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Homogeneous Linear Equations
with constant coefficients
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Types of First Order ODEs

A General Form of First Order Differential Equations

I y' =|g(x,y)
dx

Separable Equations

%%=a@MJﬂ y' = g,(x)g,(y) y =f(x)
Linear Equations

0,(x) 2L + a,(x)y = gl a,(x)y" +a,(x)y = g(x) y={lx)
Exact Equations

M(x,y)dx + N(x,y)dy = 0 g—idx +g—;dy=0 2= f(x.y)
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Second Order ODEs

First Order Linear Equations

a,(x) 3L +a,(x)y = g(x) a(x)y"+ay(x)y = glx

Second Order Linear Equations

dy

e rax) oo +alx)y = g(x) a,(x)y"" +a,(x)y' +a)(x)y=g(x)

Second Order Linear Equations with Constant Coefficients

d d » ,
- dyz+01dy+aoy g(x) a,y" +a,y' +a,y = g(x)
ny+bf11+cy=g(x) ay''+by'+cy=g(x
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Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=®> GJ’”"'b}""'CY@
X’

d

mx

try a solution y = e

d’ d ale™}""+ble™}" +cle™} =0

aw{em)(}+ ba{ mx}+ C{emx} — 0
alm’e™] +b{me™} +cle™] =0 alm’e™} +b{me™} +cle™] =0
(am*+bm+c)-e" =0 (am*+bm+c)-e™ =0
auxiliary equation
(am*+bm+c)=0 (am*+bm+c)=0
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Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GJ’”"'b}""'CY@
X

auxiliary equation

mx

try asoluton y = e ) (am’+bm+¢)=0

m, = (—b +b’—4ac)/2a
m, = (—b — Vb’—4ac)/2a

— M X — X _ 2 .
Vi ;Yo (A) b"—4ac >0 Real, distinctm_, m,
V= X = V, = MaX - (B) b2—4ac = (0 Real, equal m, m,
m, x m, x _ ) )
Vi ;Yo (C) b —4ac <0 Conjugate complex m, m,
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Linear Combination of Solutions

DEQ
ay,""+by,'+cy, =0
adz—y+bd—y+c i < Y1 yi tcy,
dX2 dX y_ - ay211+by21+cy2:0
T C1+ CZ a(Yl"+Y2")+b(Y1'+Y2')+C<Y1+YZ):0
a(Y1+YZ)”+b(Y1+Y2)'+C(Yf")’z):0
Yi=y, + Y, a(C,y,""+C,y,"" )+ b(C,y,"+C,y,") + c(C,y,+C,y,) = 0
Ya=Y1 — Y a(C1Y1+C2Y2)”+b(C1Y1+C2Y2)'+C<C1Y1+C2Y2>:0
Ys=Y; + 2y,
Ye =Y — 2V,
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Solutions of 2nd Order ODESs

DEQ

£y, ,dy - yo=e™ = [y=em
a—5+b—-=+cy=0

T (D>0) (D=0) (D<0)

C1+ C2

((y=C,e"" +C,e"™" (D >0)
{ y=Ce" 2 (D=0)
L y=Ce"+Ce™ (D <0)

auxiliary equation

m, = (—b +b’—4ac)/2a
“+b =0
(an+bm+c) m, = (—b — Vb’ —4ac)/2a
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Linear Independent Functions

C1+C2 =0 ‘ C,=C,=0

always zero means all coefficients must be zero

y, and y_.are linearly independent functions

if not all zero, y _can be represented by y , and vice versa.

C,

Cl?f() Y1:_EY2:CIY2
1
C

C27&0 Y2:_€Y1:bY1

2
y, and y .are linearly dependent functions

y, simply a constant multiple of y , and vice versa.
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Linear Independent Functions Example (1)

C1 C2 many solutions of C1, C2
1 1

2X}_1'{362X}
—6-(e”*]+2-(3e”]

Lo _l_c I I d functi
y, 3e* 3 iInearly independent functions

=
—_
I
QM)
=
N
I
OS]
o
No
>
w
o

0
0

C1 Cz the only solution C1, C2
: 8 . g
Y1_ezx Y2_Xezx O{ezx}"'o'{xezx} =0

= u(x) linearly independent functions
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Linear Independent Functions Example (2)

linearly dependent functions

X

Y1=ez Y2:332X

_ 2x 2Xx
y=ce" +c,3e
2Xx

QM

linearly independent functions

y=(c,+3c,)e”=Ce
_ 2x _ 2Xx
yi=¢€ Yo = X€

_ 2x+ 2

general solution

2X
Y.

