
Young Won Lim
7/2/12

Apertures (1A)



Young Won Lim
7/2/12

 Copyright (c)  2012  Young W. Lim.

  Permission is granted to copy, distribute and/or modify this document  under the terms of the GNU Free Documentation License, 
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no 
Back-Cover Texts.  A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

mailto:youngwlim@hotmail.com


Apertures (1A) 3 Young Won Lim
7/2/12

Z (k ,ω) = 1
(2π)3

∫
−∞

+∞

W (k − l ) F (l ,ω) d l

Finite Continuous Apertures

Array : a group of sensors

Space-time signal f (x , t)

Aperture: the effects of sensors 
that gather signal energy
over finite areas

Aperture function w(x )

The sensor’s output z (x , t ) = w (x ) f (x , t)

Space-time Fourier Transform

multiplication

convolution
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Aperture Smoothing Function

Space-time 
signal f (x , t)

Aperture
function w(x ) Aperture 

Smoothing 
Function

F (k ,ω)

W (k )

Sensor
output z (x , t ) Z (k ,ω)

Z (k ,ω) = 1
(2π)3

∫
−∞

+∞

W (k − l ) F (l ,ω) d l



Apertures (1A) 5 Young Won Lim
7/2/12

Aperture Smoothing Function

Space-time 
signal 

f (x , t)

Aperture
function

w(x )
Aperture 
Smoothing 
Function

F (k ,ω)

F (k ,ω) = 1
(2π)4

∫
−∞

+∞

∫
−∞

+∞

f (x , t ) e j (k⋅x−ω t )d x d t

W (k ) = 1
(2π)3

∫
−∞

+∞

∫
−∞

+∞

w (x) e j k⋅x d x

W (k )
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Co-Array for Continuous Apertures

Aperture
function

w(x )

Co-Array Autocorrelation of aperture function 

c (χ) = ∫w(x )w (x+χ)d x

χ lag

wave’s energy content

z (x , t ) = w (x ) f (x , t)

∫
a
(x1 , x1+χ ; τ)d x1 = c (χ) R f (χ , τ)
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Co-Array for Continuous Apertures

w(x ) c (χ) = ∫w(x )w (x+χ)d x

z (x , t ) = w (x ) f (x , t)

Rz (x1, x2 ; τ) = E [ z (x1 , t ) z
∗(x2 , t+τ)]

= E [ w (x1) f ( x1 , t) w
∗(x2) f

∗( x2 , t+τ) ]

= w (x1)w
∗( x2) E [ f ( x1 , t) f

∗(x2 , t+τ) ]χ = x2−x1
= w (x1)w

∗( x1+χ) E [ f (x1 , t) f
∗( x1+χ , t+τ) ]

= w (x1)w
∗( x1+χ) R f (χ , τ)

∫
a
R z (x1, x1+χ ; τ) d x1 = ∫

a
w (x1)w

∗( x1+χ) R f (χ , τ)d x1

c (χ) R f (χ , τ) = ∫
a
R z(x1, x1+χ ; τ) d x1

= ∫
a
w (x1)w

∗( x1+χ)d x1 R f (χ , τ)
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Filter-and-Sum Beamforming

qi (t) = wi(t)∗ r i(t)

b(t) = ∑
i=0

N−1

qi(t − τi)
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Frequency-Domain Beamforming

fd (t ,ω) = ∑
i=0

N−1

wi Ri(t ,ω)e+ jω(t − τ i ) Ri(ω) r i (t)
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