1-2mt) + g, cos(2:2mt) + g, cos(3-2mt)
= 5cos(2mt)—

7 cos(4mt)+ 11 cos(6mt)

X(t) — go"'i gk'cos(kmot"'q)k)

1
k= C,=C,= 591
— go + Zl?:l gk % e+j(km0t+¢k) + e_j(kwot"'q)k) 1
C,=C,= 592
— 0 1 [ 'kwo ¢k kw,t
= o+t Xi |3g,e e 4 g.e e’ 1
® | | C;=C ;= 59
— + Z (Ck e+]kw0t + C_k e—]kmot
k=1
C zlg e’’’ (k>0) C :lg e’ (k<0)
k 2 +k k 2 —k gO’gl’QZ"”
Spectrum Young Won Lim
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Periodogram Examples

x(t) = g, + g, cos(1-2mt) + g, cos(2:2mt) + g, cos(3-2mt)
5 cos(2mt)— 7 cos(4mt)+ 11 cos(6mt)

Periodogram One-Sided
Slodf = 3la.f = 3(ai+b)
(%91 )2 = 55 = %
Hlonlf = H-7F = 4
Hlos|f = P = &
Spectrum 20 Young Won Lim
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Power Spectrum Examples

x(t) = g, + g, cos(1-2mt) + g, cos(2:2mt) + g, cos(3-2mt)
5 cos(2mt)— 7 cos(4mt)+ 11 cos(6mt)

Power Spectrum Two-Sided
Cif = 3(ai +b}) <+, C_4, Cy, Cy, -
- (3aFe o]
= [3lof cf=lc.f=lof =2
. =lc.f = Flof =

1 121
|C3|2 = |C—3|2 = Z|93|2 = 4

Spectrum 21 Young Won Lim
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W, and w,

T.=1T

S S

T,=N,T

S

replication frequency

frequency resolution

_2m Continuous _2m — _2 &
W= - Time We = Ay =
T Ts TO
o = L Discrete G = 21 0. = 2_3'[7
Time s 0
T 1 N,
normalized normalized
Spectrum 29 Young Won Lim
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W, and w,

TsNO W, W,
T, period m
X[n] O L I B B s B l/ A
W, Wy
N, samples T,
27 27
Wy = — W, = —
Lo T, 0.=2n A o.=2n
A 21 A 21
U)O = — (Ds _
NO 1 N
(1)0 (I)O

Spectrum

23 Young Won Lim
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Frequency and Digital Freguency

Continuous Time

_2m
x(t) = cos(w,t) Wo = - rad/ sec
0
N, samples
T, seconds
>
t
TS
x[n] = x(nT,)
= A 27 27
= cos(no, T) Wy = — rad/sample Wy =
= cos(no,) N, N,T,
Discrete Time N = wT, = W
fs
Spectrum 24 Young Won Lim
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Frequency and Digital Freguency

Frequency ® (rad/sec)
W A Wy
— e +— +m
: 2 2 : i
- | | | | o=
N iy 7 = T,
—Wy— M, — W, +m, +W,+ O,
e_j((l)o"'“)s)t e_jwot +jw,t +j(wy+w, )t
Digital Frequency @ (rad/sample)
—277 —7 A +7T +21
—®,—2m -, +®, +0,+27
e—j((i)0+275)n e—j@on +jo,n +j(D,+2m)n
Spectrum 25 Young Wolr/\zliilrg
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Power Spectrum Definitions (1)

N
Z |x[n]|2 Sum squared amplitude

1 N
lf x(¢)fFde ~ =D |x[n]f Mean squared amplitude
T T N n=0
N
[x(0)Fde ~ 1.5 |x[n]’ Time-integral squared amplitude
T n=0
S t i
pectrum 26 Young Wolr/\zlillrg
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Power Spectrum Definitions (2)

Sum squared amplitude

2 Ix[nlf

Mean squared amplitude

N
—f|x |dt %2

Time-integral squared amplitude

{Ix(t)lzdt ~ ngolx[n]z

x[n]? A T,=1 W N-T,=T

N -
T,

x[n]f A Jo e,
° ®ec0e0® I T
|

[n]? A 05T B
TTT il W X

NT

N

Spectrum
Representation (2A)
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Power Spectrum - Continuous & Discrete Signals

TS
(o A PR x[n]F A Lot
//_\\\\-’// ® ¢ e o oo ® ® '
- >
T,
(o 4 TN lnlf A 2RSS
/F\\\*’//l 2 - O_".Ooob.ﬁ' 1IN2<-
7] Ix(e)f e L X Ix[n]
T ' n=0 .

x(e)f x(n A T, . )
T e
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Power Spectrum & Average Power

