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Time Scales and Frequency Scales

Y N

\

N = 200 samples N = 200 samples
N N
4 A 4 A
ttto--- Pt oo
0o N-Ts (sec) - T
T, )
= o 0.1 (sec) M, = 2% _ 2% _ 031416 (rad)
s N 200
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Replication Frequency w, and Resolution w,

Tr,=T,N,=2000.1 W, = 2 =0.1m (DSZZ—TEZZOJI
200-0.1 0.1
®
T, period
x[n] R TR O I T
N, samples
W, — 2—75 W, —
0 TO S
o =2 o
0 NO S
0, =0, T, =0.1x-0.1 =0.01xn
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Comparison of variable names

function s1( N )

> N = 200 octave formulas
fs = 10; fs f, =L
t = (0:1:N-1)/fs; T
X = cos(pi*t);
_ 2
ws = 2*pi/N; WS Wo —Zwazﬁg
wnorm = -pi:w0:+pi; "
wnorm = wnorm(1:N); wnorm k o,
w = wnorm * fs; W kw, =2nf,= 2"
X = fftshift(fft(x)); Ly
subplot(2,1,1); &r = o [9__2 T, | 2xn
plot(t, x): 0 =M T MNT TN
subplot(2,1,2); 2
plot(w, abs(X)); 2¥pixfs @, =2xf, =
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FFT of a cosine wave

X N/: 200 samples
3 h
X ) X 1
t w
0.5 N
cos(mt) oh i
cos(mnT,)
0.5 1
cos(0.1mtn)
: 0 5 10 15 20
abs (X)
®=0.17x 100 T
w = (I)'fS:0.1TE°10:3.14 80 .
®»=wT,=n-0.1=0.314 60 - i
40 .
20 [0 -1
0 | 1 |
-40 -20 0 * 20 40
o = 3.14 (rad/sec)
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FFT of a cosine wave - non-integer multiple period

X N =200 samples
AN
s h
0.5 ]
cos(5m/3t) ot .
cos(5m/3-nT,)
0.5 7]
cos(0.1667n) (D
: 0 5 10 15 20
abs (X)
®=0.1667 t=0.5236 100 !

w=00f.=0.16677-10=5236 | ]
® = T,=1.66770.1=0.5236 4| ]

40
1 M _
-40 -20 0 ? 20 40

w = 5.236 (rad/sec)
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x(t) = cos (1) = %(e+j“t+e_jm) N =200, T.=0.1
wzz—nzrc wOZZ—EZO.ln
T T,
T=2"=) T,= NT,=200-0.1 =20
k=10
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Fourier Series and Spectrum

x(t) = cos(m-t) = %(e”“+e‘j“)
wzz—nzn u)0:2—20.1n Ty=NT,
T T,
) _2n _ 2m 2|l 1) _ .
r=2%-2  T,=NT,=2000.1=20 O =T =Nt |\ N \T | T @l
1 ¢ n
C, = oty eiot) eIkt - L kot
K 2TO{<6 e’ e C, = T(){x(t)e dt
1
_ 1 +j(co—k(00)t+ —jlo+ko,)t dt
ol )
0.5 (w==%10-w, = k=10 .
Cip = 2
24 0 (w#*+10-w,) T
\\\ — onl . . . 10w,
y when w is an integer multiples of W,
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Continuous Time — CTFS Computation

Continuous Time Fourier Series

T +00 .
C, = % [x(t)e ™ de b x(t) = Y G e
0

k=—w

....mﬂ hm.... o0 =T \ \ -

C, ~ %DFT{x(n T,)| x(nT,) ~ N IDFT{C,}
Q??TTI ITT??QQ??TTI [TT??QQ??TTI ITT??Q II II [I
X[k] = NZ_Z x[n]eﬂ%kn =  x[n] = % " X[k I
n=0 k=0
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X[k] and C,

C, ~ %DFT{x(n T,)| C, ~ %X[k] Scale down
NC, ~ DFT{x(nT)) X[k]~ NC, Scale up
FFT Octave 12 Young Won Lim
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X[10]and C_

(0= o) = Herie
— 1 p— —
Co = = (0=10w,=n)

