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Homogeneous Linear Equations
with variable coefficients
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Cauchy-Euler Equation

Second Order Linear Equations with Constant Coefficients

d’ d
dx}; + ald—i + aoy —

a,

g(x)

a,y''+a,y' +a,y = g(x)

Second Order Linear Equations with Variable Coefficients

d’y dy

ap(x) 5 + au(x) 5+ a(x)y = g(x)

Cauchy-Euler Equation

ay(x)y"" +a,(x)y +a)(x)y=g(x)

d’ d
. X{+a1xd—i}+a0y:g

a,Xx

(x)
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a,X’y" +a,xy'+ay =g(x)
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Auxiliary Equation of Cauchy-Euler Equation

Homogeneous Second Order Cauchy-Euler Equation

zdzy dy A ; Y
ax—d 2+bx—dx+cy=\0/ ax'y'""+bxy'+cy=0
X

m

try a solution y = X

axzdd—;{xm}+ bxdix{xm}+c{xm}: 0 ax’[x"]" +bx{x"]"+c[x"] =0
alm(m—1)x"} +b{mx"} +c{x"} =0 alm(m—1)x"} +b{mx"} +c{x"} =0
(am*+ (b—a)m+c)-x"=0 (am*+ (b—a)m+c)-x"=0

auxiliary equation

(am*+(b—a)m+c)=0 (am*+(b—a)m+c)=0
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General Solution —y_of Cauchy-Euler Equations

Homogeneous Second Order Cauchy-Euler Equation

d’ d
ax2—)2/+bx—y+cy:<()) axzy"+bxy'+cy:@
d x dx N
try a solution y = x"

auxiliary equation

(—(b—a) + \/(b—a)2—4ac}/2a
m, = {-(b—a) — \/(b—a)2—4ac}/2a

m,

(am*+(b—a)m+c)=0

(A) (b—a)’—4ac >0 Real,distinct m, m, y=C,x"+C,x"™
(B) (b—a)2—4ac — (0 Real, equalm,m, y=C,x"+C,x"'Inx
(C) (b—a)2—4ac < (0 Conjugate complex m , m, y = Clxml + szmz — CIX(OLHB) + sz(a—iﬁ)
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(A) Distinct Real Roots

Case (Cauchy-Euler Equation)

Homogeneous Second Order Cauchy-Euler Equation

d’ d @
ax'SL +bx=2 +cy =0 axX’y" +bxy'+cy =0
dx d x
auxiliary equation
try asoluton y = x" ) (am* +(b—a)m +¢) =0

m,

m,

=(~(b—a)+ \/(b—a)2—4ac}/20
= (~(b—a) - \/(b—a)2—4ac}/2a

(A) (b—a)’—4ac >0 Real,distinct m,,

m2 y = Clxml + szmz

(B) (b—a)’~4ac =0 Real,equalm,m,

(©) (b—a)’~4ac<0

[— ml m2
y=C,x "+C,x

y=C,x"+C,x"Inx

Clx(a*'iﬁ) + C2X(a_iB)
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(B) Repeated Real Roots Case (Cauchy-Euler Equation)

Homogeneous Second Order Cauchy-Euler Equation

2 —
ax2u+bxd—y+cy:<0) GX2y"+bxy'+cy:@
dX2 dx \<
auxiliary equation
try a solution y = x" - (am’ +(b—a)m +c) =0 (b—af—dac = 0 ‘
mlz{—(b—a)+¢(b—a)2—4ac}/2a m,=—(b—a)l2a . . —(b{a)
x'=x'=x -

m2:{_<b—0)—\/(b—a)2—4ac}/2a m,=—(b—a)/2a
(A) (b—a)2—4ac > (0 Real, distinctm , m, y=C,x"+C,x"
(B) (h—a)’~4ac =0 Real equalm, m, y=C,x" +C,x"Inx
(C) (b—a)2—4ac <0 y = Clxml + szmz — Clx(a’fiﬁ) + sz(a—iﬁ)
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(C) Complex Conjugate Roots Case (Cauchy-Euler Equation)

