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Summary (1)

Ex = lim
T→∞

∫
−T /2

+T /2

x2(t ) dt P x =
1
T0
∫

−T 0 /2

+T 0 /2

x2(t ) dt P x = lim
T→∞

1
T
∫
−T /2

+T /2

x2(t) dt

Energy Signal Power Signal Power Signal

Ψ( f ) = ∣X ( f )∣2 Gx( f ) = ∑
n=−∞

+∞

∣cn∣
2
δ( f − n f 0)

Energy Spectral Density Power Spectral Density Power Spectral Density

Gx( f ) = lim
T→∞

1
T
∣XT ( f )∣

2

Total Energy Average Power Average Power

∫
−∞

+∞

Ψ( f ) d f ∫
−∞

+∞

Gx( f ) d f ∫
−∞

+∞

Gx( f ) d f

Non-periodic signals Periodic signals Random signals

Ex < ∞ P x < ∞ P x < ∞
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Summary (2)

Rx( τ) = Rx( τ) =

1
T 0
∫−T 0/2

+T 0 /2
x (t )x(t +τ) dt

Energy Signal 
Autocorrelation

Power Signal 
Autocorrelation

Random Signal 
Autocorrelation

∫
−∞

+∞

x(t )x(t +τ) dt lim
T→+∞

1
T
∫−T /2
+T /2

x (t )x (t +τ) dt

Rx( τ) =

E {X (t ) X (t +τ)}

lim
T→+∞

1
T
∫−T /2
+T /2

X (t ) X (t+τ) dt

 for a Periodic Signal  for a Ergodic Signal

Non-periodic signals Periodic signals Random signals

Rx( τ) = Rx( τ) = Rx( τ) =

∫
−∞

+∞

x(t )x(t +τ) dt
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Single-Sided Spectrum

x(t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t)) x(t) = g0 + ∑
k=1

∞

g k cos(k ω0 t + ϕk )

= cos(α) cos(β)

gk cos(k ω0 t + ϕk ) = g k cos (ϕk ) cos(k ω0 t) − g k sin(ϕk) sin (k ω0 t)

cos(α+β) − sin (α) sin(β)

a k cos(kω0 t ) + bk sin(k ω0 t)

a k = g k cos(ϕk)

−bk = g k sin(ϕk )

a k
2
+ bk

2
= g k

2

−
bk

ak

= tan (ϕk)

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

g0 = a0

gk = √ ak
2
+ bk

2

ϕk = tan−1 (−bk

ak
)

k = +1,+2, ... k = +1,+2, ...
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Two-Sided Spectrum

x(t) = ∑
k=−∞

+∞

C k e+ j kω0 tx( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck =
1
T ∫0

T
x (t ) e

− j kω0 t
dt

Ck =

a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

k = ... ,−2,−1, 0,+1,+2, ...

∣C k∣ =
a0 (k = 0)
1
2 √ ak

2 + bk
2 (k ≠ 0)

Arg (C k) =
tan−1 (−bk /ak ) (k > 0)

tan−1 (+bk /ak ) (k < 0)

Ck =
1
T ∫0

T
x (t ) e

− j kω0 t
dt

k = ... ,−2,−1, 0,+1,+2, ...

Ck =

a0 (k = 0)
1
2 g k e+ j ϕk (k > 0)
1
2 g k e− j ϕk (k < 0)

∣C k∣ =
a0 (k = 0)
1
2∣g k ∣ (k ≠ 0)

Arg (C k) =
+ϕk (k > 0)
−ϕk (k < 0)

Power Spectrum Periodogram

∣C k∣
2 +∣C−k∣

2 =
1
2 g k

2 =
1
2 (ak

2 + bk
2) 2⋅∣C k∣ = gk = √ ak

2 + bk
2

Two-Sided One-Sided
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Power Spectrum (1)

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x (t) cos (k ω0 t) dt

bk =
2
T
∫0

T
x (t ) sin (k ω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
n=1

∞

( ak cos(k ω0 t) + bk sin (kω0 t ))

P =
1
T ∫0

T
∣x(t)∣

2
dt

P = a0
2 +

1
2
∑
k=1

+∞

( ak
2 + bk

2 )

Average Power

Power Spectrum

Pk =
a0

2

1
2
( ak

2
+ bk

2 )

(k = 0)

(k > 0)

x( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck =
1
T ∫0

T
x (t ) e

− j kω0 t
dt

Ck =

a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

k = −2, −1, 0, +1, +2, ...

