
Young Won Lim
5/13/15

Variation of Parameters (4A)



Young Won Lim
5/13/15

 Copyright (c)  2011 - 2014  Young W. Lim.

  Permission is granted to copy, distribute and/or modify this document  under the terms of the GNU Free Documentation License, Version 1.2 or any 
later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts.  A copy of the 
license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

mailto:youngwlim@hotmail.com


Variation of Parameters (4A) 3 Young Won Lim
5/13/15

Finding a Particular Solution
- Variation of Parameters
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Variation of Parameter [c → u(x)] 

y ' + P(x) y = 0

y = c e−∫ P(x)dx

yh = c y1 y1 = e−∫ P( x )dx

Integrating factor

y p = u(x) y1

y ' + P(x) y = Q (x)
1
y1

= e+∫ P( x )dx

y ' ' + P(x) y ' + Q(x) y = 0

yh = c1 y1 y p = u1(x) y1

y ' ' + P(x) y ' + Q(x) y = f (x)

+ c2 y2 + u2(x) y2
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Variation of Parameter : Conditions

y ' ' + P(x) y ' + Q(x) y = 0

yh = c1 y1 y p = u1(x) y1

y ' ' + P(x) y ' + Q(x) y = f (x)

+ c2 y2 + u2(x) y2

If the associated homogeneous 
solution can be solved 

then, always a particular 
solution can  be found 

A constant or
A polynomial or
An exponential function or
A sine and cosine functions or

constant coefficients  

No restriction 
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Finding u
1
(x) & u

2
(x)

y ' ' + P (x ) y ' + Q(x ) y = 0

yh = c1 y1 y p = u1(x) y1

y ' ' + P(x) y ' + Q(x) y = f (x )

+ c2 y2 + u2(x) y2

y p = u1 y1

+ u2 y2

y p ' = u1 ' y1 + u1 y1 '

+ u2 ' y 2 + u2 y2 '

y p ' ' = u1 ' ' y1 + u1 ' y1 ' + u1 ' y1 ' + u1 y1 ' '

+ u2 ' ' y2 + u2 ' y2 ' + u2 ' y2 ' + u2 y 2 ' '

+ u1 y1

+ u2 y2

+ u1 ' y1 + u1 y1 '

+ u2 ' y 2 + u2 y2 '

+ u1 ' ' y1 + u1 ' y1 ' + u1 ' y1 ' + u1 y1 ' '

+ u2 ' ' y2 + u2 ' y2 ' + u2 ' y2 ' + u2 y 2 ' '
+ P + Q

u1( y1 ' ' + P y1 ' + Q y1) = 0

u2( y2 ' ' + P y2 ' + Q y2) = 0

not a matrix notationy p ' ' + P(x) y p ' + Q (x ) y p =
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Finding u
1
(x) & u

2
(x) – a Wronskian matrix 

y p ' ' + P(x) y p ' + Q(x) y p =
+ u1 ' y1

+ u2 ' y2

+ u1 ' ' y1 + u1 ' y1 ' + u1 ' y1 '

+ u2 ' ' y2 + u2 ' y2 ' + u2 ' y2 '
+ P

+ u1 ' y1

+ u2 ' y2

+ u1 ' ' y1 + u1 ' y1 '

+ u2 ' ' y2 + u2 ' y2 '
+ P

+ u1 ' y1 '

+ u2 ' y2 '
+=

+ u1 ' y1

+ u2 ' y2

+ u1 ' y1

+ u2 ' y2
+ P

+ u1 ' y1 '

+ u2 ' y2 '
+=

d
d x

= f (x)

not a matrix notation

0 f (x)0

u1 ' y1 + u2 ' y 2 = 0

u1 ' y1 ' + u2 ' y2 ' = f (x)

y1u1 ' + y2u2 ' = 0

y1 ' u1 ' + y2 ' u2 ' = f (x) [ y1 y2

y1 ' y2 ' ][
u1 '
u2 ' ] = [ 0

f (x)]
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Variation of Parameter : Wronskians

y ' ' + P(x) y ' + Q(x) y = 0 y ' ' + P(x) y ' + Q(x) y = f (x)

[ y1 y2

y1 ' y2 ' ] [
u1 '
u2 ' ] = [ 0

f (x)]

u1 ' (x) = −
y2(x)f (x)

W
u2 ' (x) =

y1(x) f (x)