Homogeneous Second Order Cauchy-Euler Equation

2 .
ax2d—)2/+bxd—y+cy=<0) ax2y"+bxy'+cy:@
dx dx "
auxiliary equation

try asoluton y = x" ) (am’+(b—a)m+c)=0 | (b—af—-4ac=0 mm
m, = [—(b—a)+V4ac—(b—a)ill2a m,=o+ip y, = x"=x
m, = —(b—a) — V4ac—(b—a)*i}/2a ) m,=a — ip y,=x"=x""
(A) (b—a)’~4ac >0 Real,distinctm, m, y=C,x"+C,x"™
(B) (h—a)’~4ac =0 Real equalm,m, y=C,x"+C,x"Inx
(©) (b—a)’~4ac<0 y=Cx"+C,x" =C x4, x*
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Complex Exponential Conversion  (Cauchy-Euler Equation)

Homogeneous Second Order Cauchy-Euler Equation

2 —
ax2d_)2/+bxd_y+cy:<0) axzy"+bxy'+cy:@
dx dx 2
m, = [—(b—a) + V4ac—(b—a)i}/2a ) m, = o +ip y, = x"=x""
mZ:{—(b—a)—\/4ac—(b—a)2i}/2a ™ m,=a —ip yzzxmz:XOL—lB
m OLXlB: o _+ipflnx X = Inx . .ﬁl
{ sz — XG'X_iﬁ: Xoc_e—iﬁlnx XiB _ e+iﬁlnx y = C1X "+ sz 2 = C1X e + sz e

Pick two homogeneous solution
ylzxoc{e+iﬁlnx+e—iﬁlnx}/2 :X(XCOS<§1HX) <C1:+1/2, C2:+1/2)
yzzxa{eﬂ'ﬁlnx_ e—iﬁlnx}/Zi:Xocsin(Blnx) <C1:+1/2i, C2:—1/2l)

y = C,x"cos(Blnx)+ C,x"sin(flnx) =x“(C,cos(flnx)+ C,sin(Blnx))
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Another Solutiony  from vy (Cauchy-Euler Equation)

We know one solution yi(x) Suppose the other solution y,(x) =|ulx)ly,(x)
dy ,dy
L bpEL s cv=0 ay''+by'+cy=0
adx2 Iy cy y y y
—(bla)x —(bla)x
e
u = le 2 dx +c, Yy — Y1f 2 dx
Y1 Y1
2
GXZdyz+bxﬂ+cy=@ ax’y'"+bxy'+cy=0
dXx dx
u
_(b=a)
_ 2a
e_(ba) Yi— X
= le =a) dx , _(b—q)
X_ yi=x °
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Conditions for Y, (Cauchy-Euler Equation)

dy ody 2 ,

ax*$L +pxEL s cy =0 ax’y" +bxy'+cy=0
d x d x

ax’y,' +bxy, +cy,=0 (Y, = uy,

2 < Yy = uy +ouy’
ax'y,"" +bxy'+cy, =0

\yz — u!’yl + Zulyll + uylll

ax’[u'y, + 2u'y," + uy,""J+bx[u'y, + uy,'l+cuy,=0

ulax’y," +bxy,"+cy| + ax’[u"y, + 2u'y,' I+ bx[u'y,]=0

Condition for y (t) to be a solution

ya(x) = ulx)y,(x) ‘ axu''y, + u'[2axy,'+by,]=0
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Reduction of Order (Cauchy-Euler Equation)

We know one solution yi(x) Suppose the other solution yo(x) =|ul(x)ly,(x)

d’ d A
ax’=L+bx="L+cy=0 ax’y" +bxy'+cy =0

d x dx )
ax’y,"+bxy, +cy,=0 axu''y, + u'[2axy,"+by,]=0

w(x) = u'(x) axw'y, + w[2axy,"+by,]=0
w'y, = _W[Z}’l""ayl] In|w| = —1n|y1|2—21nx+c wy, = Clx_(b/“)

a
wio_ 3 b 2 _ _b _ . —(bla)y 2
=2 o ax Injw| + Inly[ = —Elnx+c w = ¢x Ny;
law _ _2L%_i ln‘wyﬂ = —anx+c u' = C1X_(b/a)/)’i
w dx y, dx ax a
2l — —(b/a) X—(b/a)

fld_wdx — —IZL%dX—J‘id |WY1‘ Cx u = le yz dx +c,
w dx a y, dx ax '
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Another Solution y, (Cauchy-Euler Equation)