P =
1
T ∫0

T
∣x(t)∣

2
dt

P = ∣C0∣
2
+∑

k=1

+∞

( ∣C k∣
2
+ ∣C−k∣

2 )

Power Spectrum

Pk =

∣C0∣
2

(∣C k∣
2
+ ∣C−k∣

2)

(k = 0)

(k > 0)

Average Power
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Power Spectrum (2)

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t  

P =
1
T ∫0

T
∣x(t)∣

2
dt

P = a0
2 +

1
2
∑
k=1

+∞

( ak
2 + bk

2 )

Average Power

Power Spectrum

Pk =
a0

2

1
2
( ak

2
+ bk

2 )

(k = 0)

(k > 0)

x( t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

P =
1
T ∫0

T
∣x(t)∣

2
dt

P = ∣C0∣
2
+∑

k=1

+∞

( ∣C k∣
2
+ ∣C−k∣

2 )

Average Power

Power Spectrum

Pk =

∣C0∣
2

( ∣C k∣
2
+ ∣C−k∣

2 )

(k = 0)

(k > 0)

Ck =

a0 (k = 0)
1
2 (a k − jbk ) (k > 0)
1
2 (a k + jbk ) (k < 0)

∣C k∣
2 = 1

4 ( ak
2 + bk

2 )

∣C−k∣
2 = 1

4 ( ak
2 + bk

2 )

∣C k∣
2 + ∣C−k∣

2

= 1
2 (ak

2 + bk
2 )
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Periodogram

a0 =
1
T ∫0

T
x( t) dt

a n =
2
T
∫0

T
x( t) cos (nω0 t) dt

bn =
2
T
∫0

T
x (t) sin (nω0 t) dt

n = 1, 2, ...

x  t  = a0  ∑
n=1

∞

an cosn0 t   bn sin n0 t  

Positive Frequency Only

f =
n
T

n = 1, 2, ...

Single-sided Spectrum

√ an
2
+ bn

2

T
2

an = ∫t1

t1+T
x (t ) cos (k t) dt

T
2

bn = ∫t1

t1+T
x(t ) sin (k t ) dt

T =
2π
k
⋅n

k =
2π
T
⋅n = nω0

T: integer multiple 2π
k

abscissa

ordinates

2π
k

r = √ an
2
+ bn

2

An estimate of the spectral density 

sometimes (a n
2
+ bn

2
)
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Periodogram and Power Spectrum

1
2 (ak

2 + bk
2)

∣C k∣
2 +∣C−k∣

2 =
1
2∣g k ∣

2 =
1
2 (ak

2 + bk
2)

∣C k∣
2 =

1
4 (a k

2 + bk
2)

(∣C k∣
2 +∣C−k∣

2)

√ a k
2 + bk

2

∣C k∣+∣C−k∣ = ∣gk ∣
2 = √ ak

2 + bk
2

∣C k∣ =
1
2 √ ak

2 + bk
2

(∣C k∣+∣C−k∣)

Power Spectrum

Periodogram

Vpeak

Pavg = (Vrms)
2

Two-SidedPower Spectrum Single-Sided
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Root Mean Square

