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γ[k ] =
1
N

∑
n = 0

N−1

x [n] e− j k ω̂0n x [n] = ∑
k = 0

N−1

γ[k ] e+ j k ω̂0n

Fourier Transform Types

Continuous Time Fourier Series

C k =
1
T ∫

0

T

x (t ) e− j kω0 t dt

Discrete Time Fourier Series

x (t ) =
1
2π

∫
−∞

+∞

X ( jω) e+ jω t dω

Continuous Time Fourier Transform

x [n] =
1
2π

∫
−π

+π

X ( j ω̂) e+ j ω̂nd ω̂

Discrete Time Fourier Transform

X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂n

x (t ) = ∑
k=−∞

+∞

Ck e+ j kω0 t

X ( jω) = ∫
−∞

+∞

x(t) e− jω t dt
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DTFS and DFT coefficients relationship

Discrete Time Fourier Series DTFS

Discrete Fourier Transform

X [k ] = N⋅
1
N ∑

n = 0

N − 1

x [n ] e− j (2π /N )k n x [n] = ∑
k = 0

N − 1
1
N

X [k ] e+ j (2π /N )k n

γ[k ] =
1
N ∑

n = 0

N − 1

x [n] e− j (2π /N )k n x [n ] = ∑
k = 0

N − 1

γ[k ] e+ j(2 π/N )k n

DFT

γ[k ] =
1
N

X [k ]X [k ] = N γ[ k ]

X [k ] = ∑
n = 0

N − 1

x [n ] e
− j

2π

N
k n

x [n] =
1
N

∑
k = 0

N − 1

X [k ] e
+ j

2 π

N
k n
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Computations using DFT

CTFS CTFT

C k =
1
T
∫0

T
x (t) e− j k ω0 t dt X ( jω) = ∫−∞

+∞

x (t ) e− jω t dt

DTFTDTFS

γ [k ] =
1
N ∑

n = 0

N−1

x [n ] e− j k ω̂0n X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂ n

Periodic x(t)

Periodic x[n]

Aperiodic x(t)

Aperiodic x[n]

@ kω0 = k ( 2π

T ) rad /sec @ kω0 = k ω̂0 f s = k ( 2π

N T s
) rad /sec

@ kω0 = k ω̂0 f s = k ( 2π

N T s
) rad /sec

ω ← kω0

ω̂ ← k ω̂0

k ω0

k ω̂0

@ kω0 = k ω̂0 f s = k ( 2π

N T s
) rad /sec

C k ≈
1
N

DFT {x (nT s)}

γ [k ] =
1
N

DFT {x [n]}

X ( j kω0 ) ≈ T s DFT {x (nT s)}

X ( j k ω̂0 ) ≈ DFT {x [n]}
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Continuous Time – CTFS Computation   

Continuous Time Fourier Series

C k =
1
T ∫

0

T

x (t ) e− j kω0 t dt x (t ) = ∑
k=−∞

+∞

Ck e+ j kω0 t

ω0 =
2π

T

C k ≈
1
N

DFT {x (nT s)} x (nT s) ≈ N IDFT {C k}

X [k ] = ∑
n = 0

N − 1

x [n ] e
− j

2π

N
k n

x [n] =
1
N

∑
k = 0

N − 1

X [k ] e
+ j

2 π

N
k n
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Discrete Time – DTFS computation

Discrete Time Fourier Series

γ[k ] =
1
N

∑
n = 0

N−1

x [n] e− j k ω̂0n x [n] = ∑
k = 0

N−1

γ[k ] e+ j k ω̂0n

ω̂0 =
2π

N

γ [k ] =
1
N

DFT {x [n]} x [n] = N IDFT {γk}

X [k ] = ∑
n = 0

N − 1

x [n ] e
− j

2π

N
k n

x [n] =
1
N

∑
k = 0

N − 1

X [k ] e
+ j

2 π

N
k n
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Continuous Time – CTFT computation  

