Substitution (4A)

Young Won Lim
4/7/15



Copyright (c) 2011 - 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License, Version 1.2 or any
later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the
license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
4/7/15


mailto:youngwlim@hotmail.com

Substitution Method

Substitution (4A) 3 Young Won Lim

4/7/15



Substitution Method (1)

A General Form of First Order Differential Equations

* [ % |
%:g(x,y) y' =9(x,y)

y=hlou)  u=aly P
dy_@hdx_l_éhdu dz _of dx , 0f dy

— dt  oxdt oydt
dx Oxdx Oudx

iy W @i, ol @ dym h,(x,u) +hu(x,u)d—u
dx Ox Oudx d x dx
dy _ _ dy _ _
9 —{g1x,y)] = g, D) 9 _[gx,y)] = glx.hlx,u)
X d x
g(x,h(xu)) = 4 O glx,h(x,u)) = h(x,y)+h,(x,u)
0x Ou dx dx
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Substitution Method (2)

A General Form of First Order Differential Equations

[ | |
\ {
47 Jo(x.y) y' =[alx.y)
dx
y = h(x,u) - u=®(x)
g
dyzah_l_@hdu iyzi(xu)
dx O0x Oudx dx dx

oh N oh du
0x Ou dx dx

g(x,h(x,u)) =
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Substitution Method Example

A General Form of First Order Differential Equations

dy _| Y =gl Y
dx_S‘x Y Sx
y=ux u:% y:h(x,u)-u:CD(x)
y'=u+xu'
y'=g(x,ux)=s(u) AY gy Oh  Ohdu

d x Ox Ou dx
slu)=u+ xu'
() y (= h(x,u)

du _ dx

s(u) = u = xu’ = S -u x
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Substitute Equation

a new literal a function of x

u=o(x)

contains x and vy literals
(y is also a function of x)

a old literal a function of x and u

y = h(x, u)

a new literal u is introduced
using old literals x and vy :
a new function of x

the old literal y can be replaced by
the new literal u and the old literal x:
a new function of u and x

y=ux
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New Differential Equation

(1) replace y’ Find y = f( )
dy o Oh 0hdu dy _
d x = ox 6x ou dx d x =9(x.y)
y'=u+xu' y=ux u:% 1
(2) replace y Find y = (I)(X) in
g(X’Y) _ g(X,h<X,U)) du _
— = F(x,u)
dx
_ _ dy _ [V
y'=glxux)=slu) dx ~ lx new differential equation
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Function point of view

dy:8h+6hdu
dx O0x Oudx

(1) replace y*

' p dy - oh N oh du
given d;l—F(X,U) dx 0x Oudx

(2) replace y

g(x,y) @ g(x,h(x,u))
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ODE point of view

A General Form of First Order Differential Equations

A \ |
Z_i’:g(x,y) y' =g(x,y) @ y=h(x, o(x))

1
1
g(x,h(x,u)) = 2_:4-%3_;1 g(x,h(x,u)) = hx(x,u)+hu(x,u)%
1
A g, hlxu) - 21 2 = g(x,hlxu)) = hy(x,u)] /b, (x,u)
1
% = |F(x, u) % = |F(x, u) - u=0(x)
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Homogeneous First Order ODEs
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Homogeneous Functions

A homogeneous function of degree o A homogeneous Equations of degree o
flex, ty) = t“f(x, y) M(x,y)dx+ N(x,y)dy =0

. M(tx,ty) = t“M(x, y)
f(x,y)=x"+y N(tx,ty) = t"N(x, y)
flex,ty)=(cx) +(ty)

=t(x" +y’) M(x,y) = M(x,x-ylx) = x"M(1,y/x)

=t'f(x, y) M(x,y) = M(y-xly,y) = y"M(x/y,1)

N(x,y) = N(x,x-y/x) = x"N(1,y/x)
N(x,y) = N(y=xly,y) = y“N(x/y,1)
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Homogeneous Equations (1)