1
T
∫
0

T

g 2
(t) dt

1
N Δ

∑
k=0

N−1

∣g [ k ]∣2Δ =
1
N
∑
k=0

N−1

∣g [k ]∣2

Δ
N Δ

g rms = √ 1
T ∫0

T g 2(t) dt

mean squared amplitudemean squared amplitude

root mean squared root mean squared 

g rms =
1
N
∑
k=0

N−1

∣g [k ]∣2

Discrete TimeContinuous Time

∣g [k ]∣2Δ
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CTFS and CTFT

X ( jω) = ∫
−∞

+∞

x (t ) e− jω t d t x (t ) =
1

2π ∫−∞
+∞

X ( jω) e+ jω t dω

C k =
1
T ∫0

T
x (t ) e− j k ω0 t dt x(t) = ∑

k=0

∞

C k e+ j kω0 t

Continuous Time Fourier Series

Continuous Time Fourier Transform

X ( f ) = ∫
−∞

+∞

x (t ) e− j2π f t d t x (t ) = ∫
−∞

+∞

X (f ) e+ j2π f t d f
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Continuous Periodic Signal

v (t) = x (t)

+

1Ω

−

instantaneous power x2
( t)

average power

1
T
∫
0

T

x2
( t) dt

T : period

v (t) = x (t)

instantaneous power

Continuous Periodic 

CTFS (Fourier Series)

x(t) = ∑
k=−∞

+∞

C k e+ j kω0 t

C k =
1
T ∫0

T
x (t) e

− j kω0 t
dt

k = ... , −2, −1, 0, +1, +2, ...

1
T
∫
0

T

x2
(t) dt = ∑

n=−∞

+∞

∣C n ∣
2

Parseval’s Theorem

power spectrum Cn

sum of

average power
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Continuous Aperiodic Signal

v (t) = x (t)

+

1Ω

−

instantaneous power x2
( t)

total energy

∫
−∞

+∞

x2(t ) dt

v (t) = x (t)

instantaneous power

Continuous Aperiodic 

CTFT (Fourier Integral)

∫
−∞

+∞

x2(t) dt = ∫
−∞

∞

∣X ( f ) ∣ 2 df

Parseval’s Theorem

energy spectral
density ∣X ( f )∣ 2

integral of 

total energy

X ( f ) = ∫−∞
+∞

x (t) e− j2π f t d t

x(t) = ∫−∞
+∞

X ( f ) e+ j2π f t d f
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Parseval’s Theorem – CTFS

Average Power

1
T ∫−∞

+∞

x2
(t ) dtE [ x2

(t ) ] =

x (t ) = ∑
k=−∞

+∞

C k e+ jkω t

CTFS

x2
(t ) = x(t)⋅x∗(t) = ( ∑

k=−∞

+∞

C k e+ jkω t)( ∑
l=−∞

+∞

C l
∗ e− jlω t)

x2(t ) = ∑
k=−∞

+∞

∑
l=−∞

+∞

C k C l
∗ e+ j( k−l)ω t

= ∑
k=−∞

+∞

∑
l=−∞

+∞

C k C l
∗ ( 1

T ∫−∞

+∞

e+ j (k−l )ωt dt )1
T ∫−∞

+∞

x2
(t ) dt

= ∑
k=−∞

+∞

∣C k∣
21

T ∫−∞

+∞

x2
(t ) dtAverage Power

Power Spectrum ∣C k∣
2 power associated with 

individual frequency components
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Parseval’s Theorem – CTFT

Total Energy

∫
−∞

+∞

x2
(t) dt

x(t ) = ∫
−∞

+∞

X ( f ) e+ j2π ft df

CTFT

x2
(t ) = x(t)⋅x∗(t) =

∫
−∞

+∞

x2
(t) dt

∫
−∞

+∞

x2
(t) dtTotal Energy

Energy Spectral 
Density

∣X ( f )∣2 energy associated with 
individual frequency components

(∫
−∞

+∞

X ( f )e+ j2 π ft df ) (∫
−∞

+∞

X ∗
(ν)e− j2π ν t d ν)

x2
(t ) = ∫

−∞

+∞

∫
−∞

+∞

∣X ( f )∣2 e+ j2 π( f −ν)t df d ν

= ∫
−∞

+∞

∫
−∞

+∞

∣X ( f )∣2 ∫
−∞

+∞

e+ j2π( f −ν)t dt df d ν

= ∫
−∞

+∞

∣X ( f )∣2 df =
1

2π ∫−∞

+∞

∣X (ω)∣2 d ω
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Parseval’s Theorem – DTFT

