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Fourier Transform Types

Continuous Time Fourier Series

T +00 .
k — lf —Jk(uotdt - X(t) — Z Ck e+Jkooot
T 0 k=—o0
Discrete Time Fourier Series
1 N-1 - N—1 o
Kl = — X xln]e™™  wm  x[n] = X y[k]e ™"
N n=0 k=0
Continuous Time Fourier Transform
vz . 1 e . +jm
= [ x(t) e7"dt = x(t) = ﬂ_fX(J(D)e " dw
Discrete Time Fourier Transform
X(jo) = 2 x[nle’™ @ x[n] = == [ x(jo)e”"do
n=-—o JU — T
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DTFS and DFT coefficients relationship

Discrete Time Fourier Series DTFS

1 —j(2n/N)k _ +j(27/N)kn
kl = — i X|ln| = kle
ylk] = < 2 m  xIn] = 2 y[K]
X[k] — NiNz_lx[n] e_1(2ﬂ/N) ” x[n] — NiliX[k] +j(2m/N)
n=20 k=0 N
1
X[k] = Ny[K] y[K] = % X[k
Discrete Fourier Transform DFT
=t 2 kn 1 &' +ji=Zkn
X[k] = > x[n]e " - x[n] = — D X[kle "
n=20 N k=0
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Computations using DFT

CTFS Periodic x(t) CTFT Aperiodic x(t)
1 T ot +00 e
Co = 2 [Txl) e X(jo) = [ x(e) e ar
C, ~ %DFT{X(H T,)) ko, X(jko,|~T,DFT{x(nT,)} ©€ko,
2 N 2
@ k(o():k(?ﬂ: rad/sec @ kow,=ko,f,=k N;Es rad/sec
DTFS Periodic x[n] DTFT Aperiodic x[n]
N-1 +o0 .
VK] = = S ] e Ho X(jo) = D x[n]e
N n=20 n=—ow
y[k]=-DFT(x[n]} ko, X[jko)~ DFT{x[nll 6 e ko,
@ kow,=ko,f,=k I\ZI;ES rad/sec @ ku)o:kd)ofszk(]\zlj;,s rad/sec
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Continuous Time — CTFS Computation

Continuous Time Fourier Series

T +00 .
Co= 7 [x)e™da e  x()= Y coel
0 =

k=—o0

CkN%DFT{x(nTS)} x(nT,) ~ N IDFT{C,}
TTTIMMMWTTNHMTWTHMMITM N N H
X[k] = Z_: x[n]e_jwnkn -) x|n] = % Z_ X|[k] e”Wkn
n=20 k=0
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Discrete Time — DTFS computation

Discrete Time Fourier Series

1 N-1 - N—-1 "
vkl = > x[n] e @ x[n] = 2 ylk]e™
n=20 k=0
. _ 2% ot TH Ir TH ot TH -
N - e
y[K] = DFT x[n] x[n] = N IDFT [y,
TT”MMITWT”MMTTMTMHMTM H N N
X[k = Y xnle """ = xn) =+ ¥ xie
=0 k=0
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Continuous Time — CTFT computation

Continuous Time Fourier Transform

X(jo) = [ x()ed @ x(t) = ﬁ_fX(joo) e d

N

) = 2 ‘
T
X(jkwo|~ T ,DFT{x(nT,)) x(nT,| ~ TLIDFT{X(]kmO)}
TTTIMMMWTTNHMTWTHMMITM N N H
X(K] = X xlnje ¥ = xin = Exige
n=0 k=0
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Discrete Time — DTFT computation

Discrete Time Fourier Transform

X(jo) = X x[n]e ™ e x[n] = == [ X(jo)e”"da)

_2n .TfTTH -
00 =3 i
X|jkd,|~ DFT{x[n]} x[n] ~ IDFT{X(jk®,)]
TTTIMMMWTTNHMTWTHMMITM N N H
X[kl = X x[nle ™" = xn) =+ ¥ xie
n=0 k=0
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Continuous Time — CTFS Computation

Continuous Time Fourier Series

T +00 .
C, = % [x(t)e ™ de b x(t) = Y G e
0

k=—o0
27
W, :T ‘
MMTMW MMTMM @O:ZWTE | ‘ ‘ :
1 -
C, = ? fx(t) e_ka[’t dt
0
_1 | (n+1)T T |
LS| o) ko T, 1 1
C, ~ = x(t) e "™ dt — == C,~—DFT x(nT,
k T e n£5 ( ) TN k N { ( >}
—jkw, /2 sin (k (1)0/2) iN_l —jkoyn T )~ N IDFT
Ck ~ kG)O/Z N r;) X<nTs)e X(n s) {Ck}
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Discrete Time — DTFS computation

