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In mathematics, mathematical physics and the theory of stochastic g
processes, a harmonic function is a twice continuously differentiable

function f: U - R (where U is an open subset of R™) which satisfies

Laplace's equation, i.e. Yeal-volued £ .
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everywhere on U. This is usually written as
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Etymology of the term "harmonic" [ edit ]

The descriptor "harmonic" in the name harmonic function originates from a pointon a

taut string which is undergoing harmonic motion. This solution to the differential

equation for this type of motion can be written in terms of sines and cosines, functions

which are thus referred to as harmonics. Fourier analysis involves expanding periodic

functions|on the unit circle|in terms of a series of these harmonics. Considering higher

dimensional analogues of the harmonicsjon the unit n-sphere}one arrives at the
spherical harmonics. These functions satisfy Laplace's equation and over time
"harmonic" was used to refer to all functions satisfying Laplace's equation.[1]
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In mathematics and physical science, spherical harmonics are

special functions defined on the surface of a sphere. They are

often employed in solving partial differential equations that

commonly occur in science. The spherical harmonics are a

(::Dmplete) set of orthogonal functions on the sphere, and thus
A\ 7
may be used to represent functions defined on the surface of a

sphere, just as circular functions (sines and cosines) are used to

represent functions on a circle via Fourier series. Like the sines

ahd cosines in Fourier series, the spherical harmonics may be
organized by (spatial) angular frequency, as seen in the rows of

functions in the illustration on the right. Further, spherical

harmonics are basis functions for S0O(3), the group of rotations in

three dimensions, and thus play a central role in the group

theoretic discussion of S0O(3).
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Visual representations of the first few real
spherical harmonics. Blue portions represent

regions where the function is positive, and Schematic representation of &
yellow portions represent where it is negative. = —— Yy on the unit sphere and its
The distance of the surface from the origin nodal lines. RE[YM] is equalto 0
indicates the value ufl’;’"{ﬂ, ¢) in angular — along m great circles passing
direction (6, ¢). through the poles, and along f-m

circles of equal latitude. The
function changes sign each time it

crosses one of these lines.
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In several ways, the harmonic functions are real analogues to holomorphic functions.

All harmonic functions are analytic, i.e. they can be locally expressed as power
series. This is a general fact about elliptic operators, of which the Laplacianisa

major example.
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