A homogeneous Equations of degree o A homogeneous Equations of degree o
M(x,y)dx+ N(x,y)dy =0 M(x,y)dx+ N(x,y)dy =0
M(x,y) = x*M(1, y/x) M(x,y) = y*M(xly,1)
N(x,y) = x*N(1,y/x) N(x,y) = y*N(x/y,1)
u=ylx %y =ux v = xly X X = Vvy
x*M(1,y/x)dx + x*N(1,yl/x)dy = 0 y“M(x/y,1)dx + y*N(x/y,1)dy =0
M(1,u)dx + N(1,u)dy =0 M(v,1)dx+N(v,1)dy =0
- 0 0 - 0 0

dy = 8X(ux)dx+ au(ux)du dx ay(vy)dy+ 6v(vy)dv

¥ dy = udx + xdu X dx = vdy + ydv
M(1,u)dx + N(1,u)(udx + xdu)=0 M(v,1)(vdy + ydv)+ N(v,1)dy =0
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Homogeneous Equations (2)

A homogeneous Equations of degree o A homogeneous Equations of degree o

M(x,y)dx+N(x,y)dy:0 M(x,y)dx+N(x,y)dy=0

x*M(1,ylx)dx + x*N(1,ylx)dy =0

y“M(x/y,1)dx + y*N(x/y,1)dy =0
M (1,u)dx + N(Lu)dy = 0

M(v,1)dx + N(v,1)dy =0

u = ylx y

ux v = xly X =Vy

dy = udx + xdu dx = vdy + ydv

M(1,u)dx + N(1,u)(udx + xdu) =0 M(v,1)(vdy + ydv)+ N(v,1)dy =0

[M(1,u) +uN(1,u)]dx + xN(1,u)du=0 [vM(v,1)+ N(v,1)]dy + yM(v,1)dv =0

dx N(1,u)du . dy M(v,1)dv
+ =0 +
x [M(Lu)+uN(1,u)]

y [vM(v,1)+ N(v,1)] =0
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Homogeneous Equations (3)

M(x,y)dx+ N(x,y)dy =0
M(x,y) = x"M(1,y/x)
N(x,y) = x"N(1,y/x)

u=®(x)=ylx

* y=h(x,u)=ux

¥ dy = udx + xdu

dx N(1,u)du ~0

dy ol oh . . ohldd +
dXdX 0 x aud_xdx X [M(l,u>+UN<1,U)]

dy = udx + xdu

Young Won Lim
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Homogeneous Equations (4)

all are functions of x

y =) oyl v = o) = ool
= ux = d(x)x
u = ®(x) u(x) _ v,
u = ylx ulx) = yl(x)/x ’
y=u oyl = ulx .
¥ dy = udx + xdu
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Homogeneous Equations (5)

M(x,y)dx+ N(x,y)dy =0

M(X’y> = N(X,y) =
X"M(1,y/x) X“N(1,y/x)
u=®(x)=ylx

%k y=h(x,u)=ux

¥ dy = udx+ xdu

u:y/x y=ux
X u=y/x yxIx=y

dx N(1,u)du

x "ML+ uN(Lu)]
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Bernoulli's First Order ODEs
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Bernoulli's Equations (1)

Bernoulli's Equation Bernoulli's Equation

dy — n 1 n

o HPy = Qlxy y'+P(x)y = Q(x)y

Y P(x)y = Qlx)y ! = Qlx)y°

o PPy = Qlxy y'+P(x)y = Q(x)y

dy _ : _

Py = Qlx) n=0 y'+P(x)y = Q(x) n=0
Linear Equation Linear Equation

dy P(x)y = 1 : _ 1

o HPIx)y = Qlx)y y'+P(x)y = Q(x)y

d _

Y- Qly =0 n=1 y'+IP(x)-Qx)ly = 0 n=1
Linear Equation Linear Equation
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Bernoulli's Equations (2)

Bernoulli's Equation Bernoulli's Equation
d n n
d—i’+P(X)y = Q(x)y y'+P(x)y = Q(x)y
L p(x)L = olx) Ly + P2 = olx)
y" dx y y y
_H%J'P(X)yl_n = Qlx) y "y +Plx)y"" = Q(x)
— 1l-n @— — —nﬂ — ,1-n N . —n _
u=y dx—(l n)y e u=y u'=(1-n)y"y
1 du _ 1 : _
(1_n)a+P(x)u Q(x) (1_n)u +P(x)u = Q(x)
Lt (1=n)P(x)u = (1-n)Q(y u'+(1-n)P(x)u = (1-n)Q(x)
X

Linear Equation Linear Equation
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