W∣ y1 y2

y1 ' y2 '∣ = W

u1 ' =
| 0 y2

f (x) y2 '|
| y1 y2

y1 ' y 2 '|
=

W 1

W
u2 ' =

∣ y1 0
y1 ' f (x)∣
∣ y1 y 2

y1 ' y2 '∣
=

W2

W

yh = c1 y1 y p = u1(x) y1+ c2 y2 + u2(x) y2
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Variation of Parameter : Particular Solutions

y ' ' + P(x) y ' + Q(x) y = 0 y ' ' + P(x) y ' + Q(x) y = f (x)

| y1 y2

y1 ' y2 '| = W

yh = c1 y1 y p = u1(x) y1+ c2 y2 + u2(x) y2

y p(x) = y1∫−
y2 f

W
dx + y2∫

y1 f

W
dx

y p(x) = y1∫−( y2 f

y1 y2 '− y2 y1 ' ) dx + y2∫ ( y1 f

y1 y2 '− y2 y1 ' ) dx
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Linear Equations with constant coefficients

Nonhomogeneous Second Order DEs with Constant Coefficients

a
d2 y
d x2 + b

d y
d x

+ c y = g(x) a y ' ' + b y ' + c y = g(x)

=(m2−m1)e
(m1+m2 ) xW = | em1 x em2 x

m1 e
m1 x m2e

m2 x|
u1 ' (x) = −

y2(x)f (x)

W
= −

em2 x f (x)

(m2−m1)e
(m1+m2) x

= −
f (x )e−m1 x

(m2−m1)

u2 ' (x) = −
y1(x)f (x)

W
= +

em1x f (x )

(m2−m1)e
(m1+m2 ) x

= +
f (x)e−m2 x

(m2−m1)
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Linear Equations with constant coefficients

Nonhomogeneous Second Order DEs with Constant Coefficients

a
d2 y

d x2
+ b

d y
d x

+ c y = x a y ' ' + b y ' + c y = x

u1(x) =
−1

(m2−m1)
∫ x e−m1 x dx

u2(x) =
+1

(m2−m1)
∫ x e−m2 x dx

=
+1

(m2−m1)m1
(x e−m1 x+

1
m1

e−m1 x) =
+1

(m2−m1)m1
(x+

1
m1

)e−m1 x

=
−1

(m2−m1)m2
(x e−m2 x+

1
m2

e−m2 x)= −1
(m2−m1)m2

(x+
1
m2

)e−m2 x

y p1 = u1 y1 =
+1

(m2−m1)m1
(x+

1
m1

)e−m1 x e+m1 x

y p2 = u2 y2 =
−1

(m2−m1)m2
(x+

1
m2

)e−m2 x e−m2 x

y p(x) ⇐ f (x)

a similar form as the input 
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Homogeneous Equation 

anm
n + an−1m

n−1 + ⋯+ a1m + a0 = 0

m = m1, m2, ⋯, mn

y = c1e
m1 x + c2e

m2 x + ⋯+ cn e
mn x

an

dn y

d xn
+ an−1

dn−1 y

d xn−1
+ ⋯ + a1

d y
d x

+ a0 y = g ( x)

an

dn y

d xn
+ an−1

dn−1 y

d xn−1
+ ⋯ + a1

d y
d x

+ a0 y = 0

Associated
Homogeneous Equation
with constant coefficients

Auxiliary Equation

n solutions of the 
Auxiliary Equation

General Solutions of the 
Homogeneous Equation
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Non-homogeneous Equation 

an

dn y

d xn
+ an−1

dn−1 y

d xn−1
+ ⋯ + a1

d y
d x

+ a0 y = g ( x)

|
y1 y2 ⋯ yn

y1
(1) y2

(1)
⋯ yn

(1)

⋮ ⋮ ⋮ ⋮

y1
(n−1) y2

(n−1)
⋯ yn

(n−1)
| = W uk ' (x) =

W k

W|
y1 0 ⋯ yn

y1
(1) 0 ⋯ yn

(1)

⋮ ⋮ ⋮ ⋮

y1
(n−1) g (x) ⋯ yn

(n−1)
| = W k

y p(x) = u1e
m1 x + u2e

m2 x + ⋯+ une
mn x

yh(x ) = c1e
m1 x + c2e

m2 x + ⋯+ cne
mn x

k-th column
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