Total Energy

∫
−∞

+∞

x2
(t) dt

x [n] = ∫
−0.5

+0.5

X (e j f̂ ) e+ j 2π f̂ n d f̂DTFT

x2
[n] = x [n]⋅x∗[n] =

∑
n=−∞

+∞

x2[n ] dt

∑
n=−∞

+∞

∣x [n ]∣2Total Energy

Energy Spectral 
Density

∣X ( f̂ )∣
2 energy associated with 

individual frequency components

x2
[n] = ∫

−0.5

+0.5

∫
−0.5

+0.5

∣X (e j f̂
)∣

2 e+ j2 π( f̂ −ν̂)n df d ν

= ∫
−0.5

+0.5

∣X ( f̂ ) ∣2 d f̂ =
1

2π ∫−π

+π

∣X (ω̂) ∣2 d ω̂

( ∫
−0.5

+0.5

X (e j f̂
) e+ j 2π f̂ n d f̂ ) ( ∫

−0.5

+0.5

X ∗
(e j ν̂

) e+ j 2 π ν̂ n d ν̂)

= ∫
−0.5

+0.5

∫
−0.5

+0.5

∣X (e j f̂ ) ∣2 ∑
n=−∞

+∞

e+ j2π( f̂ −ν̂)n df d ν

Total energy over all discrete time n 
Total energy in fundamental period of frequency
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Parseval’s Theorem – DFT

Average Power

1
N ∑n=0

N−1

x2
[n]

x [n] =
1
N ∑k=0

N−1

X [k ]e
+ j( 2 π

N ) kn

DFT

x2
[n] = x [n]⋅x∗[n] =

1
N ∑n=0

N−1

x2 [n ] dt

1
N ∑n=0

N−1

∣x [n ]∣2Average Power

Periodogram 1
N
∣X [k ]∣2

=
1

N 2 ∑
k=0

N−1

∣X [k ]∣2

1

N 2 (∑
k=0

N−1

X [k ] e
+ j( 2π

N ) kn) (∑
l=0

N−1

X ∗[l ]e
− j( 2π

N ) l n)
x2[n] =

1

N 2∑
k=0

N−1

∑
l=0

N−1

X [k ]X ∗[l ]e
+ j( 2π

N ) ( k−l)n

=
1

N 3∑
k=0

N−1

∑
l=0

N−1

X [ k ]X ∗[l ] ∑
n=0

N−1

e
+ j( 2π

N ) (k−l )n

∑
n=0

N−1

∣x [n ]∣2 =
1
N ∑k=0

N−1

∣X [k ] ∣2
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Average Power of Random Signals

xT (t ) = x (t ) − T
2 < t < + T

2

A truncated sample function

Fourier Transform

XT (ω) = ∫
−∞

+∞

xT (t ) e− jω t dt

= 0 otherwise

xT (t ) =
1

2π ∫−∞

+∞

XT (ω) e+ jω t dω

Average Power

1
T ∫−∞

+∞

xT
2
( t) dt

Parseval’s Therorem

XT ( f ) = ∫
−∞

+∞

xT (t ) e− j2π f t dt xT (t ) = ∫
−∞

+∞

XT ( f ) e+ j2 π f t df

∫
−∞

+∞

xT
2
(t) dt = ∫

−∞

+∞

∣X T ( f )∣2 df

= ∫
−∞

+∞
∣X T ( f )∣2

T
dt

total energy

total energy / T
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Power Spectral Density of Random Signals

Average Power

1
T ∫−∞

+∞

xT
2
( t) dt = ∫

−∞

+∞
∣XT (f )∣

2

T
df

∣X T ( f )∣2

T
= Ŝ xx( f )