Discrete Time Fourier Series

1 < 130 — I
ylkl = = 2 x[nle™  wm x[n] = X y[k]e™
N <o k=0
o = 2 T
: L ..fTTH ..fTTH ..fTTH -
MTM MTTWTHM MITMTTIM Mhrr 6 = 2 L | |
° N
y[k] = %nz;ox[n] _i(2/N)kn
yIk] = %DFT{X[n]}
~ . [n] = NIDFT |y,)
X[k] — N%HZ:“OX[“] —j(2m/N)kn XN Y
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Continuous Time — CTFT computation

Continuous Time Fourier Transform

X(jo) = [ x()ed @ x(t) = ﬁ_fX(joo) e d

iS
Il
-
\J

N—t1 [(+D)To b
X ~ Jot g w € ko | T .
o) ~ X fT x(t) e de| € KO o s X(jkw,|~ T, DFT (x(nT,)}
(o N-1 1
X(jko,) ~ oI K02 Sm(’f‘”olz) Z x(nT.)e ] X(n TS) ~ ?IDFT{X(]ka)}
k(DO/Z -0 S
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Discrete Time — DTFT computation

Discrete Time Fourier Transform

+00 -
« A __ A 1 B - )
X(jd) = > x[n]e”™ @ x[n] = = [ x(jo)e”"dd
n=-—oo 231: J
w, =28 T
V28 IRN 0 T ll“.?TTH .
&, = 2T .
" N
X(jo) = Zalale " o e,
X(jkdy,) = T xln] e {7kt~ DFT(x{r]
N x[n] ~ IDFT (X (jk,))
X[k] = Z X[n] —j(2n/N)kn
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Continuous Time — CTFS Computation

Continuous Time Fourier Series

T +00 .
C, = % [x(t)e ™ de b x(t) = Y G e
J ;

k=—o0
o = 2%
=
{ { ! | .
MMTTN MTTMM (1)0:2_7': ‘ ‘ ‘
N
C, ~ %DFT{x(n T, x(nT,) ~ N IDFT{C,}
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Forward CTFS Approximation (1)

T
C, = 1 fx(t) AL CTFS
T
= (n+1)T . I
C, ~ T & x(t) e at CTFS approximated at ko,
n= nT
1 N-1 (n+1)T .
~ = x(nT) [ e *dt
TO n=0 nT
T,) 1 [ SiulSy ik ko, = k| 2Z| O<t<T,
~| = 1- T 0 |
TO J k ZTC/N n=0 X(n S) ) ‘:::::Tff,::i:i:::(i):::i ,,,,,, 0 ) k ) N
j 1 — —Jz—nkn EZ TS :l
~le 7™ Nsinc(kIN) =|> x(nT,)e " I, NI, N
N n=0
-k N-1
—jm— k 1 —j2n n
C, ~ e Nsinc(—‘— x(nT,)e
1 1 &t — {3 |kn
S X[ = | > x[n]e 'V DFT scaled by 1/N.
n=0
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Forward CTFS Approximation (2)

1 N-1 (n+1)Ts
—jko,t
C, T_ X Jl e dt
0 n=0 nT,
(n+1)T, . . (n+1)T, ‘ )
f e—]kwotdt = |- 1 e_kaOt = — ]. [_e—jk(JJU<n+1)T5+e—jk(JJUnTS
nT, Jjko, n, Jkwg
1 —jkw,T —jkwonT 1 —j2nkT T —j2nknT,/T
— l_e JKWo Ly e JKwonly _ J Sl o J sido
jkooo[ } jk2n/T [
T, 1 [ —jAE | N — i3 kn
~ || =2 | ———|1—e " x(nT.)e "
T,|jk2m/N o (nT)
1 [1_6_1.27;;,( [1 —jan/N] L e+jnk/N_e—jnk/N]
jk2m/N j2rk/IN j2ak/N
. 1 N-l —jz—nkn
~ e ™ Nsinc(k/N) — x(nT,)e "
=0
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Inverse CTFS Approximation (1)

x(t) = 3 ¢ e ICTFS
k=—w
+k,, o
x(t) ~ ) G’ ICTFS approximated at kw,
k =k,
s o g cent) e[ 2] <[22,
x(nT,) ~ k_Z_k C,e RS 3! o NT,] " \N|
" o Ts(n ”””
m +j2x|—=|kn — =l
~ > Ce Ty NI, NJ
k=—k
~ N_lc e+12—kn 0<t<T,
- o 0<k<N
N-1 +j 2n kn
X(nTs) ~ Z Ck e
k=0
N +J| 22X |k
x(n] = £ ¥ NC, e IDFT scaled by N
N =0
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Inverse CTFS Approximation (2)

