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Dirichlet Function Call (1)

~ sin(Lns) . _ sin(L x/2)
drel(,L) = Lsin (/) divic(o D) Lsin(x/2)
1 e 1 ¥ e 2

N B SiIl(LT[]AF) . . B Slﬂ(L(b/Z)
drel(f,L) = Lsin(x /) diric(&, L) = Lsin(®/2)
sin(L2Jr]A"/2) - . . p:

_ / — L

Lsin (27 f/2) ‘ drel S, L) dirie(27 /1)
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Dirichlet Function Call (2)

A sin(L7 7 e (A sin( L®/2
drel(f,L) = ( ]:) diric(O, L) = ( - )
L51n(7[f) LSlIl((D/Z)
1 . 1
08 | odd L | - g'g [ evenlL |
0.6 - 0.4 | '
0.4 | | 02 |
i 0 B
0.2 7 | ' 02 | ; -
o MLV A LA LR L LA L] 04 L (L—1) zero crossings |
0.2 | 06
02 (t-1 - 08 | |
04 . :( ) Izero CI”OISSlI’lgS . 1 . . . : .
15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
f==2 f=—=1 f=0 f=+1 f=+2 f==2 f=—=1 f=0 [f=+41 f=+2
O=—4n O0=-2n ©O=0 O=12nm 0=+4n O=—4n O=-2n ©O=0 O=12nm 0=+4n
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Dirichlet Function Call (3)

A sin (L . (A sin( L ®/2

drel(f,L) = ( ]:) diric(O, L) = ( ~ )
Lsm(th) Lsm(oo/Z)
ODD L ODD L
Maximaat =5,  n:integer Maximaat ®/2=mn  n:integer
=) O=2nn
EVEN L EVEN L
Maxima at }" =n n: even Maximaat ® =2mn n: even
Minimaat f=»xn  n:odd Minimaat @ =2mn n: odd
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Dirichlet Function Call (4)

function x = drecl (t, N)
X = diric (2*pi*t, N);

function x = drel(t, N)
nomi = sin(N*pi*t);
denomi = N * sin(pi*t);

I:
find (abs (denomi) < 100*eps);

nomi (I) = cos (N*pi*t(I)):;
denomi (I) = cos(pi*t(I)):
x = noml ./ denomi;
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Zeros and Maxima/Minima (1)

Dirichlet Function

sin (mt L )
Lsin(m?)

drel(t,L) =

Odd L: Period =1
Even L: Period=2

odd L

lim cos(mLt)

= +1
i—n cos(mz)

drel(n,L) = +1

even L

lim cos(mLt) — (1Y
—n cos(mt)

drel(n,L) = (—1)"

CT.2B Dirichlet Function

t=0, £1, £2, £3, t: an integer n
sin(mLt) =0
sin(mz) =0
drel(1,L) = (sm.(rtLt)) _ liertcos(TtLt) o
(Lsin(mt))’ (—n Lmcos(mt)
odd L Lmeos(nlz) _ (F1) _ +1 mdrel(n, L) = +1
Lmcos(mt) (¥1)
evenL Lreos(xly) _ (+1) _ _ m drcl(n,L) = (=1)
Lmcos(mt) (¥1)
t=-2 t=—1 t=0 t=+1 =42 (=+3

] ] 1 1 ! 1 1 1 1

cos(—L2n) cos(—Lm) cos(0) cos(Lm) cos(L2n) cos(L3n)
cos(—2m) " cos(—m) "cos(0)’ cos(m) * cos(2m) * cos(3m) ’

1 | | 1] 1 ]

+1 +1 +1 +1 +1 +1 odd L

+1 @ +1 @ +1 @ even L
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Zeros and Maxima/Minima (2)

Dirichlet Function

sin( Lt ¢
dl‘Cl(t,L) = #(T[t;

Zeros: = —

odd L: Period = 1

t= +1/L, «2/L. +3/L, - t:_notaninteg_erbutan
integer multiple of 1/L
m
t== m= +1, 22, -, =(L—1), =(L+1), -
sin(Lmt)=0
sin(mt) # 0

sin| L2 )
drcl(ﬂ L) B L . sm(rtm)

=0
limM = +1 L Lsin(n2) Lsin(n2)
i—n cos(mt) L L
drel(n,L) = +1 zeros f = i_l i_2 . i(L_l)’ J—r(LH)J
L L L L
even L: Period =2 t=-1 =0 t=+1
(L) ' ! 1
. cos(Lmt n L—1 201 12 L-1
lim = ey~ V) —I I I RS ARy
| 11 11 1
drel(n,L) = (=1) N I /
(L—1) ZeILO crossings (L—1) ZéFO crossings
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Zeros and Maxima/Minima (3)

Dirichlet Function

. _ ) ) .. Xx:not an integer but an
. . _ sin (L x/2) 5= E2ae i, =22l integer multiple of 21/L
diric(x, L) .
Lsin(x/2)
x=2n0 om= xl #2,  x(L-1), H(L+1), -
D) = S»Llfsll(nliggg sin(Lx/2)=0
sin(x/2) # 0
. m inl ez ™
Zeros: O =2m— Sln(ﬂ L) :
L diric(2rt-%,L ~ _ sinfrm]
Lsin(mt—) Lsin(m—)
Maximum, Minimum: _
zeros = i2rc-l, in-g, , i2rt(L 1), i27[<L+1),
L L L L
odd L
lim D,(e’®) = +1 W= —2m »=0 b =+2n
w—2nn 1 l l
L—-1 4t 2m 27 4n L—-1
even L T LT Tt T
| p ,, 1 11 131 1
Jim Dy[e") = (1) | | R

