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Characteristic Function

Definition
the characteristic function of a random varialbe X

ΦX (ω) = E [e jωX ] =
∫ +∞

−∞

e jωx fX (x)dx (−∞ < ω < +∞)

can be considered as the Fourier transform of fX (x)
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Characteristic Function as a Fourier Transform

Definitions
the forward Fourier transform of fX (x)

ΦX (ω) = E [e jωX ] =
∫ +∞

−∞

e jωx fX (x)dx (−∞ < ω + ∞)

the inverse Fourier transform of ΦX (ω)

fX (x) =
1
2π

∫ +∞

−∞

Φ(ω)e−jωxdω
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Moments from the Characteristic Function

Definition
differentiating ΦX (ω) n times and setting to ω = 0

mn = (−j)n d
nΦX (ω)

dωn

∣∣∣∣
ω=0

|ΦX (ω)| ≤ ΦX (0) = 1
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Derivatives of ΦX (ω)

differentiating ΦX (ω) n times

ΦX (ω) = E [e jωX ] =
∫ +∞

−∞

e jωx fX (x)dx

d

dω
ΦX (ω) = E [jXe jωX ] =

∫ +∞

−∞

je jωxxfX (x)dx

d2

dω2ΦX (ω) = E [j2X 2e jωX ] =
∫ +∞

−∞

j2e jωxx2fX (x)dx
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Derivatives of ΦX (ω)|
ω=0

differentiating ΦX (ω) n times and setting to ω = 0

ΦX (ω)|
ω=0 = E [1] = 1

d

dω
ΦX (ω)

∣∣∣∣
ω=0

= jE [X ] = j
∫ +∞

−∞

xfX (x)dx

d2

dω2ΦX (ω)

∣∣∣∣
ω=0

= j2E [X 2] = j2
∫ +∞

−∞

x2fX (x)dx

Young W Lim Moment Functions



Moment Related Functions

Moment Generating Function

Definitions
Moment Generating Function

MX (ν) = E [eνX ] =
∫ +∞

−∞

eνx fX (x)dx

Characteristic Function

ΦX (ω) = E [e jωX ] =
∫ +∞

−∞

e jωx fX (x)dx
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Moment from the generating function

Definitions
Moment from the Generating Function

mn =
dnMX (ν)

dνn

∣∣∣∣
ν=0

Moment from the Characteristic Function

mn = (−j)n d
nΦX (ω)

dωn

∣∣∣∣
ω=0
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