Average Power

Cif = 3(a+by) =gl = [ x(0x (e
T
1 J‘X* +jkwo tdt
1 . w
—_ = —jkw,t +00 v iro
Cv = 7 {X(t) dt :Tk;wc"{x (¢) €75 dt
1| .
e +J t 1 + 0
Ci T{X (1) dt :?2 C,TC, =I|cf
Spectrum
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Energy Spectrum & Total Energy

x(t) = i J‘i(:X(](D) e'dw

Energy Spectrum Total Energy
X (jo)| E= [ [x(c)fde = | x(t)x*(t)de
_+oo * L-F?'o . +jwt
=) X (t) e :OOX(]m)e dm]dt
. | 1 +00 . [+ o0 . ot
X(jo) = 77 x(0) e =L T xtjo)|fxw e aao
@ _ 1 ¢ /. (s
X'(jo) = [ x*(t) e dt = f_ooX(J(D)X (jo)do
1 = .2
= [ Ix(jo)f do
Spectrum oung Won Lim
P y 30 k gW1/2I717

Representation (2A)



Fourier Transform Types

Continuous Time Fourier Series

T +00 .
k — lf —Jk(uotdt - X(t) — Z Ck e+Jkooot
T 0 k=—o0
Discrete Time Fourier Series
1 N-1 - N—1 o
k] = = Y x[n]e? ™ @@ x[n] = D y[k]e” "
N n=0 k=0
Continuous Time Fourier Transform
vz . 1 e . +jm
= [ x(t) e7"dt = x(t) = ﬂ_fX(J(D)e " dw
Discrete Time Fourier Transform
X(jo) = D x[n]e’®" @ x[n] = ZL [ x(jo) e da
n=-—o JU — T
Spectrum 31 Young Won Lim
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Continuous Time — CTFES

Continuous Time Fourier Series

T +00 .
Co= 7 [x)e™da e  x()= Y coel
0 =

k=—o0
MMTTWHMTTMM ‘ ‘ ‘ B
+ 00 9 1 5
Z C T—f|x(t)| dt
k=—oo 0T,
C_, C,
‘ T ‘ C_ke—jkwot Cke+jkw0t
I i >
—k W, + k(DO
Spectrum Young Won Li
P 32 o ity
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Discrete Time — DTFS

Discrete Time Fourier Series

ylk] = % [n] e ™" @ x[n] = D y[kle”™
n=0 k=0
il T«TH A,
L S e e
":;V(P Vi Ni;) x[n]’

Spectrum _ 33 Young Won Lim
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Continuous Time — CTFT

Continuous Time Fourier Transform

X(jo) = [ x()ed @ x(t) = ﬁ_fX(joo) e d

N

1 +00 . +00
= X(oldo J Ix(o)Fat

| X(—jw)e " X(+jw)e""

Spectrum _ 34 Young Won Lim
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Discrete Time — DTFT

Discrete Time Fourier Transform

X(jo) = 2 xlnle ™ @ x[n] = ﬁ [X(jo)e ™ do

SN 2 RN ' \\ J l l I o
34 IX(io)Fdi 3 Ixnf

| X<e—jd))e—ja)n X(e+j6))e+jd)n

Spectrum _ 35 Young Won Lim
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*k*

CTFS
. 2 ‘ % 1 2
et T, 2l T S G
DTFS T
2 ot TH ot TH ' TH - . 2
mHWMHM PR P I - N
CTFT

\/
% 3
>
E:J

DTFT T
S \v/ \/ N 21 J1x(joldao L il - > Inlf
H ‘\‘ H e LE n=—o
Spectrum 36 Young Won Lim
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Parseval's Theorem

CTFS Periodic x(t) CTFT Aperiodic x(t)
C, = o [ox(e ™ a X(jo) = [ x(e) e d
]- R 2 +00
f | ) dt = k;w C. f x (¢)| dt = oo f X (jo)dw
DTFS Periodic x[n] DTFT Aperiodic x[n]
1 ey —jkdyn N - —jdn
vl = g 2 xdnle ™ X(jo) = 3 xln]e”
n=20 n=-—ow
N
1 + o0 1 . .
— 2 x[nlF= 3 Iy[kI >, X[l == [ |x(jo)do
0n=0 k=<N,> n=—oo nzn
Spectrum 37 Young Won Lim
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Parseval's Theorem

Convolution

u(t)xv(t)= Iu(r)v(t—t)dr

Convolution Theorem

w(t) =u(t)-v(r) W(f)=U(f)*V(f)
w(t) =u(t)*v(t) W(f)=Ul(f)-V(f)

Parseval’s Theorem

Juovia = fu (v

http://www.ee.ic.ac.uk/hp/staff/dmb/courses/E1Fourier/00700 TransformParseval.pdf

Spectrum _ 38 Young Won Lim
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Energy Spectrum

Energy Spectral Density

U(F) (energy/ He)

Parseval’s Theorem
Jutowina = [u(pv
_f:u*(t)u(t)dt . _f:U*(f)U

JutoPae = Jirfar

http://www.ee.ic.ac.uk/hp/staff/dmb/courses/E1Fourier/00700_TransformParseval.pdf

Spectrum _ 39 Young Won Lim
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Energy Spectrum

Energy Spectral Density Energy Spectrum
U(f)] (energy/Hz) the graph of |U (f )|
How the energy of w(t) is
f U (f)°df (total energy) distributed over frequencies
U(f)f

5 Like a probability distribution function
_f U(f) df  integrates to one

http://www.ee.ic.ac.uk/hp/staff/dmb/courses/E1Fourier/00700_TransformParseval.pdf

Spectrum _ 40 Young Won Lim
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