) 1

! 2

oo, 10 w,
N X[k]~NC, 2"
A

oo, 10
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Magnitude of a cosine spectrum

5 sec sec
e Q S
_ 1 +jmt —jmt ° |
cos(m-t) —E(e +e ™) /\/\/\/\/
N=100
I 50
cos(5n/3:nT,) = cos(onT,) | | |
cos(0.1667n) = cos(®n) ¢ : o
40 _sec 80 sec
»=0.1667 1=0.5236 > o \
ow=00f,=0.1667r-10
= 5.236 | |
& = o-T,=1.66771:0.1 _N=400 - N=800
= 0.5236 150k _ 400 [ <« 400
NC, ~ X[K] |
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Generating a cosine signal with added noise

1

pkg load communications T,=01(sec)  f;===10(Hz)
N = 400; T,= NT,=400-0.1 = 40 (sec)
2w 2m 2T

fs = 10: 0= = T 40_0.15708(rad/sec)
t = (0:1:N-1)/fs;

N P A

O, = w, T, === =""=0.015708

N 400

X = 0.8*%cos(2*pi*0.8*t);

Xn = awgn(x, -2);
o=2xf=49770 > f=0.79211~0.8

= fft(x);
= fft ; 1
(xn); C, =~ x[k]
N
® = 4.9770 f=08 Ao L amp=—"Lixk] =L 160
— 2~ 400 400 400
amp = 160 A =160
> A= 160 *2 =0.7953 ~ 0.8
400
awgn : additive white Gaussian noise
FFT Octave 15 Young Won Lim
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FFT of a noisy cosine

X + awgn = Xn
subplot(2, 2, 1); 1 .
plot(t, x);
0.5 21
subplot(2, 2, 2); - 0
plot(t, xn); ° 2
subplot(2, 2, 3); 4
plot( abs(X) ); | - - - 6 - - -
0 10 20 30 40 0 10 20 30 40
subplot(2, 2, 4): ———— fftshift(
plOt( abs(Xn) ); 200 , - I @ 200
pause 150 €160 150 |
100 | 100 |
50 | 50 |
just index 00 160 260 360 400 00 160 260 360 400
1.. N T 33 1+ 369
FFT Octave i
16 Yo7
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X, Xn, and Xns

+ 1 Xn

1!

X X Xs
Xn Xn Xns
e e fftshift e
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Computing frequency domain scales

A 2m
ws = 2*¥pi/N; e C TN
wnorm = -pi:ws:+pi; S [, e, ki, -
wnorm = wnorm(1:N);
w = wnorm * fs; w  [=nf,, - ko, - ,+uf.]
27 27 A
W, = = Wy = Wy [
0 TO NTS 0 Of
W =wT, - T.\ 2xn )
W, TT T_O = W W, = (DO'TS
of,=w
i T, = 0.1 (sec) fo= TL =10 (Hz)
T,= NT,=400-0.1 = 40 (sec)
o o_2m_ am s 0, = 2E = 2% _ 2% _ (15708 (rad/sec)
" N NT ° T, NT, 40
l l N 27 27
2n _ 2m 1 21 — e
o = 7= 20 100, 03T W, = w, T, = N - 200 0.015708
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fftshift

X + awgn Xn

Xs = fftshift(X); 1
Xns = fftshift(Xn);

.|
subplot(2,2,3);
plot(w, abs(Xs)); °
subplot(2,2,4); 05{
plot(w, abs(Xns));

0 10 20 30 40 ] 0 1l0 2l0 3l0 40
fftshift() Xs = fftshift(X); Xns = fftshift(Xn);
200 T @ T 200
¥
150 | ¢ 160 150 |

>< 100 | ] 100 |
50 ] 5o |
0 . ! . mm M\ “ “‘“I“M VJ M'm N”"

-40 -20 0 20 40 -40 -20 0 20 40
-5 1 +5
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Self inverting function : fftshift()