Continuous Time Fourier Transform

x (t ) =
1
2π

∫
−∞

+∞

X ( jω) e+ jω t dωX ( jω) = ∫
−∞

+∞

x(t) e− jω t dt

ω0 =
2π

T

X ( j kω0 ) ≈ T s DFT {x (nT s)} x (nT s ) ≈
1
T s

IDFT {X ( j k ω0)}

X [k ] = ∑
n = 0

N − 1

x [n ] e
− j

2π

N
k n

x [n] =
1
N

∑
k = 0

N − 1

X [k ] e
+ j

2 π

N
k n
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Discrete Time – DTFT computation 

Discrete Time Fourier Transform

x [n] =
1
2π

∫
−π

+π

X ( j ω̂) e+ j ω̂nd ω̂X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂n

ω̂0 =
2π

N

X ( j k ω̂0 ) ≈ DFT {x [n]} x [n] ≈ IDFT {X ( j k ω̂0)}

X [k ] = ∑
n = 0

N − 1

x [n ] e
− j

2π

N
k n

x [n] =
1
N

∑
k = 0

N − 1

X [k ] e
+ j

2 π

N
k n
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Continuous Time – CTFS Computation   

Continuous Time Fourier Series

C k =
1
T ∫

0

T

x (t ) e− j kω0 t dt x (t ) = ∑
k=−∞

+∞

Ck e+ j kω0 t

C k =
1
T
∫
0

T

x ( t) e
− j k ω0 t dt

Ck ≈
1
T

∑
n=0

N−1

[ ∫
nT s

(n+1)T s

x (t) e− j kω0 t dt ]
C k ≈ e− j k ω̂0 /2

sin (k ω̂0/2)

k ω̂0/2 [ 1
N ∑

n=0

N −1

x (nT s)e
− j k ω̂0 n]

ω0 =
2π

T

ω̂0 =
2π

N

T s

T
=

1
N

C k ≈
1
N

DFT {x (nT s)}

x (nT s) ≈ N IDFT {C k}
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Discrete Time – DTFS computation

Discrete Time Fourier Series

γ[k ] =
1
N

∑
n = 0

N−1

x [n] e− j k ω̂0n x [n] = ∑
k = 0

N−1

γ[k ] e+ j k ω̂0n

X [k ] = N⋅
1
N ∑

n = 0

N − 1

x [n ] e− j (2π /N )k n

γ[k ] =
1
N ∑

n = 0

N − 1

x [n] e− j (2π /N )k n

ω0 =
2π

T

ω̂0 =
2π

N

γ [k ] =
1
N

DFT {x [n]}

x [n] = N IDFT {γk}
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Continuous Time – CTFT computation  

Continuous Time Fourier Transform

x (t ) =
1
2π

∫
−∞

+∞

X ( jω) e+ jω t dωX ( jω) = ∫
−∞

+∞

x(t) e− jω t dt

X ( jω) = ∫
−∞

+∞

x (t) e− j ω t dt

X ( jω) ≈ ∑
n=0

N−1

[ ∫
nT s

(n+1)T s

x (t ) e− j ω t dt ]
X ( j k ω̂0) ≈ e− j k ω̂0 /2

sin (k ω̂0/2)

k ω̂0/2 [T s∑
n=0

N−1

x (nT s)e
− j k ω̂0 n]

ω ← k ω̂0 T s

ω0 =
2π

T

ω̂0 =
2π

N

X ( j kω0 ) ≈ T s DFT {x (nT s)}

x (nT s ) ≈
1
T s

IDFT {X ( j kω0)}
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Discrete Time – DTFT computation 

Discrete Time Fourier Transform

x [n] =
1
2π

∫
−π

+π

X ( j ω̂) e+ j ω̂nd ω̂X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂n

X ( j ω̂) = ∑
n = 0

N−1

x [n] e− j ω̂ n

X ( j k ω̂0 ) = ∑
n = 0

N −1

x [n] e− j k ω̂0 n

ω̂ ← k ω̂0

ω0 =
2π

T

ω̂0 =
2π

N

X [k ] = ∑
n = 0

N − 1

x [n] e− j (2π /N )k n

X ( j k ω̂0 ) ≈ DFT {x [n]}

x [n] ≈ IDFT {X ( j k ω̂0)}
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Continuous Time – CTFS Computation   

