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Probability Density Function

Probability Density Function flx; t) = 2 F(x; t)
b
Pla < X(t) < b] = ff(x; t)dx
Cumulative Distribution Function  F(x; t) = [ f(x; t)dx

Pl X(t) < b] = } f(x; t)dx = F(b; t)

X (t) random variable X(t) at a given time t Plx<X(t)<x+dt] = f(x; t)dx
f(x;t)  The probability density function
of random variable X(t) P X(t)=x]| = f(x;t)
rv. X(t,)
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Probability Density Function

X (t) random variable X(t) at a given time t Plx<X(t)<x+dt] = f(x; t)dx
f(x;t)  The probability density function
of random variable X(t) Pl X(t)=x] = f(x;t)
1% trial X5(€) X (t,) random variable at a given time t,

WMWNW“W X(to) = Xl(tO)

r.v. X (t,) has a value K(&)
at time ¢, in the 1° trial

\J

TMWWW\/% X(to) = Xz(to)

r.v. X (t,) has a value[%(&)
at time t, in the 2" trial

\J

3" trial [X5(t)

TWWM“JV X (t,) = x5(t,)
" rv. x(t,) has a value B3E)
t=t, at time ¢, in the 3" trial
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Joint Probability Density Function

2
Joint Probability Density Function Fx,,%,; t,t,) = —C—F(x,,%,; t,t,)
0x,0X,
d
Plla<sX(t,)=b) N {c=X(t,)=<d}]| = fff@p&;g¢g¢%¢2
Joint Cumulative Distribution Function  F(x,,x,; t;,t, f f f(xy,X,; t,t,) dx, dx,

—00 —0

P {X(t;)<b} N {X(t,) <d}| = j"} f(x,,x,; t,,t,)dx,dx, = F(b,d; t,,t,)

X(t,), X(t,) random variables attime t, and t, p[ (X(t,)=x,) N [X(t,) = Xz”
f(x,,x,; t,,t,) joint probability density function = f(x,%55 t,t,)
rv. X(t,) rv. X(t,)
d
T b__
a ¢ T ~
t=t, t=t,
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Probability Density Function

X(t,), X(t,)

f(xpxz; t

random variables at time t, and t,

t,) joint probability density function

Pl{X(t)=x} n [X(¢)

XzH

= f(xpxz; t1:t2)

1* trial X(E)

MMNMWW

X (t,

\J

\J

) random variable at a given time ¢,

X (tl) = X1(t1): X(tz) = X1(t2)
r.v. X (¢,) has a value (&)

r.v. x (t,) has a value (&)l
at times t,, t, in the 1° trial

X (t1) = Xz(t1): X (tz) = Xz(tz)
r.v. x(t,) has a value &)
r.v. X (t,) has a value&(&)
at times t,, t, in the 2™ trial

B AR A A X(6) = x(t), X(6) = x(t)
> r.v. X(t,) has a valuel%(&)
B B r.v. X (t,) has a value%(&)
t = tl t = t2 rd
at times ¢, ¢, in the 3" trial
: Young Won Lim
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Moments of a Random Process

The n-th Moment

E[X"(t)] = Tx" f(x;t)dx

1st Moment
E[ X(t)] = _f x f(x;t)dx
= u(r)

2nd Moment

E| X ]—fxfxt)d

Correlation

The n-th Central Moment

+ o0

ELX () —w(e)'] = [ (x=w®))] f(x;0) dx

— 0

1st Central Moment

+ o0

E[(X(t)=u(t)] = [ (x=ul0)) f(x; 0) dx

— 00

2nd Central Moment

+o0

EL(X () =w()] = [ (x=w(0) f(x; 1) dx

—00

= o'(t)
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Moments of a Random Process

X (t) Random Variable at a given time t

x,(t)  outcome of i"" realization at a given time t Ensemble
T 1 x,(t,) _ Ensemble Average
1 N
» —_— Xn
! Bal) v 2l
N — o
T X3(to> 5 o0
v - E| X (t)] = _fxf(x;t)dx
t=t
’ = u(t)
E[ ]—fxf(xt)dx_u()
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Stationarity