Xs « fftshift(X); Xs = fftshift(X); Xns = fftshift(Xn);
. 200 ; - ; 200 ;
Xns « fftshift(Xn);
150 | 1 150 |
X « fftshift(Xs);
Xn « fftshift(Xns); 100 | 100
X « fftshift(fftshift(X)); 0-40 -éo 6 2l0 40 0-40 -éo 6 2l0 40
Xn « fftshift(fftshift(Xn)); fftshift(Xs); fftshift(Xns);
200 z z z 200
150 | 1 150 |
100 | 1 100 |
0 - - - 0 : : :
-40 -20 0 20 40 -40 -20 0 20 40
FFT Octave 20 Young Won Lim
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Octave ginput()

% close all figure windows freq =
% must use this toolkit to use ginput() 2:3088
48205
close all; 48295
graphics toolkit (fltk); 4 eass
. amp =
plot(w, abs(fftshift(Xn))); 142408
141.864
[freq, amp, buttons]l= ginput() 42336
41952
41.952
buttons =
>> available_graphics_toolkits )
ans = 1
{ 1
[1,1] = fitk :
[1,2] = gnuplot 3
[1,3] =qt 3
}
FFT Octave Young Won Li
21 e
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fftshift() before ifft()

X =P  seichift — ™  fftshift — > X self-inverting function

Xn = fftshift —

> Xnf Xnfs xnf
x —  fftshift — —l
o
fil
FFT Octave 22 Young Won Lim
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Filtering

% fil = [ zeros(1,160), ones(1l,15), zeros(1,50),
ones(1,15), zeros(1l,160)];
fil = [ zeros(1,166), ones(1l,5), zeros(1l,59),
ones(1,5), zeros(1l,165)];

| |

Xnf= fil .* Xns;
xnf= ifft(fftshift(Xnf));

black red

subplot(2, 2, 3);
plot(w, abs(fftshift(Xn)),'b', w, 160*fil,'-.r');

subplot (2, 2, 4);
plot(t, real(xnf));

B Ninness, Spectral Analysis using the FFT
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Filtering results

X + awgn = Xn
Xns .* fil
.l
0.5
2
0
Xnsf ol
-0.5
-2 -
fftshift 1 . . . y . . .
0 10 20 30 40 0 10 20 30 40
Xnf Xns .* fil xnf
.
150 1 05}
100 | 1 0
50 1 -0.5
xnf i N
0 17
-5 0 5 10 20 30 40
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FFT Octave

Young Won Lim
Codes (1A) 24

716/17



Window Function

win = hamming(N);
Hamming Window function returns a column vector

win(:) - Column access of the column vector
xn(:) - Column access of the row vector

(:) does not transpose the original input matrix

To get the correct element-wise multiplication
Xw = win(:) .* xn(:);

Xn : a row vector
Xw : a column vector

FFT Octave 25 Young Won Lim
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Colon Syntax (1)

As a special case, when a colon is used as a single index, the output is a column
vector containing all the elements of the vector or matrix. For example:

al(:) # result is a column vector
a(:)! # result is a row vector

The above two code idioms are often used in place of reshape when a simple
vector, rather than an arbitrarily sized array, is needed.

Given the matrix
a=1[1,2; 3, 4]

all of the following expressions are equivalent and select the first row of the
matrix.

a(l,[1,2]) #rowl, columnsland?2

a(l, 1:2) # row 1, columns in range 1-2
a(l, :) # row 1, all columns
FFT Octave Young Won Li
26 e
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Colon Syntax (2)

> A = [1, 2; 3, 4] > >>B=1[1, 2, 3; 4, 5, 6; 7, 8, 9] >> B(1, :)
A= B = ans =
1 2 1 2 3 1 2 3
3 4 4 5 6
7 8 9 >> B(2, :)
>> A(:) ans =
ans = >> B(:)
ans = 4 5 6
1
3 1 >> B(:, 1)
2 4 ans =
4 7
2 1
5 4
8 7
3
6 >> B(:, 2)
9 ans =
2
5
8
B Ninness, Spectral Analysis using the FFT
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Column-wise Access (1)

> a =[12 3]
a:

1 2 3
>> b = [2 4 6]
b =

2 4 6
> a .* b
ans =

2 8 18
> a * b

error: operator *:

nonconformant
arguments (opl is
1x3, op2 is 1x3)