Continuous Time Fourier Series

C k =
1
T ∫

0

T

x (t ) e− j kω0 t dt x (t ) = ∑
k=−∞

+∞

Ck e+ j kω0 t

ω0 =
2π

T

ω̂0 =
2π

N

C k ≈
1
N

DFT {x (nT s)} x (nT s) ≈ N IDFT {C k}
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Forward CTFS Approximation (1)

C k ≈
1
T 0

∑
n=0

N−1

∫
nT s

(n+1)T s

x (t ) e− j kω 0 t dt

≈
1
T 0

∑
n=0

N−1

x (nT s) ∫
nT s

(n+1)T s

e− j k ω0 t dt

1
N

X [k ] =
1
N

∑
n = 0

N − 1

x [n] e
− j (2π

N )k n

C k =
1
T
∫
0

T

x (t) e
− j k ω0 t dt CTFS

DFT scaled by 

≈ ( T s

T 0
) 1
j k 2π/N

[1−e
− j

2π

N
k ] ∑

n=0

N−1

x (nT s) e
− j

2π

N
k n

≈ e− j π k / N sinc(k /N )
1
N

∑
n=0

N−1

x (nT s) e
− j

2π

N
k n

T s

T 0

=
T s

NT s

=
1
N

C k ≈ e
− jπ k

N sinc ( k
N ) 1

N
∑
n=0

N −1

x (nT s) e
− j 2π( k

N )n

k ω0 = k (2π

T 0
)

CTFS approximated at k ω0

0 < t < T 0

0 < k < N

1/N
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Forward CTFS Approximation (2)

C k ≈
1
T 0

∑
n=0

N−1

x(nT s) ∫
nT s

(n+1)T s

e− j k ω0 t dt

≈ ( T s

T 0
) 1
j k 2π/N

[1−e
− j

2π

N
k ] ∑

n=0

N−1

x (nT s) e
− j

2π

N
k n

≈ e− j π k / N sinc(k /N )
1
N

∑
n=0

N−1

x (nT s) e
− j

2π
N

k n

∫
nT s

(n+1)Ts

e− j k ω0 t dt =−[ 1
j kω0

e− jk ω0t ]nTs

(n+1)T s

=
1

j k ω0

[−e− jk ω0(n+1)T s+e− j kω0 nT s ]

=
1

j k ω0

[1−e− j kω0 T s ] e− j kω0nT s =
1

j k2π/T 0

[1−e− j 2π kT s /T 0 ] e− j 2π k nT s /T0

1
j k2π/N

[1−e
− j 2 π

N
k ] = [1−e− j2π k /N ]

j2π k /N
= e− jπ k /N [e+ j π k /N

−e− j π k /N ]
j2π k /N
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Inverse CTFS Approximation (1)

x ( t) ≈ ∑
k =−km

+km

Ck e+ j kω0 t

x [n ] =
1
N

∑
k = 0

N − 1

NCk e
+ j( 2π

N )k n

x (t) = ∑
k=−∞

+∞

C k e+ j k ω0 t ICTFS

x (nT s) ≈ ∑
k =−km

+km

C k e
+ j k

2π

T 0

nT s

≈ ∑
k =−km

+km

Ck e
+ j2 π(T s

T 0
)k n

ωo t ← ( 2π

N T s
)nT s = ( 2π

N )n
t
T 0

←
nT s

N T s

= ( n
N )

t ← nT s

0 ≤ t < T 0

0 ≤ k < N

x (nT s) ≈ ∑
k = 0

N −1

C k e
+ j (2π

N )k n

ICTFS approximated at k ω0

≈ ∑
k = 0

N−1

C k e
+ j

2π

N
k n

IDFT scaled by N



Computational 
Aspects (1B) 21 Young Won Lim

1/14/17

Inverse CTFS Approximation (2)

x ( t) ≈
1
2π

∑
k =−km

+km

X ( j k ω0) ∫
k ω0

(k+1)ω0

e+ jω t dω

≈ e
+ j π

t
T 0 sinc( t

T 0
) 1
T 0

∑
k =−N /2

+N /2

X ( j kω0) e+ j k ω 0 t

≈
1

j2π t
[e+ jω 0 t−1 ] ∑

k =−km

+km

X ( j kω0) e+ j k ω0 t

∫
k ω0

(k +1)ω0

e+ jω t d ω = [ 1
j t

e+ jω t ]
k ω0

(k +1)ω0

=
1
j t

[e+ j(k +1)ω0 t−e+ jk ω0t ]

