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Finding another solution y_ from the known'y,

Second Order EQ
dy . dy B
—=+b—+ =
a 1 Ix cy=0 -

known solution

We know one solution

Suppose the other solution

Condition for y_(t) to be a solution

another solution to be found

"~ Findu(x)
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Conditions for y_to be another solution

dy  ,dy
adx2+bdx

+cy=0 ay''+by'+cy=0

(Y, = uy,

<y, =u'y, +uy

—_ rr I I rr
Ly = uly + 2uty) +ouy,

ay," +by,'+cy,=0 mmyp alu'y + 2u'y' + uy J+blu'y, + uy'J+cuy =0

ay,""+by "+cy, =0 ‘ u[a.)’1”+b.)’1'+CY1] + a[u”)’1 + 2u'y1']+b[U'y1]:0

Condition for y (t) to be a solution

ya(x) = u(x)y,(x) = au''y, + u'[2ay,"+by,]=0
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Reduction of Order

We know one solution yi(x) Suppose the other solution yo(x) =|ul(x)ly,(x)
dy, dy
a—=+b—=+cy=0 ay''+by'"+cy=0
dx d x y y y y
ay',+by',+cy,=0 au''y, + u'[2ay,"+by,]=0
w(x) = u'(x) aw'y, + w[2ay,"+by,]=0
' _ ' 2 _ 2 b 2 __ —(bla)x
w'y, = —w[2y, +ay1] Injw| = —In|y|| - ox+e wyl = c,e
w' y1' b b —(bla)x
o _Zy_l_z Injw| + In|y,f = —oXxte w = ce )y
ld_w — _zi%_é ln|wyﬂ = _Qx+c u' = Cle_(b/a)X/ i
w dx y,dx a a
2 ~(bla)x .
1 dw 1 dy, b wyl = Ce u=c [ ———dere
=~ Pax = —[2=ldx - [ Zdx Y
w dx y, dx a
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Another Solution y,

We know one solution

Y1<X)

2
ag¥%+bgl

=0
dx dX+Cy

ay,""+by,"+cy,=0

Suppose the other solution yo(x) ={ulx)ly, (x)

ay'"'"+by'+cy=0

au''y, + u'l2ay,"+by,]=0

—(b/a)x —(bla)x
u = le 2 dX+C2 y2 j— Clylf—de+C2y1 (C1:1, CZZO)
Y1 v
e—(b/a)x
y2 = ylf p) dX
Y1
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General Solutions for the repeated roots case

e —(bla)x
— )ﬁf
= (~b++b’°—4ac)/2a . m, = —bl2a A ‘z%"
‘ b"—4ac =0 ‘ e =e =e
=(~b—+b*—4ac)/2a m,=—b/2a
_b
yilx) = e *
_b, _b
y; =e” Y1<X):920
_b —(b/a)x _b, _b
y2 = e 2a ‘[e b/a dX = e 2a j]_dx - yz(x) = xe 2a
e
;/1 ;Zv # 0 y(x) = Clyl(x) + Cz)’z(x)
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How can xy, be another solution to the knowny.

We know one solution yl(X)
Suppose the other solution y,(x) = xy,(x)
d’ d
ad—x);+bd—i+cy20 ay'"'+by'+cy=0
(XY1)' =y +xy a(XY1)"+b(XY1)'+C(XY1)
(XY1)” =y, ty txy, " — a(Z.V1'+X.Y1”)+b(y1+X.V1')+C(Xy1)
=2y, Xy, = X[a.)/1”+bY1'+C.V1] + 2ay,"+by,

= 2ay,"+by, =0

Condition for xy_ to be a solution
Y2(X) = X.V1<X) ‘ [2ay,"+by,]=0

ya(x) = u(x)y,(x) au''y, + u'[2ay,"+by,]=0
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Example: Findingy, <y, (1)

1y +0-y' — 4y =0 yi(x) = e Find y,(x)

Y, = uy, y, = ue

y21 — uryl_l_uylr yz, — u,e—2x_u28—2x

y, ' =uly tulytu'y tuy " v, = ue ¥ —u'2e —u2e M +ude ™

y,''—4-y,=0 (ue*—u2e*—u2e*+ude ) — 4ue” = 0

(u'e™ —4u'e™) + u(4e™ —4e) = 0 (u"e™™ —4u'e ™) = 0
I.y'"—4y=0 au''y, + 2u'ay,"'=0

Condition for y_(t) to be a solution

ya(x) = u(x)y,(x) = au''y, + u'[2ay,"+by,]=0
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Example: Findingy, <y, (2)

1.y"+0-y'"—4.y=0

(u,,e—2x_4u,e—2x) + u(4e--2x_4e—2x> — 0

)’1()‘) = €

Find y,(x)

(u''e —4u'e™) = 0

I.y'""—4-y=0 au''y, + 2u'ay,'=0
( 4u')e_zx = 0 u'—4u’' =0

w =1u'

u''—4u' =0 fldw = f4dx+c u' = c,e*
w

w'—4w = 0

' ]n|w| = 4x+cC 1 4x
W_ 4 u = che +C2
w |W| = e
fld—wdx f4dx+c w =
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Example: Findingy, <y, (3)

1.y"+0.y’_4.y:0 y1<x> = e Find yz(X)

—2x 1 +2x
y = kiy,+kyy, y = (k1+k2C2)e e kz_cl)ez
= ke X +k lC e +c, e 1
! 214! 2 (k,)e ** + kz—cl)e+zx c,#0 ¢,=0
— —-2x 1 +2x —2x oy
= ke +kzzc1e + k,c,e (k1+k2C2)e c,=0 ¢,#0
— —2x —2x 1 +2x
= ke " +k,c,e +kzzcle
ke ™+ k,e™ c,=4 ¢,=0
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Example: Findingy, <~y (4)

1.y"+0.y’_4.y:0 y1<x> = e_zx Find yz(X)
_ (k +k ) —2Xx k l +2x
y = (Kt K,C,)e — + 24C1 e
1 ) ) e—2x +2x
—2Xx +2x _ —2x +2x _
(k,)e " + kzzc1 e c,#0 ¢,=0 W(e ™, ™) = gt g
(K, + kzcz)e_zx =0 ¢, #0 =2—(-2) = 4
—2Xx +2Xx W(e_zx’e+2x) 7 O
ke " +k,e c,=4 ¢,=0
linearly independent
Fundamental Set of Solutions
Cle_zx + C2€+2X {e—2x,e+2x}
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