Undetermined Coefficients (3A)

Young Won Lim
4/14/15



Copyright (c) 2011 - 2014 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License, Version 1.2 or any
later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
4/14/15


mailto:youngwlim@hotmail.com

Finding a Particular Solution
- Undetermined Coefficients
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Particular Solutions

DEQ
4 particula_r solution
dy +b dy +Cy© - by a conjecture
X
(1) FORM Rule

When coefficients are constant (Il) Multiplication Rule

And | AconStant o <eeeooooiiin k
A polynomial o --------cooononnniiaaaaans P(x) = a x"+a,,x""+-+ax +a,
g( x) = An exponential function o -------------- e™”
" A sine and cosine functions o1 --------- sin(Bx)  cos(Px)
Finite sum and products of the  -----. e™sin(fx) + x?

\_ above functions

tan x sin” ' x

> | =
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Form Rule

DEQ
ny b8l icy=glx) - by a conjecture
() FORM Rule

When coefficients are constant (Il) Multiplication Rule
glx) =2 y, = A
g(x) = 3x+4 y, = Ax+B
g(x) = 6x°—7 y, = Ax*+Bx+C
g(x) = sin8x y, = Acos8x+Bsin8x
g(x) = cos9x y, = Acos9x+Bsin9x
g(X) — ele yp — Aele
g(x) — yellX y, = (AX+B)€11X
g(x) = e'*sin12x y, = Ae'"sin12x+Be" "cos12x
g(x) = 5xsin(3x) y, = (Ax+B)cos(3x) +(Cx+D)sin(3x)
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Form Rule Example

DEQ

ny+b y+cy©

T

Iy + v~

Associated DEQ

Zy+b y+cy:@>
X

(m+2)(m+1)

|

Cq

+c, i
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m+3m+2=0
=0

yp17+3ypl+2yp
=3A+2(Ax+B)
=2Ax+3A+2B

- X

2A=1 A=1
3A+2B =0 B:—%

Yp—=32X77

_ —X —2Xx 1 3
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Multiplication Rule

DEQ

d

dxy+b y+cy{><

T

Associated DEQ

Zy+b y+cy:@
X

|

Cl +C2

use y,=x'y,  y,=XxY,
if y,=y: Y=Y

When y, contains a term
which is the same terminy_

Use y, multiplied by x"

n is the smallest positive
integer that eliminates the
duplication
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Multiplication Rule Example (1)

y''=2y'+y =2e

y,=Ae" mmp Axe' mmp Ax‘e"

yi=e y, = xe’

y'=2y'+y =0
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8

y'"'=2y'+y =6xe"

y,= Mexﬂ A}{e’(ﬂ Ax’e"

\

2Ae" #6xe”

yi=e y, = xe’

y'=2y'+y =0

yp:x(Ax+B)ex > Bxe"

y,=x(Ax+B)e"

Young Won Lim
4/14/15



Multiplication Rule Example (2)

y'+4y =e"sin(2t) + 2t cos(2t)
y,(t) = e*(Acos(2t)+Bsin(2t)) + (Ct+D)cos(2t) + (Et+F)sin(2t) X

y,(t)=e"(Acos(2t)+Bsin(2t)) + t(Ct+D)cos(2t) + t(Et+F)sin(2t)

yh(t) — Cle+i2t+cze—i2t

=(c,cos(2t)+c,sin(2t))

3t

y''+5y'+6y =t’e
y(6)= (Ac+Brsc)e® X
y,(t)=t(At’+Bt+C)e ™

_ —2t —3¢
yp=1Ce Tc,e

Undetermined Coefficients (3A) 9 Young Won Lirm



Superposition (1)

DEQ
d’ d
dx};+bd§</+cy:2x2+3+cos8x (2x*+3) + (cos8x)

additive
d2y+bdy+cy:0 dzyc+bdyc+cy_0
™ Ty d x° d x €

Q. | X
o<
+
S
Q,
> <
+
(@)
<
I
N
<
No
+
(OS]
a Q.
> <
s
+
(wyl
Q.
= |
+
(@)
<
S
]
~
><I\J
+
(98]

’ & d
Zx}g+bf1i/+cy:cos8x di§2+b dy)f2+cypzzc058x
d’ d 2
W[yc+yp1+yp2]+ba[yc+yp1+yp2]+C[yc+yp1+yp2]:2X +3+COS8X
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Superposition (2)

DEQ
Zy +bgi +cy=(2x"+3)- cos8x v, = (AxX’+Bx+C)-(cos8x+sin8x)
X
multiplicative

dy ,dy _
dx2+bdx+cy—0 <—m

dy y (2
dx2+bdx+cy—(2x +3)
2
Zx}g+bf1i/+cy—c058x

2
%U;M +b— yﬁm +c yc+m 2x +3 Ccos 8 x
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Finite Number of Derivative Functions

y=xe" y=2x"+3x+4
y=e""+mxe™ y=4x+3
y=me™ +m(e™ + mxe™) = 2me™ + m’*xe™ y=4
y=2me™ +m’(e" +mxe™) = (m*+2m)e™ + m’xe™ §=0

° {e™, xe™] 2x*+3x+4, 4x+3,

® two kinds three kinds
¢ mx mx 2
fe™, xe™) (Ax*+Bx+C}
linearly independent linearly independent
functions functions
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Infinite Number of Derivative Functions

y=+ x_l y = In x
These kinds of functions are not suitable
9 1 for the undetermined coefficient method
y=-X y =+X
y=+2x"° y=—x"
the form of a particular solution is
—4 . 3 a linear combination of
y =—6x y=+2x all linearly independent functions
that are generated by
repeated differentiation of g(x) input function
—4
y=-—6x
[
o ®
© ®
o
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