1 +k, (k+1)w,
x(t) ~ — X(jko e’'dw
0~ 3= X (ko) |
(k+1)a, (k+1)w,
f e+ju)tdu) — .le+ju)t _ i e+j(k+1)w0t_e+jkwot]
ko, kw, Jt
_ i e+jko)0t e+jw0t_1] — i e+ju)0t_1 e+jkw0t
jt t
1 +k,,
+jw,t . +jkw,t
~ |- e’ "—1 X(jkw,)e '
]ZJ'Et ] k;km (J 0)
1 - +j2m/T0_1] oI T oI o _ o= imIT,
+Jot —
j2mt j2mt T, j2nt/T,
Tt +N/2
i o t ]. . ik
~| e °smc(—)— > X(jkw,) e
TO TO k=-N/2
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Discrete Time — DTFS computation

Discrete Time Fourier Series

1 N-1 - N—-1 "
ylk] = = X x[n]e ™" x[n] = 3 y[K]e”"
n=20 k=0

\o2n T

LT Ll Ll
st sl T

° N
y[K] = DFT x[n] x[n] = N IDFT (y,]
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Forward DTFS Approximation

N R P DTFS
=~ Z::
_ L 3 el DTFS at ko,
ki, = k| 28T, = k[ 22
L Ly = 1 N
0<t<T,
' 1 O<k<N
Ly =Ly R DFT scaled by 1IN
X[k] = anox[n]e VEEIEAS
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Inverse DTFS Approximation

X[n] — > y[k] e+jk(1)0n ICTFS
-3yl IDTFS at ko,
kivy= k|22 |T, = k| 2Z
,,,,,,,,,,,,,,,,,,,,,,,, L)~ \NJ
0<t<T,
' 1 O<k<N
n] = - Z Ny[k] e ® IDFT scaled by N
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Continuous Time — CTFT computation

Continuous Time Fourier Transform

X(jo) = [ x()ed @ x(t) = ﬁ_fX(joo) e d

27
E L
| Wy =~
X(jkwo|~ T ,DFT{x(nT,)) x(nTs)mTLIDFT{X(jkmO)}
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Forward CTFT Approximation (1)

X(jo) = fx(t) e /" dt
o (n+1)T
X(jo) ~ D, x(t) e’ dt
n=0 nT
" (n+1)T
~ Z x(nTs) f e_“”tdt
n=0 nT

&

2

__—j2nTt > —j2nnT /[t
j2ﬂ:/t[1 e ]’;x(nTs)e

e /" sinc (T /t) T,Y, x(nT,) e />

X(jko,) ~ e N sinc(

T

N -1 —j
T.X[k] =|T, >, x(nT,) e "
n=20
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Forward CTFT Approximation (2)

X(jo) ~ D x(nT,) [ e’"dt
n=0 nT,
(n+1) n+
Jl”T eIt dt = [JL(D —j(ut]( T :jiw[—e_jw(n”)n"'e_jwnn
nT, nT,
— j%[l_e—j(oTs]e—jwnTs — J2]J-T/t [1_e—j2nT5/t] e—jZnnTs/t
1 —j2x T/t N —j2nnT, Jt
~ 1_ J s T J s
j2n/t[ ¢ },,:0 x(nT)e
[1 —j2nT5/t] [ —jZnTs/t] +jnT It —jnTS/t]
—e _ 1—e _ T oIt e —e
j2mlt * j2nT. [t * j2nT [t
~|e ™ sinc(T /t) T, x(nT,)e *™""
n=0
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Inverse CTFT Approximation (1)