(L—1) zero crossings (L—1) zero crossings
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Zeros and Maxima/Minima (3)

F=-2 F==1 F=0 J=+1 J=+2 jf f=-2 F=—1 F=0 j=+1 F=+2
, 4 B 48 8 - ! | | l. ! | .1 | ! | |
08 | odd L ] 0.8 |
| o6 | even L §
06 : 0.4 | '
04 | ] 02 |
. D i
02 | . 0 | : _
O Blib L e b e g b e e L b A LA 0.4 t E(L—l)zocrossings ]
0.2 | : 0.6 |
04 L . . (L—1) zero crossings . DE -. | | |
15 -10 5 0 5 10 15 -15  -10 -5 0 5 10 15
W W
1 1 1 1 1 R 1 1 1 1 1
27 —Tt 0 +7t +2 7 T[f =0/2 -2rn —Tt 0 +7t +2 7
—47 27 +0.0 +2 7 +4 7 0 —47 27 +0.0 +27 +4 7
Dirichlet Function
] sin( L f . sin( L &/2
drel(f,L) = ( Jj) diric(®, L) = ( - )
Lsin(mt /) Lsin(®/2)
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Dirichlet Function Properties

Dirichlet Function
drel(t,L) = M D (ej‘b) _ M Ftell, 1Y) = sin(N x/2)
’ Lsin(m¢) - Lsin(®/2) ’ N sin(x/2)
D, (e/6+27) sin((& + 27) L/2) 0<0=+m
i Lsin((& + 27)/2) 0<d/2<+Z 0<®LI2<+LE
_ sin(®L/2 + L) 2 2
~ Lsin(®/2 + ) 0 <sin(®/2) <+1 —1 <sin(®L/2)<+1
@ ' L t iod
{ +DL(e"”) for an odd L (period: 2m) a quarter period quarter periods
: oA 2m
_DL(eJ ) for an even L Envelope: m Zeros: o = 7 k
sin(@L/2)=0
—id in(—®dL/2) & : @ . L/2cos(®L/2)
D,(e7%) = SMEOLI2) lim D, (e’®) = 1 =1
le™) Lsin(—®/2) (™) P o(e™) . L/2cos(®/2)
Maximum: D, (e’®) = 1 when & =0

an even function
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A Dirichlet Function L=9 (1)

sin(©9/2) ..

sin (®/2)

mutliplication

1
sin (®/2)
-3
0 2 4 6 8 10 12 becomes an envelope
®=0 W =mn ®=2n ®=3n O =4n
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A Dirichlet Function L=9 (2)

15 ! ! ! ! ! ! . sin(®9/2)
: : : : : : D,(e'") = ———~
) ‘ | | o(e™) 9sin (®/2)
pC S sin(09/2) | | |
10 b sin(®/2) W=
9« : 5 5 5 .
| -+ L==I  5quartercycle
2 2
- 6)9:9% 9 quarter cycles

)]
T
I
\O)

sin(®9/2) = 0 Zeros

0 5 i : : é
5 \/ o~ 0912 = kn W b = kY
1 2 37 4 5 6 : 7 8 9
a a a a 1 lim D,(e’) Maximum
0 0.5 1 1.5 2 2.5 3 o
A 9 quarter cycles . . (sin(®9/2))" _
DSl q d =T 1,123) (9sin(®/2)) !
approaches LA 21
to the unit Zeros: 9 k
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A Dirichlet Function L=9 (3)

sin(—& L/2)
Lsin(—®/2)

an even function D, (e = = D,(e')

sin(®9/2)

joy
Dole™) = §in(ar2)

(6 +27) sin(&L/2 + L) —I—DL(ej(ﬁ) for an odd L (period: 21r)
DL(eJ(D T[) = —

Lsin(®/2 + n) —DL(ej"A’) for an even L
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A Dirichlet Function L=9 (4)

() Lsin(—®/2) (e”) Dy(e’®) = 9sin (@/2)
symmetric symmetric symmetric
4 \ 4 \ 4 \|
e T~ — TN T

| —

>
II4.}
—»

>
[l

I
=
S

DL(ej(uB +2n)) _

sin(GL/2 + Lx) _ {+DL(ef°3) for an odd L (period: 2m)

Lsin(®/2 + ) —DL(erA’) for an even L
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Dirichlet Functions (L: Odd)

Dy(e’”) = —;12151(?(?);;% 8 zero crossings
Du(eja)) = Sl 117 10 zero crossin
11sin(®/2) £
_ D13(ej6’) = =2 (,(D 1:7,/2) 12 zero crossings
04 . . . . . 8 zero crossings. 13sin ( U)/2)
8 6 4 2 0 2 4 6 B
W
1
08 |
06 |
04 |
02 |
o |
02} :
0.4 , , 10 zero crossings . . 04 . . . . . 11 zero crossings
8 6 4 -2 0 2 4 6 B 8 6 4 2 0 2 4 6 8
W W
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Dirichlet Functions (L: Even)

6 in(®10/2
D (e”) = ?1(;15(1(;1)(6)/2; 9 zero crossings
. 1 12/2
D,(e'") = igls(l(;)(&)/Zg 11 zero crossings
D, (') = if;;gg(gg; 13 zero crossings
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