=
1
j t

e+ j k ω0 t [e+ jω0 t−1 ] = 1
j t

[e+ jω0 t−1 ] e+ j kω0 t

1
j2π t

[e+ jω0 t−1 ] =
[e+ j 2πt /T 0−1 ]

j 2π t
=

e+ j πt /T 0

T0

[e+ j π t /T 0−e− j π t /T 0 ]
j 2π t /T 0
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Discrete Time – DTFS computation

Discrete Time Fourier Series

γ[k ] =
1
N

∑
n = 0

N−1

x [n] e− j k ω̂0n x [n] = ∑
k = 0

N−1

γ[k ] e+ j k ω̂0n

ω0 =
2π

T

ω̂0 =
2π

N

γ [k ] =
1
N

DFT {x [n]} x [n] = N IDFT {γk}



Computational 
Aspects (1B) 24 Young Won Lim

1/14/17

Forward DTFS Approximation 

1
N

X [k ] =
1
N

∑
n = 0

N − 1

x [n] e
− j (2π

N )k n

γ [k ] =
1
N

∑
n = 0

N −1

x [n] e− j k ω̂0 n DTFS

DFT scaled by 

k ω̂0 = k (2π

T 0
)T s = k ( 2π

N )

DTFS at k ω̂0

0 ≤ t < T 0

0 < k ≤ N

1/N

=
1
N

∑
n = 0

N −1

x [n] e
− j (2 π

N )k n
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Inverse DTFS Approximation 

x [n ] =
1
N

∑
k = 0

N−1

N γ[ k ] e
+ j

2π

N
k n

x [n ] = ∑
k = 0

N−1

γ [k ] e+ j k ω̂0n ICTFS

IDFT scaled by N

= ∑
k = 0

N −1

γ[k ] e
+ j

2π

N
k n

k ω̂0 = k (2π

T 0
)T s = k ( 2π

N )

IDTFS at k ω̂0

0 ≤ t < T 0

0 < k ≤ N
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Continuous Time – CTFT computation  

Continuous Time Fourier Transform

x (t ) =
1
2π

∫
−∞

+∞

X ( jω) e+ jω t dωX ( jω) = ∫
−∞

+∞

x(t) e− jω t dt

ω0 =
2π

T

ω̂0 =
2π

N

X ( j kω0 ) ≈ T s DFT {x (nT s)} x (nT s ) ≈
1
T s

IDFT {X ( j k ω0)}
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Forward CTFT Approximation (1)

X ( jω) ≈ ∑
n=0

∞

∫
nT s

(n+1)T s

x (t) e− j ω t dt

≈ ∑
n=0

∞

x (nT s) ∫
nT s

(n+1)T s

e− j ω t dt

T s X [k ] = T s ∑
n = 0

N − 1

x (nT s) e
− j (2π

N )k n

X ( jω) = ∫
−∞

+∞

x (t) e− j ω t dt CTFT

DFT scaled by 

≈
1

j2π/ t
[1−e− j2πT s/ t ] ∑

n=0

∞

x (nT s) e− j 2π nT s /t

≈ e− j πT s /t sinc (T s / t) T s ∑
n=0

∞

x (nT s) e− j 2π nT s/ t

2π

t
←k

2π

T 0

=k
2π

NT s

T s

t
←

k
NX ( j kω0) ≈ e

− j π k
N sinc( k

N ) T s∑
n=0

∞

x (nT s) e
− j 2π( k

N )n

ω ← kω0 = k ( 2π

T 0
)

ω =
2π

t

CTFT approximated at k ω0

0 < t < T 0

0 < k < N

T s
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Forward CTFT Approximation (2)