First-Order Stationary Process
f(xl; t1) = f(x1; t1+k) Vk
flx; t) = flx)
Second-Order Stationary Process
f(x1 , Xy by ,t2) = f(x1 ,Xy5 tt+k ,t2+k) Y k

f(X1 »Xy5 by :tz) = f(x1 X5 0, tz_t1) k =—t

f(X1 »Xy5 1y ’tz) = f(x1 s Xos t2_t1)
Nth-Order Stationary Process

f(xl,x2,~-~,xn; tl,tz,m,tn) = f(xl,x2,~-~,xn; t,+k ,t,+k ,~~~,tn—|-k) Y k
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Mean Function

Mean Function

x,(t,) Ensemble Average
MMM
> N
| _ 1 Z
2" trial - () N =
TW\/\/\/\MW\/\W\/\/\W _ N — o
J 00
3" trial - () E[ X(t)] = f X f(x, t) dx
M A A » =
| = u(t)
t=t,
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First Order Stationary Process

The n-th Moment The n-th Central Moment

ELX(0] = [ ¥ flxi o) ELOX (0 —u(0) | = J (e n) £ x: o) d

fx,t) = f(x)

if f does not change with time

E[ x"(0)] = E[ x"] E[(X () —u()] = E[(X —u)"]

First Order Stationary Process

A

4 . E[X(t)] > E[X]=u

EL(X(0) —u(0)’] = E[(x -] = o
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AutoCorrelation Functions

Auto-correlation Function

Rxx(tl, tz) - E[ X (t1) X(tz)]

* trial  [RJ(8) X(t,) X(t,) Ensemble Average
x,(t))x,(t,)
MNMWW
- 1 N
x(t)x(ty) = — 2 x,(t,)-x,(t,)
2" trial [ X(E) (), (t,) 1 ’ N z 1 i
TW\/\/\/\MW\/\W\/\/W N — «©
3" trial [ X3(t) () (e) E[ X(tl)X(tz)} = Rxx(tl, tz)
X3\t) X5,
T > f X, X, [(X),X,, ) dx, dx,
t=t, t=t,
. Young Won Li
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AutoCorrelation Function Examples

auto-correlation function

T=t,—t
Rxx(tl’ tz) — Rxx(o’ t2_t1) = Rxx(tS’ t3+t2_t1) —
E[ X <t1) X(tz)} El X (O) X (tz_t1)} E[ X (t3) X<t3+t2_t1)]
X (0) X (tz T t1> X (ta) X (t3+t2_t1)
1+ trial Xy (€) X(t,) X(t,) 1% trial -
Xl(t1)'x1(t2) Xl(t3)'xl(t3+r)
MWW WWWM
> >
‘ t, =t ‘ L=t t, =t
- > -
2 wial xy(t) x,(t,)x, (e, 2uiol EEER x2(65)x, (6 +7)
TW\A/\/\MNV\W\/VW _ M\MMWW\A/W _
3" trial [x5(t) 3" trial [x5(t)
X3(t1)'x3(t2) X3(t3)'xa(t3+r)
[ T A MW A A
> ‘ >
‘ t=t, t=t, ‘ t=t,—t, t=t, t=t+t,—t,
Correlation 13 Young Wor Lim



Second Order Stationary Process

auto-correlation function

Rxx(tl, tz) = E[ X (t1) X<t2)}

2" Order Stationary Process

f(x1 yXo5 by ’tz) =
f(xl > X5 tZ_tl)

Rxx(tl’ tz) =Rxx(0’ tZ_tl) = Rxx(tB’ t3+t2_t1) =

E[ X(t) X(t,)] = E[ X(0) X (t,—t))] =

E| X (ty) X (t;+t,—t,) |

Correlation 14

X(O) X(tz _t1) X(t3)

1% trial -

MAWV\AWMW

\J

t, =4
<
2" trial X5(E)

M AR AN Y

3 trial -

MW AR A

'\AA/V

\J

t=t,—t, t=t,

t =t,+t,—t,
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Time Average & Mean

mean function Ensemble Average

1* trial Xy (€) X (t, N

tria ( ) X(t) ~ Im i ZX (t)

Xl(tl) N oo N = n

WMWV\/\)M .

