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Finding a Particular Solution
- Variation of Parameters
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Variation of Parameter [c — u(X)]

I ing f:
yy+ P(X)y =0 y'_l_ P(X)y — Q(X) ntegrating factor
1 _ e
Y1
y — Ce—fP(x)dx
yh = Cy1 yp = Ll(X)yl yl _ e_fp(x)dx
y"+P(x)y'+Q(x)y =0 y"+P(x)y +Qlx)y = f(x)
S yp:u1(x))’1
e +“2(X)Y2
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Variation of Parameter : Conditions

y'"+P(x)y'+Q(x)y =0 y"+P(x)y +Q(x)y =f(x)
Yh=0CY, tCY, yp:ul(x)yl +u2(x)y2

If the associated homogeneous then, always a particular
solution can be solved solution can be found

No restriction

A sine and cosine functi
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Finding u_(x) & u_(X)

y'"+P(x)y'+Q(x)y=0 y"'+P(x)y' +Qx)y=f(x)
Y= C1 Y1 yp:u1(x))’1
+C,Y, +u,(x) y,

Yo =wy, Yy, =uly ruyy =y vyt gy
tU,Y, +U, Y, Uy, U, Y, Uy, U Y, Uy,
yp"+P(x)yp'+Q(x)yp = not a matrix notation
+uy tuy Uy ruy +u 'y, gy Uy,

r I I I I r +P I I +Q
tu, y,tu,y, tu,y, tu,y, tu, y,+u,y, tuy,

u1<Y1"+PY1'+QY1):O
uz(Y2"+PY2'+QY2):O
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Finding u_(x) & u_(x) — a Wronskian matrix

not a matrix notation

. ' B +u I +ur r+uv ] +uy
Y, +P(x)yp +Q(X)y,,— 1”)’1 1'}’1' 1'Y1’ + P 1'Y1
tu, y,tu,y, tu,y, tu, Yy,
+u, 'y tuy) +u,'y, +u,'y,’
— r I I +P I + ] 1
tu, y,tu,y, tu, y, tu, Yy,
tu'y +u,’ +u,'y,’
— i 1' . + P 1'y1 N 1')’1' _ f(X)
dx | +U, Y, tu, y, tu, y,
0 = 0 f(x)
u'y;tu,'y, =0 yiup'+ y,u," =0 Yi Yollui'| | O
ul')’1'+u2')’2':f(x) Y1'u1'+Y2'u2':f<X) yi Y ||uw’ f(X)
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Variation of Parameter : Wronskians

y'""+P(x)y'+Q(x)y =0 y"+P(x)y +Q(x)y =f(x)

Ya= Yy + Y, Y, =u(x)y; +uy(x)y,

Yio Yol | O 0, yi 0

Yi'o Yo |u f(x) y f(x) v, W, L= ' flx) W,

1 ENa 2 ENa

Yi ¥ w Yi ¥ w
Yo'y, yi' oy,

J’1, Y2' — W " (x) _ _.V2(X>f(x> uz,(x) _ .Y1(X)f(x)

Yi Y W W
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Variation of Parameter : Particular Solutions

y'"'+P(x)y' +Q(x)y =0 y'"'+P(x)y" +Q(x)y =f(x)
Yh=0CY, tCY, yp:ul(x)yl +u2(X)Y2
Vi Yo = =y (o2l Nl
ylr yzy W yp(x) 1 W d + 2 W d
Yof yif
y(x) =y, | — : -|dx + Yy : - | dx
p( ) 1f YiY2 = YoV 2f YiY2 = YoV
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Linear Equations with constant coefficients

Nonhomogeneous Second Order DEs with Constant Coefficients

dzy dy A o , _
adx2+bdx+cy—\@ ay''+by +cy—
emlx emx
W: —_ (m1+mz)x
m, em X mzemzx — (m2 ml)e
(x) = Cyflx) o e™fx) _ fx)e™
U, X) - - (m+m,)x _
w (m2_m1>e <m2 m1)
) = 2RI (e
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Linear Equations with constant coefficients

Nonhomogeneous Second Order DEs with Constant Coefficients

d y d y / - 77%\\ e I
+b +C X a +by'+c :®
dx d x Y " y y y
ul(x) = —fxe deX _ +1 Xe—mx_l_i —mx| _ +1 X+i e_mlx
<m2 m1 (m2_m1)m1 m, (mz m1)m1 m,
. —m, x _ —1 xe m2x+ie—mx _ —1 x+i o
uZ(X) (m2 fxe dx (m,—m)m m, (m—m)m, m)
- U — +1 X+i e—mx e+mx
y ( X) — f ( X) Y 1 (mZ_ml)ml m,
p
- - - _1 1 -—m, X —m,X
a similar form as the input Yoo = Uy, = x+—|e ™
(mz ml)mZ m,
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Homogeneous Equation

d" d! d
a, dx)': +a, dx”_)i + oo ald—i/ +a,y = g(x)
Associated
d"y d ! y dy Homogeneous Equation
a, Ty +a,_, PN +o-t alﬁ +a,y = 0 with constant coefficients
X X
am'+a,_,m" '+--+am+a, = 0 Auxiliary Equation
— n solutions of the
m = m;m, -, m - )
l b " Auxiliary Equation
y = ¢ 2 c, TR o o c, P General Solutions of fhe
Homogeneous Equation
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Non-homogeneous Equation

d" d! d
andx}': +an_1dxn_)i+---+ald—i/+aoy = g(x)

k-th column
Yoo Y2 o Ya yo 0y,
Wy Yo wWeooo Yo W
' k
= = u X = —
w we o u'lx) =47
A AR ywgle) oy
V(%) = w4 e ek ™
12t Yl Won Li
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