We know one solution y,(x) Suppose the other solution yo(x) =|u(x)ly,(x)
axzd y+bxd—y+c ‘/d\‘ Syl ' =0
y=0 ax'y"'+bxy'+cy=0
dx’ dx
ax’y,"+bxy, +cy,=0 axu''y, + u'[2axy,"+by,]=0
—(b/a) b/a
X
u:clf 2 dx + c, _Y1J'
Y1
—(b/a)
u = lex_(b/“)-x_zmldx+ c, y, = C1Y1f—zdx +C,y, (c1:1, C2:0)
—(b/a) :
= | Tramdxt e, y, = y,lnx
X
(bl _<b2—aa)
= 7] ara) |AX € Y= X
X X (o)
2 a
= ¢;Inx+c, Y =X
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General Solutions for the repeated roots case

ml_{_<b_a)+\/<b (1) 4CIC}/2C1 mlzmzz_(b_a)/za
(b—a)—4ac=0 _(b—q)
m2={—(b—a)—\/(b a)—4ac|l2a XM= ™= 24
(b-a)
Y1(X) =x
(b-a) (b-a)
yp=x yi(x) = x
_b —(bla)
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Constant v.s. Non-constant Coefficients

Homogeneous Second Order DEs with Constant Coefficients

dy+bdy+cy=®> GJ’”"'b}’""CY@
dx* dx
(A) b°—4ac >0 y=C,e"" +C,e"™
(B) b°—4ac =0 y=Ce"" +Cyxe™
(€) b’—4ac<0 y=Ce" e+ e e = e"(C,cos(px) + C,sin(px))

Homogeneous Second Order Cauchy-Euler Equation

2 Inx

d d M x=e
axzdxy”fbxd—iﬂy =0 ax’y" +bxy'+cy=0 i = gribina
(A) (b—a)’*—4ac >0 y=C,x"+ C,x"
(B) (b—a)’~4ac=0 y=Cix"+Cyx"Inx
©) (b—a)’~4ac<0 y=C,x“e""™ + C,x"e""™ = x*(C,cos(BInx) + C,sin(f1nx))
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A Unifying View

Constant Coefficients Non-constant Coefficients
In x
d dy y ,d’ dy dy an — €
+ b + +bx—+ =0 i +iBlnx
dx CY{) ax . de cy=u oF = otifl

(A)y=C,x"+C,x™

B)y =C,x"+C,x"Inx

©y=C,x"e +iplnx C,x" pribin
x“(C,cos(Blnx)+ C,sin(B1ln x))

(A)y = Ce"" +C,e™" X (A)y = Ce"" + Ce™ "™ In x
B)y=Cie"" +Cyxe™” ®) y=Ce"" +C,e" ™ Inx
©y=Cee +HBx o Czeocxe—iﬁx ©y=C, O InX, pHBInx | C, 0 Inx tibinx

= e""(C,cos(px) + C,sin(p x)) = "™ (C,cos(BInx) + C,sin(pInx))
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Another Solutiony  from vy (revisited)

We know one solution yi(x) Suppose the other solution y,(x) =|ulx)ly,(x)
d dy ,dy . , _
+bh=—L + =0 a +by'+cy=0
dx dx cy y y y
—(b/a)x b/a
e
u = clf —dx +c, ylf X
Y1
_(b=a)
yi—=X 2
2d2y dy £ D) D (b—a)
e g =l axysbxy ey 0 FE—
e b/a 1nx
y = - In x
= X—(b/a)
= ylf —dx
Y1
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