FFT Octave
Codes (1A)

>> af(:)
ans =

WN =

>> b(:)
ans =

>> a(:) * b(:)

error: operator *:

nonconformant
arguments (opl is
3x1, op2 is 3x1)

>> af(:) >> a
ans = a =
1 1 2 3
2
3 >> b(:)
ans =
>> b
b = 2
4
2 4 6 6
>> a(:) .*Db >> a .* b(:)
ans = ans =
2 4 6 2 4 6
4 8 12 4 8 12
6 12 18 6 12 18
>> a(:) *b >> a * b(:)
ans = ans = 28
>>
2 4 6
4 8 12
6 12 18
>>
2253 Young Won Lim
716/17



Column-wise Access (2)

> a = [1; 2; 3]
a:

1

2

3
>> b = [2; 4; 6]
b =

2

4

6
> a .* b
ans =

2

8

18
>> a * b
error: operator *:
nonconformant

arguments (opl is
3x1, op2 is 3x1)

FFT Octave
Codes (1A)

>> af(:)
ans =

WN =

>> b(:)
ans =

2
4
6

>> a(:) .* b(:)
ans =

2
8
18

>>a(:) * b(:)
error: operator *:
nonconformant
arguments (opl is
3x1, op2 is 3x1)

>> al(:)
ans =

>> a(:) *b

error: operator *:
nonconformant
arguments (opl is
3x1, op2 is 3x1)

29

WN =

>> b(:)
ans =

>> a * b(:)

error: operator *:
nonconformant
arguments (opl is
3x1, op2 is 3x1)

Young Won Lim
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Window

win =

Function

hamming(N); win: a column vector

Xw = win(:) .* xn(:); XN a row vector

XW a column vector
Xw = fft(xw); Xw : a column vector
Xwf= fil(:) .* fftshift(Xw); fil: a row vector
Xwf= 1fft(fftshift(Xnf)); Xwf: a column vector
win col = hamming(N); L
win = win_col'; win: a row vector
XW = wWin * Xn: Xn a row vector

XW a row vector
o = 11t ) S e
Xws= fftshift(Xw); wa: 3 row vector
Xwf= fil .* fftshift(Xw); ' —
xwf= 1fft(fftshift (Xwf));

FFT Octave Young Won Lim

Codes (1A)
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Tap Signals - time domain

- =

—
X el XW
awgn —
g + Xn
—
X
/ :
fft fft fft
X, Xn, Xw,
Xs Xns, Xws,
Xnsf, Xwst,
Tf Tf
X xnf xwf
FFT Octave 31 Young Won Lim
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Tap Signals - frequency domain

i( )T fil )iw fil
fftshift fftshift fftshift

Xs X\r:l X\a
X X
anfl Xwsf l
\J

fftshift fftshift fftshift
X Xnf | Xwf |
X xnf xwf
n : noise w : window
FFT Octave 32 Young Won Lim
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Window Result Plots

subplot(2, 2, 1);
plot(t, win);

subplot(2, 2, 2);
plot(t, xw);

subplot (2, 2, 3);
plot(w, abs(fftshift(Xw)),'b"', w, 200*%fil,'-r');

subplot(2, 2, 4);
plot(t, real(xnf) ./ win(:) );

% plot(w, abs(fftshift(Xnf)),'b', w, 200*fil,'-r');

FFT Octave 33 Young Won Lim
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Window Result Plots (1)

X xn
1 6 -
0.5 41
5l
0 Fi
ol
-0.5 [ ol
1 -4
0 5 10 15 20 0 5 10 15 20
IX] Xn|
80 - - ' 120 - '
100 |
60 [
80 [
40 | 1 60 |
40 | -
20 f -
“li I
0 0 : : :
0 50 100 150 200 0 50 100 150 200
FFT Octave 34 Young Won Lim
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Window Result Plots (2)

1 4
0.5 2
O .|
057
-1 : : -4
10 15 20
Xs|
80 T 120
100 |
60 |
80 [
40 60 |
40
20 |
20 [
0 * * 0
-40 0 20 40