X ( jω) ≈ ∑
n=0

∞

x (nT s) ∫
nT s

(n+1)T s

e− jω t dt

≈
1

j2π/ t
[1−e− j2πT s/ t ] ∑

n=0

∞

x (nT s) e− j 2π nT s /t

≈ e− j πT s /t sinc (T s / t) T s ∑
n=0

∞

x (nT s) e− j 2π nT s/ t

∫
nT s

(n+1)Ts

e− jω t dt =−[ 1
jω

e− jω t ]
nT s

(n+1)T s

=
1
jω

[−e− jω(n+1)T s+e− jωnT s ]

=
1
jω

[1−e− jωT s ] e− jωnT s =
1

j 2π / t
[1−e− j 2π T s/ t ] e− j 2π nT s/t

[1−e− j 2π Ts / t ]
j 2π/ t

= T s

[1−e− j 2πT s / t ]
j 2πT s / t

= T s e
− j πT s /t [e+ j πT s /t−e− jπT s /t ]

j2πT s / t
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Inverse CTFT Approximation (1)

x ( t) ≈
1
2π

∑
k =−km

+km

∫
kω0

(k +1)ω0

X ( j kω0) e+ jω t dω

x [n ] =
1
N

∑
k = 0

N − 1
1
T s

X ( j k ω0) e
+ j (2π

N )k n

x ( t) =
1

2π
∫
−∞

+∞

X ( jω) e+ jω t dω ICTFT

x ( t) ≈
1
2π

∑
k =−km

+km

X ( j k ω0) ∫
k ω0

(k+1)ω0

e+ jω t dω

≈
1

j2π t
[e+ jω 0 t−1 ] ∑

k =−km

+km

X ( j kω0) e+ j k ω0 t ωo t ← ( 2π

N T s
)nT s = ( 2π

N )n

t
T 0

←
nT s

N T s

= ( n
N )

t ← nT s

0 < t < T 0

0 < k < N

x (nT s) ≈ e
+ jπ

n
N sinc ( n

N ) 1
N T s

∑
k = 0

N − 1

X ( j kω0) e
+ j

2π

N
k n

ICTFT approximated at k ω0

≈ e
+ j π

t
T 0 sinc( t

T 0
) 1
T 0

∑
k =−N /2

+N /2

X ( j kω0) e+ j k ω 0 t

IDFT scaled by 1/T s
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Inverse CTFT Approximation (2)

x ( t) ≈
1
2π

∑
k =−km

+km

X ( j k ω0) ∫
k ω0

(k+1)ω0

e+ jω t dω

≈ e
+ j π

t
T 0 sinc( t

T 0
) 1
T 0

∑
k =−N /2

+N /2

X ( j kω0) e+ j k ω 0 t

≈
1

j2π t
[e+ jω 0 t−1 ] ∑

k =−km

+km

X ( j kω0) e+ j k ω0 t

∫
k ω0

(k +1)ω0

e+ jω t d ω = [ 1
j t

e+ jω t ]
k ω0

(k +1)ω0

=
1
j t

[e+ j(k +1)ω0 t−e+ jk ω0t ]

=
1
j t

e+ j k ω0 t [e+ jω0 t−1 ] = 1
j t

[e+ jω0 t−1 ] e+ j kω0 t

1
j2π t

[e+ jω0 t−1 ] =
[e+ j 2πt /T 0−1 ]

j 2π t
=

e+ j πt /T 0

T0

[e+ j π t /T 0−e− j π t /T 0 ]
j 2π t /T 0
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CTFT Approximation Summary

X ( jω) ≈ ∑
n=0

∞

∫
nT s

(n+1)T s

x (t) e− j ω t dt

X ( jω) ≈ ∑
n=0

∞

x (nT s) ∫
nT s

(n+1)T s

e− jω t dt

X ( jω) = ∫
−∞

+∞

x (t) e− j ω t dt

X ( j kω0) ≈ e
− j π

k
N sinc( k

N )

x ( t) ≈
1
2π

∑
k =−km

+km

∫
k ω0

(k +1)ω0

X ( j kω0) e+ jω t dω

x ( t) =
1

2π
∫
−∞

+∞

X ( jω) e+ jω t dω

x ( t) ≈
1
2π

∑
k =−km

+km

X ( j k ω0) ∫
k ω0

(k+1)ω0

e+ jω t dω

x (nT s) ≈ e
+ jπ

n
N sinc ( n

N )