x(t) = ﬁ [ X(jo)e ™ do ICTFT
1 +k,  (k+1)o, o
x(t) ~ -~ > | X(jko,) e’ dw ICTFT approximated at ko,
k =—k kw,
1 +k,, (k+1)(»0 .
M) ~ = 3 Xk [ e
21 = K,
1 < 2w 2|
- i _ Kany) € et we r,=[22
]ZJ'Ct 1] k:Z_:k X(] ka) e n 77777 S (DO NTS n S N
TE TN T o nT_(n] 0<i<r,
~le 'sinc —0) T k:ZN/Z X(jkw,)e T, “NT, |N| 0<k<N
(nT,) ~ & LS X (ko) e 7
x(nT,) ~ e smc—NTSk:0 jkw,)e
1 N_1 1 +j 21 kn PR |
x[n] =|= D, = X(jkw,) e IDFT scaled by 1T,
N k=0 Ts
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Inverse CTFT Approximation (2)

1 +k, (k+1)w,
x(t) ~ — X(jko e’'dw
0~ 3= X (ko) |
(k+1)a, (k+1)w,
f e+ju)tdu) — .le+ju)t _ i e+j(k+1)w0t_e+jkwot]
ko, kw, Jt
_ i e+jko)0t e+jw0t_1] — i e+ju)0t_1 e+jkw0t
jt t
1 +k,,
+jw,t . +jkw,t
~ |- e’ "—1 X(jkw,)e '
]ZJ'Et ] k;km (J 0)
1 - +j2m/T0_1] oI T oI o _ o= imIT,
+Jot —
j2mt j2mt T, j2nt/T,
Tt +N/2
i o t ]. . ik
~| e °smc(—)— > X(jkw,) e
TO TO k=-N/2
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CTFT Approximation Summary

X(jo) = fx(t) e /" adt x(t) = e [ X(jo)e ' dw
w (n+1)T, . 1 vk, (k+1)w,
X(jo) ~ >, x(t) e " dt x(t) ~ =— > f X(jkw,) e dw
n=0 nT, 27[: k =—k, k w,
o (n+1)T, . 1 +k, (k+1), .
X(jo) ~ > x(nT,) f e e x(t) ~ =— > X(jkw,) f e’ d
n=0 nT 2m k=—k, ko

X(jkw,) ~|e "sinc

1 TZ:;) x(nT,) e 1 S X(jkw,) e
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Discrete Time — DTFT computation

Discrete Time Fourier Transform

+ 00

X(jo) = Y x[n]e”™ e x[n] = = [ x(jo)e " da

0y
n=—o 21~
W, = 27 T
===
VAN T wﬂ_.»rTH -
A
W, —W

X|jkd,|~ DFT(x[n]} x[n] ~ IDFT {X(jko,)}
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Forward DTFT Approximation

X(jo) = > x[n]e DTFT
X(](i)) ~ Z_ X[n] e‘]‘” o (_k(DO: 2_31: =25 k
n=0 4 ;g N
X[jkay,) ~ N_lx[n] g Ikonm DTFT approximated at ko,
xk] = ¥ x[nle """ DET
X|[jka,|~ DFT (x[n])
C tati | oung Won Lim
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Inverse DTFT Approximation (1)

x[n] = %jxw) et G IDTFT
N-1 (k+1)o y - o o)l [ K\
x[n] ~ L X(]G)) *on 14 U)(—ku)():k? :ZTEN
27 k=0 ko,
1 N -1 (k+1)® - . - -
x[n] ~ - > x(jka,) [ e’da IDTFT approximated at ka,
k=0 ko
- +Jcbon_1] NZ—I X( » ) .
jaan = TR
+jn£ 1 N -1 +ika
~e Vsincl—|= > X(jka,) e’ "
N k=0
1 N -1 +j 2—“kn
xin) = &= X X(jki)e " IDFT
k=0
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Inverse DTFT Approximation (2)

Z

(jkd,) [ e’"dd

(k+1) &,

k = k &,

(k+l)o, 1 (k+1), 1 . ) B
I e+]wndd\) — _e+]u>n = e+](k+1)o)0n_e+]km0n
ko, Jn kg Jn

— ]. e+jk(?)on e+j(uon_1] — i e+j6)0n_1 e+jk(?)0n
Jn Jn

~o

j2mn

+]mO 1] N-1

X (jk ) €75

k=0
e+jd)on_1} e+j2nn/N_1} e+j;rm/N e+jnn/N_e—jnn/N
j2mn - j2mn N j2mn/N
+jn% 0 n 1 = +jk®
~ e Nsinc|—|= D, X(jkd,) :
N|N =
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