‘ - +o0

= . = t
2" trial [ X5(t) e E[X(t)] _[OX f(X,t) dx M( )
T“W\/\/\/\MNV\W\/\/W _
/Stationary Process

3rd trial - X3(t1) R M(t) = const
TWWNNMW - -

| . )

. 2

Time Average
Ergodic Process

", # w(t) = u,

1 T
lim = [ x(t)dt
T 0

T — oo
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Time Average & AutoCorrelation

autocorrelation function Ensemble Average

x(0) X(t,—t,)

1 <
1* trial  [RY(E) X(tl)x(tz) = ilillﬁ Z_;Xn(tl).xn(t2)
Wm -
‘ ;=4 ] E[ X X(tz)] = Rxx<t1 tz)
2" trial -

/Stationary Process

3" trial [Xg(t) E[ X(

tl)X (tz)] = Rxx(tZ_ t1)

v
-
-

t=06-4 t=t, l

Time Average

Ergodic Process

T
lim — f x(t)x(t+t,—t,) dt R (1) = %Hn = f x(t)x(t+1) dt
T_>OO — 00
: Young Won Lim
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Time Average & Ensemble Average

autocorrelation function Ensemble Average

Time Average
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Time Average & Ensemble Average

autocorrelation function Ensemble Average

Moving Average Filter Matched Filter
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Correlation Functions (1)

auto-covariance function

Cult, to) = E[(X(t) —u,(t)) (X(t;) —u,(t))]

auto-correlation function

Rxx(tl, tz) = E[ X (tl) X(tz) ]

R.(1) = E[ X(t) X(t+7),

Correlation 19
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Correlation Functions (2)

cross-covariance function

ny(tl, tz) = E[ <X<t1) - Mx(tl)) (Y(tz) - My(tz))}

cross-correlation function

ny<t1, tz) = E[ X (tl) Y(tz)}

R,(t) = E[X(6)Y(t+7),

Correlation 20
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Ergodicity

1T
i, = ?{x(t)dt = X
1 .
P2 = — [ X(t)dt = x°
TO

C,(1) = = f (x(t)-%) (y(t+1)—F)dt 0=t <T
T— ||
é, (1) = T_lm [ (x(0)=%) (Ylere)=y)de T < v =0

Correlation 21 Young V\/lolr}GIﬂLrg



Linear System

y(6) = h(e)+ x() = [ hlx) x(e—7)d

A ej(b ejwt
single frequency single frequency
component : @ component : o
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Impulse Response & Frequency Response

Fourier Transform
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Linear System & Random Variables

x(t)  m—) h(t) ) y(t)

R.V R.V

X(t) m—) h(t) ) Y (t)

mean

E[X(¢)) memsdp  h(t) |messp E[Y()] = [ E[X(0)]h(t—7)d

correlation

E[X(t,)X(t,)] h(t) mmm) E[Y (t,)Y(t,)]

- .[:)1 f;zE[X(T)]h(tl—T)h(tz—Ot) dtdo

Correlation 24 Young V\/lolr)GIﬂLrg



Output Correlation

correlation

E[X(t,)X(t,)] m—) h(t) ) E[Y(4,)Y (1))

Correlation 25 Young V\/l(?Lr)GIﬂLrg



Output Spectral Density

R (t) wwmp  h(t) |memsdp R,(t)= [ ['Ry(t+a—p)h(a)h(p)dadp

Fourier Transform

= |[H(o)f Sx(o)

e

“+00 . . .
_ J‘_ jo(t [3+a)e+]wae Jw[?)d_t

J I Ru(x+a—p)h(c)h(p) dadp)
[ ha)e ™ da) [T h(p)e dp]

fi: e /o PrIR (t+a—B) dt]

= SXX((D)H*((D)H((D) - |H((D)|2 SXX(U))
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Time Average
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