⋅T s∑
n=0

∞

x (nT s) e
− j2π( k

N )n
⋅

1
NT s

∑
k = 0

N − 1

X ( j k ω0) e
+ j

2π

N
k n
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Discrete Time – DTFT computation 

Discrete Time Fourier Transform

x [n] =
1
2π

∫
−π

+π

X ( j ω̂) e+ j ω̂nd ω̂X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂n

ω0 =
2π

T

ω̂0 =
2π

N

X ( j k ω̂0 ) ≈ DFT {x [n]} x [n] ≈ IDFT {X ( j k ω̂0)}



Computational 
Aspects (1B) 35 Young Won Lim

1/14/17

Forward DTFT Approximation

X ( j ω̂) ≈ ∑
n = 0

N −1

x [n ] e− j ω̂ n

X ( j k ω̂0 ) ≈ ∑
n = 0

N−1

x [n ] e− j k ω̂0 n

X ( j k ω̂0 ) ≈ DFT (x [n])

ω̂ ← k ω̂0 = k ( 2π

N )= 2π ( k
N )

X [k ] = ∑
n = 0

N − 1

x [n] e
− j (2π

N )k n

X ( j ω̂) = ∑
n =−∞

+∞

x [n] e− j ω̂n DTFT

DTFT approximated at k ω̂0

DFT
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Inverse DTFT Approximation (1)

x [n ] ≈
1
2π

∑
k = 0

N − 1

∫
k ω̂0

(k+1) ω̂0

X ( j ω̂) e+ j ω̂nd ω̂ ω̂ ← k ω̂0 = k ( 2π

N )= 2π ( k
N )

x [n ] =
1
N

∑
k = 0

N − 1

X ( j k ω̂0) e
+ j ( 2π

N )k n

x [n ] =
1
2π

∫
−π

+π

X ( j ω̂) e+ j ω̂nd ω̂ IDTFT

IDTFT approximated at k ω̂0

IDFT

x [n ] ≈
1
2π

∑
k = 0

N − 1

X ( j k ω̂0) ∫
k ω̂0

(k+1) ω̂0

e+ j ω̂nd ω̂

≈ e
+ j π

n
N sinc ( n

N ) 1
N

∑
k = 0

N − 1

X ( j k ω̂0) e+ j k ω̂0 n

≈
[e+ j ω̂0 n−1 ]

j2π n
∑
k = 0

N −1

X ( j k ω̂0) e+ j k ω̂0 n
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Inverse DTFT Approximation (2)

x [n ] ≈
1
2π

∑
k = 0

N − 1

X ( j k ω̂0) ∫
k ω̂0

(k+1) ω̂0

e+ j ω̂nd ω̂

∫
k ω̂0

(k +1) ω̂0

e+ j ω̂nd ω̂ = [ 1
j n

e+ jω̂ n]
k ω̂0

(k+1)ω̂0

=
1
j n

[e+ j (k +1)ω̂0n−e+ jk ω̂ 0n ]

≈
[e+ j ω̂0 n−1 ]

j2π n
∑
k = 0

N − 1

X ( j k ω̂0) e+ j k ω̂0 n

=
1
j n

e+ j k ω̂0n [e+ j ω̂0 n−1 ] = 1
j n

[e+ j ω̂0n−1 ] e+ j k ω̂0 n

[e+ jω̂ 0n−1 ]
j 2πn

=
[e+ j 2π n/N

−1 ]
j2πn

=
e+ j π n/N

N
[e+ j π n /N

−e− j π n /N ]
j2πn /N

≈ e
+ j π

n
N sinc ( n

N ) 1
N

∑
k = 0

N − 1

X ( j k ω̂0) e+ j k ω̂0 n
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