2 2
y, =e"+2xe™”

2 2 2
y,'=2e" +2e" +4xe™”

S
|
No
¢
[
o

4y =4e”
2 x

—4y,'=—8e

ylyy:4e2X

4y,=4xe™
—4y,' = —4e™ — 8xe™

2 2
y,'=4e"+ 4xe™

0
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Fundamental Set of Solutions

Second Order EQ

42 d Functions y, and y, are either
a—); + b—y +cy=0  linearly independent functions or

dx d x -« * linearly dependent functions

T C1+C2 {Y1: Y2}

Second Order at most two linearly independent functions
y=C,e™ +C,e™" any n linearly independent solutions of
L 2 the homogeneous linear n-th order differential
y=C,e" +C,xe"" equation
y=Ce™ +C,e™ =Ce P+ Ce ™ Fundamental Set of Solutions
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Linear Independent Functions and Wronskian

Cl"' Cz ‘

always zero means all coefficients must be zero

0

y, and y_.are linearly independent functions

C,=C,=0

C +C =0
RERE yio Y2 |G| Z [0] If the inverse matrix
Ciy, +Cy, =0 yi' oy, ||C, 0 exists
now |, ” cl [y, v ‘1[01 _ [0] the only solution:
v,y C, y.'" vy, (O 0 trivial
W(Yv)’z) # 0
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(A) Real Distinct Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:*\@ GY""'b}""'CY@
d x d x
tryasolution y =e"  m (am’+bm+c)=0 auxiliary equation

m, = (—b ++b’—4ac)/2a y,=e""
m, = (—b — Vb*—4ac)/2a y,=e"™

b°—4ac >0 Real, distinctm , m_ y=C,e" +C,e™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac< (0  Conjugate complex m, m, y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a—iﬁ)x
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(B) Repeated Real Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:@ ay"+by'+cy@
d x d x
tryasolution y =e"”  m (am’+bm+c)=0 auxiliary equation
m, = (—b +vVb’—4ac)/2a = bdac=0 = m, = —b/2a ST = Tt e—%x
m, = (—b — Vb’—4ac)/2a m,=—b/2a

b2—4ac >0 Real, distinct m, m, y = Clemlx + CzemZX

b’~4ac =0 Real equalm,m, y=C,e" +C,xe™

b2—4aC <0 Conjugate complex m, m y = Clemlx + Czemzx — Cle((x+i[3)x + Cze(a—iﬁ)x
Linear Equations (1A) 16 Young Won Lim



(C) Complex Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+b§—i+cy:(0) ay'"+by +cy=0
X

mx

try a solution y=e (am’+ bm+¢)=0 auxiliary equation

mlz(—b+my2a ‘ ml:(_b+mi)/za ylzemlx
mzz(_b_M)/Za ‘ mzz(—b_mi)/Za yzzemzx

b°—4ac >0 Real, distinctm, m_ y=C,e" +C,e™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac< (0  Conjugate complex m , m, y=C,e™+C,e™ =C, e(aﬂ'ﬁ)x + C?e(a—iﬁ)x
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Complex Exponential Conversion

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GY""'b}""'CY@
X

mlz(—b+mw2a ‘ mlz(_b+mi)/20 :O(+iB ylzemlx
m,=(—b —\b'—4ac)i2a m m,=(~b—4ac—bi)i2a =a—if | y,=e"

2 X

b°—4ac < (0  Conjugate complex m_, m, y=C,e™ +C,e™ = Cle(aﬂ-ﬁ)x s Cze(a_iﬁ)x
Pick two homogeneous solution

y, = {e(oc+il3)x + e(a—iﬁ)x}/z — eaXCOS(BX) <C1:+1/2, C2:+1/2)
y, =[P el = e sin(px)  (C,=+1/2i, C,=—1/2i)

y = C,e""cos(Bx)+ C,e"sin(px)=e"*(C,cos(Bx)+ C,sin(px))
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Wronskian

e((x+i|3)x e(a—iﬁ)x
(cc+iB)xY 1 (o=iB)xy s
- y PR e ) e )
d d 1 (a+ip)x (a—if)x
y+b y+cy:0 (a—ip) = C (e <
dX dX - eOL lﬁx (a_'_iB)e(aHﬁ)X, (O( lﬁ) (a—ip)x

(a—ip)e*** = (a+ip)e**

Second Order EQ

(—i2p)e* ™ # 0

— 1 1 o+ip)x (a—i ax
Y3, = S pAt 5 (el Pl 40X D = " cos(Bx)

e“cos(Bx)  e""sin(Bx) _
(e*cos(px))" (e“*sin(px))’