FFT Octave
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Xn

|Xns|

-20 0] 20 40
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Window Result Plots (3)

|Xs] |Xns|
80 ; ; ; 80 ; ;
60 T 60
40 1 40
20T T 20T
0 * * * 0 * *
-40 -20 0 20 40 -40 -20 0 20 40
[fftshift(Xs)]| [fftshift(Xns)|
80 T 80 T
60 I 60
40 1 40
20T I 20T W
0 * * * 0 * * *
-40 -20 0 20 40 -40 -20 0 20 40
B Ninness, Spectral Analysis using the FFT
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Window Result Plots (4)

|Xs] |Xns|
80 y y 100 T T
60 | 80
60 [
40 |
40 |
207 o0 | M
0] ’ ’ ’ 0] ’ ’
-40 -20 0] 20 40 -40 -20 0] 20 40
|Xns| real(xnf)
200 T
150 | ﬂ
100 |
507
-40 -20 0] 20 40 15 20
D INITITIEDD, opTLLIal AllalyDId> udlliy uic rr i
FFT Octave 37 Young Won Lim
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Window Result Plots (5)

200

150 |

100 |

507

FFT Octave
Codes (1A)

win

10 15 20

| Xws|

38

Xw

real(xwf)./win

Young Won Lim
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Window Result Plots (6)

xn

|Xns|

200

150 [

100

50T

FFT Octave
Codes (1A)

39

200

150 |

100

50T

XwW

0 5 10 15 20
| Xws|

40 -20 0 20 40
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Window Result Plots (7)

|Xnf]| [ Xwf]|

100 T 50 T
80T T 401
60 I 30T
40 ] 20|
20T I 10T

0 * * * 0 * * *

-40 -20 0 20 40 -40 -20 0 20 40

xnf real(xwf)./win

1.5 ; ; ; 2 ; ; ;

1 [ 1 ﬂ

1

0.5

0 0
057

1

1

1.5 ' ' ' -2 :
0 5 10 15 20 0 5 10 15 20
B Ninness, Spectral Analysis using the FFT
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Normalized w, and w,

N = length(x);

ws = 2*¥pi/N;

wnorm = -pi:ws:pi;

wnorm = wnorm(1l:length(x));
w = wnorm*fs;

X= fft(x);

plot(w,abs (fftshift(X)));
axis([-30,30,0,160]);

B Ninness, Spectral Analysis using the FFT

FFT Octave

Young Won Lim
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Normalized w, and w,

win = hamming(N);

xw = win(:) .* x(:);
Xw = fft(xw);

plot(w, abs(fftshift(Xw)));
axis([-16, 10, 0, 80]);

B Ninness, Spectral Analysis using the FFT
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Normalized w, and w,

N=1000 xn
-1 : : : : -6 : : : :
20 40 60 80 100 0 20 40 60 80 100
abs(X) abs(Xn)
400 - - 500 - -
300 | 400 |
300 |
200 |
200 |
100t 100 | ‘ | | -
0 : : : : 0 : ' : '
200 400 600 800 1000 0 200 400 600 800 1000
FFT Octave Young Won Lim
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FFT Example Code (1)

pkg load communications
N = 2000;

fs = 10;
t = (0:1:N-1)/fs;

X = 0.8%cos(2*pi*0.8*t);
xn = awgn(x, -2);

X = fft(x);

Xn = fft(xn);

display('[1] x, xn, |X]|, [Xn]| : freq index');
figure(1l, 'name', 'Fig.l1l x, xn, |X]|, |Xn| : freq index');
subplot(2, 2, 1); plot(t, x); title("x");
subplot(2, 2, 2); plot(t, xn); title("xn");
subplot (2, 2, 3); plot(abs(X)); title("[X]|");
subplot(2, 2, 4); plot(abs(Xn)); title("[Xn|");
pause

ws = 2*pi/N;

wnorm = -pi:ws:+pi;

wnorm = wnorm(1:N);
w = wnorm * fs;