⇒ ∫
−∞

+∞

Ŝxx ( f ) df

Raw Power Spectral Density

lim
T →∞

1
T ∫−∞

+∞

xT
2
(t) dt = lim

T →∞
∫
−∞

+∞ ∣X T ( f )∣2

T
df

E [ limT→∞

1
T ∫−∞

+∞

xT
2
(t) dt ] = E [ limT→∞

∫
−∞

+∞
∣XT (f )∣

2

T
df ]

Var (x(t)) = σx
2

= ∫
−∞

+∞

lim
T →∞

E [ ∣X T ( f )∣2 ]
T

df ⇒ ∫
−∞

+∞

Sxx ( f ) df

Power Spectral Density

lim
T →∞

E [ ∣X T ( f )∣2 ]
T

= S xx( f )

not converge

random signal
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Power and Power Density Spectra (1)

≈
1
N ∑n=0

N−1

x2
[n]

Average Power of N sample of x(t)

Periodogram:
P xx(k ) =

1
N
∣X [k ] ∣2

1
N T ∫0

NT

x2
(t) dt =

1

N 2 ∑
k=0

N−1

∣X k ∣
2

∑
n=0

N−1

x2[n] =
1
N ∑k=0

N−1

∣X [ k ]∣2 k = 0, 1, ⋯ , N−1

Average Power

∑
n=0

N−1

x2[n] =
1
N ∑k=0

N−1

P xx(k )

Total Energy

T ∑
n=0

N−1

x2 [n ] = T ∑
k=0

N−1

P xx(k ) ≈ ∫
0

NT

x2
(t ) dt

T
NT

∣x [n ]∣2T
Average Power 

E [ x2
(t )] =

lim
T →∞

1

T
∫
−T /2

T /2

x2
(t) dt
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Power and Power Density Spectra (2)

Periodogram:

P xx(k ) =
1
N
∣X [k ] ∣2 k = 0, 1, ⋯ , N−1

Average Power

∑
n=0

N−1

x2
[n] =

1
N ∑k=0

N−1

P xx(k )

T
NT

∣x [n ]∣2T

∑
n=0

N−1

x2[n] = ∫
−0.5

+0.5

P xx( f̂ )df

∑
n=0

N−1

x2[n] = ∫
−1/2T

+1/2T

P xx( f )df

∑
n=0

N−1

x2
[n] = ∫

−π /T

+π /T

P xx(ω)d ω

if P xx(k) is constant P

P xx( f̂ ) = P

P xx( f ) = TP

P xx(ω) = TP /2π
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Correlation and Power Spectrum (1)

Periodogram:

P xx(k ) =
1
N
∣X [k ] ∣2

k = 0, 1, ⋯ , N−1

Average Power

1
N ∑n=0

N−1

x2
[n] = Rxx [0]

m = 0, 1, ⋯ , N−1

Autocorrelation Function

Rxx [m] =
1
N ∑l=0

N−1

x [ l ] x [l+m]

Autocorrelation Periodogram DFT

∑
m=0

N−1

( 1
N
∑
l=0

N−1

x [l ] x [l+m]) e
− j( 2π

N )mk

= ∑
m=0

N−1

( 1
N
∑
l=0

N−1

( 1
N
∑
α=0

N−1

X α e
+ j( 2π

N ) l α)( 1
N
∑
β=0

N−1

X β

∗e
− j ( 2π

N ) (l+m)β)) e
− j( 2π

N )mk

=
1

N 3 ∑
α=0

N−1

∑
β=0

N−1

X α X β
∗∑

m=0

N−1

∑
l=0

N−1 ( e+ j( 2π
N ) l α) ( e− j ( 2π

N ) (l+m)β) e
− j( 2π

N )mk

=
1

N 3 ∑
α=0

N−1

∑
β=0

N−1

X α X β
∗∑

m=0

N−1

∑
l=0

N−1 ( e+ j( 2π
N ) (l (α−β)− m(β+k ))) =

1
N
∑
α=0

N−1

∑
β=0

N−1

X α X β
∗
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