% Al — y2 (el P el N 0 = e"sin(Bx)

e“"cos(px) e""sin(px)

(ce™cos(px)—pe**sin(px)) (ce™sin(px)+ pe *cos(Px))

= e cos(Bx)(ce™*sin(Bx)+ pe“ cos(px)) — e**sin(px)(ce**cos(px) — pe**sin(px))
= e cos(px)pe™ cos(px) + e**sin(Px)pe* sin(px) = pe***(cos’(px) + sin’*(fx)) = pe*** # 0
i i Y Won Li
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Wronskian : Linear Independent

Second Order EQ
(a+ip)x
<] . e (a+ip)x (a—ip)x
Z y + bei’ +Cy = O yl (i) (ee(a+i[:’>)x), (ee((xiﬁ)x), 7 0
X 4 eO( 1 X
linearly independent
Fundamental Set of Solutions
— 1 1 a+ip)x (a—i o X
Ys. = S ARt 5 (e P g el N = ™ cos(Bx)
. — % vV, y2 (el 1Px el )2 = e™sin(Bx)
e"“cos(Bx)  e""sin(Px) £ 0
(e“*cos(px))" (e**sin(px))’
linearly independent
Fundamental Set of Solutions
Linear Equations (1A) 20 Young Won Lim

4/13/15



Fundamental Set Examples (1)

Second Order EQ

dy+bdy

dx’ d x tey =0 - plaiB)x

A= CE e So

(et _ ol X} 0i = e™in (B x)

[l
N =
=
—_

|
N | =
>
No

2 1 Young Won Lim
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Fundamental Set Examples (2)

Second Order EQ
dy o dy ., oo = s + 08 e
aﬁ+bd_x+cy _0 - _ y . . (a_iﬁ)x
2 — 3 1 e
Y3 =e""cos(px) — e“*[cos(Bx)+isin(Bx)]
. = e"*sin (P x) e"*[cos(px) — isin(px)]

Linear Equations (1A) 292 Young Won Lim
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General Solution Examples

Second Order EQ
dy dy linearly independent
. d x° ¥ bd_x tey=0 Fundamental Set of Solutions {J’1 yz}:{e(aﬂ'ﬁ)x, e(a—iB)X}

||

C1+C2 Yo

linearly independent

Fundamental Set of Solutions

C3 +C3.

Linear Equations (1A)

23

(o+ip)x (a—ip)x
C,e +C,e

General Solution

{)’3, Y4}:{eaxCOS(BX)’ eaxsm(BXH’

c,e” cos(px) + c,e” sin(px)
=e"*(c,cos(px) + c,sin(Bx))

General Solution

Young Won Lim
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General Solutions
- Homogeneous Equation
- Non-homogeneous Equation

Linear Equations (1A) 24 Young wer L



General Solution — Homogeneous Equations

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GY""'b}""'CY@
X

auxiliary equation

m, = (—b +vb’—4ac)/2a
(am’+bm+c)=0 :
m, = (—b — Vb’ —4ac)/2a
(A) b°—dac >0 Real, distinctm, m, y=C,e" +C,e™"
(B) p’—4ac =( Real equalm,m, y=C,e™ +C,xe™
(C) b’—4ac <( Conjugate complex m, m, y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a—iﬁ)x

25 Young Won Lim
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General Solution — Nonhomogeneous Equations

Nonhomogeneous Second Order DEs with Constant Coefficients

dzy dy T . : _
adx2+bdx+cy—\g§x) ay''+by +Cy—

The general solution for a
y=c,y; + C, Y, + yp ngnhomggeneou§ linear n-th order
differential equation

complementary particular
function solution

Homogeneous Second Order DEs with Constant Coefficients

2
a%+b§—i+cy:\@ GY""'bY""CY@
X

The general solution for a
y=¢y, t¢cy, homogeneous linear n-th order
differential equation

Linear Equations (1A) 26 Young wer L



Complementary Function

DEQ

& Y y - i
+ b +C - particular solution

T general solution -
+ V.= nonhomogeneous eq

Associated DEQ

dy+by+cy:@ h
dx’

‘ complementary function

€1 +C, -l  general solution -

homogeneous eq

Linear Equations (1A) 27 Young wer L



y.andy,

DEQ
d y +b dy +cy w <—m particular solution
d x° d x ‘
T general solution -
+ nonhomogeneous eq
d2 yc d .YC i
-+ b +cy, ‘ 0 many such complementary functions
dx dx C; many possible coefficients
d’ d
a y Y ; + b d); P 4+ c Y, ‘ g( ) only one particular functions

coefficients can be determined

Linear Equations (1A) 28 Young wer L
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