Xs = fftshift(X);
Xns = fftshift(Xn);
FFT Octave 44 Young Won Lim
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FFT Example Code (2)

display('[2] |Xs|, |Xn]| : freq scales');

figure(l, 'name', '[2] |Xs|, |Xns| : freq scales');
subplot(2,2,3); plot(w, abs(Xs)); title("[Xs|");
subplot(2,2,4); plot(w, abs(Xns)); title("|Xns|");

pause

display('[3] |Xs|, |Xns|, |Xss|, |Xnss| : self-inverting');

figure(l, 'name','[3] |Xs]|, |Xns|, |Xss]|, |Xnss]|

: self-inverting');

subplot(2,2,1); plot(w, abs(Xs)); title("[Xs|");

subplot(2,2,2); plot(w, abs(Xns)); title("[Xns|");
title("|fftshift(Xs)|")

n
’

)
subplot(2,2,3); plot(w, abs(fftshift(Xs)))
)

subplot(2,2,4); plot(w, abs(fftshift(an))i; title("|fftshift(Xns

pause

close all figure windows

must use this toolkit to use ginput()
close all;

graphics toolkit fltk

plot(w, abs(fftshift(Xn)));

0° o° 0% o° o° o° P o°

[freq,amp, buttons]= ginput()

bl = round( 5 / 400 * N);

al = round(166 / 400 * N);

a2 = round( 59 / 400 * N);

a3 =N -al -a2 -bl -bl;
FFT Octave

Codes (1A)
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FFT Example Code (3)

display(al);

display(a2);

display(a3);

display(bl);

fil = [ zeros(1l,al), ones(1l,bl), zeros(1l,a2), ones(1l,bl), zeros(1l,a3)];

[ zeros(1,166), ones(1,5), zeros(1,59), ones(1,5), zeros(1,165)];

[ zeros(1,160), ones(1,15), zeros(1,50), ones(1,15), zeros(1,160)];

Xnf= fil .* fftshift(Xn);
xnf= ifft(fftshift(Xnf));

display('[4] |Xns|+fil, xnf');

figure(l, 'name', '[4] |Xns|+fil, xnf');

subplot(2, 2, 3); plot(w, abs(Xns),'b', w, 200*fil,'-r'); title("|Xns|");
subplot(2, 2, 4); plot(t, real(xnf)); title("real(xnf)");
pause

win_col = hamming(N);
win = win col';
disp( length(win) );

XW = win .* xn;

Xw fft(xw);

Xws= fftshift(Xw);

Xwf= fil .* fftshift(Xw);
xwf= ifft(fftshift (Xwf));

FFT Octave 46 Young Won Lim
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FFT Example Code (4)

display('[5] win, xw, |Xws|+fil, xwf/win');
figure(l, 'name', '[5] win, xw, |[Xws]|+fil, xwf/win');

subplot(2, 2, 1); plot(t, win); title("win");
subplot(2, 2, 2); plot(t, xw); title("xw");
subplot(2, 2, 3); plot(w, abs(Xws),'b', w, 200*fil,'-r'); title("|Xws|");
subplot(2, 2, 4); plot(t, real(xwf) ./ win ); title("real(xwf)./win");
pause

display('[6] xn, xw, [Xns|[+fil, |[Xws|[+fil');

figure(1, 'name','[6] xn, xw, [Xns|+fil, |[Xws|+fil');

subplot(2, 2, 1); plot(t, xn); title("xn");
subplot(2, 2, 2); plot(t, xw); title("xw");
subplot(2, 2, 3); plot(w, abs(Xns),'b', w, 200*fil,'-r'); title("|Xns|");
subplot(2, 2, 4); plot(w, abs(Xws),'b', w, 200*fil,'-r'); title("|Xws|");

pause

display('[7] [Xnf|, [Xwf|, xnf, xwf');
figure(l, 'name','[7], |Xnf|, [Xwf|, xnf, xwf');

subplot(2, 2, 1); plot(w, abs(Xnf)); title("|Xnf|");
subplot(2, 2, 2); plot(w, abs(Xwf)); title (" |Xwf|"):
subplot(2, 2, 3); plot(t, xnf); title("xnf");
subplot(2, 2, 4); plot(t, real(xwf)./win); title("real(xwf)./win");
pause
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