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Signal Detrending / Spike Removal

Remove low frequency noise

least square fitting a low frequency function tr [ i ]

subtracting the trend from the measurements y [i ] = x [i ] − tr [ i ]

a constant 
a line
a long period sinusoid

example)

y [i ] = x [i ] − tr [ i ] = x [i ] − 1
N ∑

i=0

N−1

x [i−1]

removing the dc component 

removing spikes
y [i ] = x [i ] if ∣ x [i ] − y [i−1]∣< threshold

y [i ] = x [i−1] + x [ i+1 ]
2 else
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Stacking 

Remove background noise

Measuring multiple times (ensemble)

Averaging across the ensemble

Assume noise has a zero mean 

Reduces the noise level in the averaged signal
Increases the SNR of the correlated component (signal)

E [ X [ i ]] → x [i ]

E [N [i ]] → 0

E [N 2[i ]] →
σn

√M SNR ∝ √M
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Moving Average Filter 

L-point Running Averager

y [n] = 1
L ∑

k=0

L−1

x [n−k ] = 1
L {x [n ] + x [n−1] + ⋯+ x [n−L+1 ]}

= 1
L {X (e j ω̂) + X (e j ω̂)e− j ω̂1 + ⋯+ X (e j ω̂)e− j ω̂(L−1)}Y (e j ω̂) = 1

L∑k=0
L−1

e− j ω̂ k X (e j ω̂)

H (e j ω̂) = 1
L∑k=0
L−1

e j ω̂k = 1
L {1 + e− j ω̂1 + ⋯+ e− j ω̂(L−1)} = 1

L (1 − e− j ω̂ L

1− e− j ω̂ )
= 1

L ( e− j ω̂ L/ 2e− j ω̂/2 )(e+ j ω̂ L/2 − e− jω̂ L/ 2

e+ j ω̂ /2 − e− jω̂ /2 ) = 1
L(e+ j ω̂ L/2 − e− j ω̂ L/2

e+ j ω̂ /2 − e− j ω̂/ 2 ) e− j ω̂(L−1)/2

= (sin(ω̂ L /2)
Lsin (ω̂/2)) e− j ω̂ (L−1) /2

DL(e
j ω̂) = sin(ω̂L /2)

Lsin(ω̂/2)
H (e j ω̂) = DL(e

j ω̂) e− j ω̂(L−1)/2

Dirichlet Function
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Dirichlet Function (1)

DL(e
j ω̂) = sin(ω̂L /2)

Lsin(ω̂/2)
H (e j ω̂) = DL(e

j ω̂) e− j ω̂(L−1)/2

Dirichlet FunctionFrequency Response

DL(e
j (ω̂ + 2π)) = sin((ω̂ + 2π) L/2)

Lsin ((ω̂ + 2π)/2)

+DL(e
j ω̂) for an odd L

−DL(e
j ω̂) for an even L

0 ≤ ω̂ ≤+π

0 ≤ ω̂/2 ≤+π
2

0 ≤ ω̂ L/2 ≤+L π
2

0 ≤ sin(ω̂ /2) ≤+1 −1 ≤ sin (ω̂ L /2) ≤+1

a quarter period L quarter periods

sin(ω̂L /2) = 0

ω̂ = 2π
L k

(period:  2π)
Zeros:Envelope:

1
sin(ω̂/2)

= sin(ω̂L /2 + Lπ)
Lsin (ω̂/2 + π)

DL(e
− j ω̂) = sin (−ω̂L /2)

Lsin (−ω̂/2)
= DL(e

j ω̂) lim
ω̂→0

DL(e
j ω̂) = lim

ω̂→0

L /2cos (ω̂ L /2)
L /2cos (ω̂/2)

= 1

DL(e
j ω̂) = 1 when ω̂ = 0Maximum:an even function
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odd L

even L

2π

2π

(L−1) zero crossings

(L−1) zero crossings

ω̂ = 2π
L kZeros:

DL(e
j ω̂) = sin(ω̂L /2)

Lsin(ω̂/2)

Dirichlet Function

lim
ω̂→2π n

DL(e
j ω̂) = +1

Maximum, Minimum:

odd L

even L

lim
ω̂→2π n

DL(e
j ω̂) = (−1)n

Dirichlet Function (2)
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ω̂ = 2π
L k = k ΔZeros:

Δ = 2π
11

H (e j ω̂) = DL(e
j ω̂) e− j ω̂(L−1)/2

H (e j ω̂) = D11(e
j ω̂) e− j5 ω̂

−5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂−5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂
+π +2π +3π−4π −3π −2π −π +4π +5π

−5 ω̂
−5π

DL(e
j ω̂) = sin(ω̂L /2)

Lsin(ω̂/2)

D11(e
j ω̂) = sin (ω̂11/2)

11sin(ω̂/2)

Δ = 2π
11

Phase Response (1)
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ω̂ = 2π
L k = k Δ

Δ = 2π
11

H (e j ω̂) = DL(e
j ω̂) e− j ω̂(L−1)/2

H (e j ω̂) = D11(e
j ω̂) e− j5 ω̂

DL(e
j ω̂) = sin(ω̂L /2)

Lsin(ω̂/2)

D11(e
j ω̂) = sin (ω̂11/2)

11sin(ω̂/2)

= [sin (ω̂11/2)11sin(ω̂/2)]e− j 5 ω̂

+ − real number

arg {H (e j ω̂)} = 2π n ±π − 5 ω̂

+ − real number

Zeros:

At each zero crossing of D11(e
j ω̂)

D11(e
j ω̂)the signs of                   change 

±π radian change

− 5 ω̂

− 5 ω̂

− 5 ω̂

− 5 ω̂

− 5 ω̂

− 5 ω̂

+ π

+ 2π

+ 2π + π

+ 2π + 2π

+ 2π + 2π + π

0⋅2π11

1⋅2π11

2⋅2π
11

3⋅2π
11

4⋅2π
11

5⋅2π
11

11⋅2π11

1⋅2π
11

2⋅2π11

3⋅2π
11

4⋅2π
11

5⋅2π
11

≤ ω̂ <

≤ ω̂ <

≤ ω̂ <

≤ ω̂ <

≤ ω̂ <

≤ ω̂ <

arg {H (e j ω̂)} = 2π n ±π − 5 ω̂

Phase Response (2)
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−5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂−5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂ −5 ω̂
+π +2π +3π−4π −3π −2π −π +4π +5π

−5 ω̂
−5π

Δ = 2π
11

slope =−5

2π⋅5
11

π

+ − + − + −+ − + − +−

At each zero crossing of D11(e
j ω̂)

D11(e
j ω̂)the signs of                   change 

±π radian change

Phase Response (3)
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