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Differential Form & Equation

A differential form

P(x,y)dx + Q(x,y)dy

A first order differential equation

P(x,y)dx + Q(x,y)dy = 0

this differential form is exact
in a region R if there is a function
f(x,y) such that

P(x,y)dx + Q(x,y)dy

exact equation
in a region R if there is a function
f(x,y) such that

P(x,y)dx + Q(x,y)dy

the total differential of
some function f(x,y)

Exact Equations (3A)

_ oF of gy = _of Of 4 _[ar =
_ade+8ydy_df _8xdx+aydy_df_0
P(x,y)dx + x,y)d
is an exact differential in a region R
if it corresponds to fix,y) =c
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To be exact

to be exact
P(x,y)dx + Q(x,y)dy P(x,y)dx + Q(x,y)dy =df
the given equation should be
the total differential of a
certain function f
exists all the defined and of of
continuous partial derivatives of =~ g @dy
of of o°f  o'f
ox’ oy’ ox0y oyox such a function f exists
a smooth surface f(x, y)
continuous but derivatives
are undefined
- Young Won Li
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Schwarz' Theorem

In mathematical analysis, Schwarz' theorem (or Clairaut's theorem!2l) named
after Alexis Clairaut and Hermann Schwarz, states tha

fR" S R
has continuous second partial derivatives at any given point in [|R", say,
(a1,....a,)EhenVi, j € {1,2,...,n},

s _#r
oz; 3Ij(ah“"’u") Oz B:ci(al"”‘a“)‘

The partial derivations of this function are commutative at that point. One
easy way to establish this theorem (in the case wheren=2,i=1,andj = 2,
which readily entails the result in general) is by applying Green's theorem to
the gradient of f.

http://en.wikipedia.org/wiki/Symmetry_of second_derivatives#Schwarz.27 _theorem
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To be exact

to be exact

P(x,y)dx + Q(x,y)dy < >

of of d°f  8*f alldefined and - oP _ 0Q
ox’ oy’ oxoy’ oyox continuous oy T Ox

= 9 _ of oP _ &f 20Q _ _&f

Pix.y) oX Qx.y) oy 0y  0yox dX  0x0y
P(x,y)dx + Q(x,y)dy - or — 0Q
is an exact (total) differential oy 0 X
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Path Independence

A differential df of the following form is exact,

P(x,y)dx + Q(x,y)dy = df

if f df is path independent

path independent f df

P(x,y)dx + Q(x,y)dy
is an exact (total) differential

the vector field (P, Q) is
a conservative vector field,
with corresponding potential f

or _ oQ
oy 0 X
oP _ 4Q
oy  0x
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Exact and Inexact Differential Examples

df = 2xy’dx + 3x*y*dy

Is there a function f=f(x,y)
such that

(Xz, V2)

f df = f(xz,lb) -

(Xl,.yl)

f(Xl,Jh)

Only initial & final points
Path independent

Exact Equations (3A)

df = 2x°y°dx + 3x°y*dy

Is there a function f=f(x,y)
such that

X oy
of = 2x% )P of = 3x%y?
0 X
2 2
o°f _ 6x2y? of _ 9x?y?
0y ox o0Xoy
no f(x,y) inexact

Integration result depends
on the path also,
in addition to initial & final points
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Exact Equations (1)

Exact Equations
M(x,y)dx+ N(x,y)dy =0 2—£dx+%dy=0 z="f(x,y)
2—)’:=M(x,y) %=N(><,y> %=M(X>E>
f(x):fM(x)dx+c

Ig—idx:fM(x,y)dx+c fg—;dy:fN(x,y)dy+c

f(x,y)=[ M(x,y)dx +g(y) f(x,y)= [ N(x,y)dy +h(x)

of _ of _

E—N(XY) a—X—M(XY)

—%IM(X y)dx+g'(y) =%IN(x,y)dy+h'(X)
g'(y)=N(x y)—%fM(x y)dx h'(x)=M(x y)—a—éfo(x,y)dy
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Exact Equations (2)

fx,y)= [ M(x,y)dx+g(y) f(x,y)= | N(x,y)dy +h(x)
g'(y)=N(x,y) —%fM(X,y)dx h'(x)=M(x,y) —a—ifN(x,y)dy
gly)=[g'(y)dy h(x)= [ h'(x)dx

:f N(x,y)—%fM(x,y)dx} dy :f M(x,y)—a—ﬁx-J‘N(x,y)dy dx

flx,y)= [ M(x,y)dx + flx,y)= [ N(x,y)dy +
J N(x,y)—%fM(x,y)dx dy J M(x,y)—a—i-fN(x,y)dy dx
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Exact Equations (3)

Exact Equations
M(x,y)dx + N(x,y)dy =0 2—£dX+%dy=0
Flox.y) = [ Mlx,g)as + [ [N(x,y) =2 M, y)ax] dy @
fx,y)=[ N(x,y)dy+ | M(x,y)—a—ax-fN(x,y)dy dx
flx.y) = [ Mlxy)des [NGxy)dy = [ m(x,y)dx dy J £ J oL ax ay
f(x,y) :fN(X’y)dy+ J‘M<X’y) dx _fa_afo(X’y)dy dx J'a—axfg—;dy dx
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Exact Equations (4)

Exact Equations
of of 5 _
M(x,y)dx + N(x,y)dy =0 a_xdx"'ady—o
fx,y)= [ M(x,y)dx+ [IN(x,y) =2 [ M(x,y)dx| dy B0 [ p(x,y)dx = DM
’ ’ By ’ 0y 0x ’ 0y
af IN _oM _
5 = Mlxy)+ | = ay}d = M(x,y)
of _[ou oMy, _
oy 5y dx + N(x,y) f@y dx =N(x,y)
f(x,y)=] Nix,y)dy + M(x y)—i- N(x,y)dy! dx 0 0. _ ON
(x,y) f ( ) f axf aXany(x,y)dy 7y
of _ (ON _[(ON , _
co=l S ds Mlxy) - [ dy = M(xy)
of _ oM _oN| . _
ay N<X:y)+ f[ay A% dx N(X,y)
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NonExact First Order ODEs
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NonExact Equations

Exact Equations
oM _ ON
M(X’Y)dX+N(XsY>dy:0 oy " Bx Z:f(X’Y>
NonExact Equations
oM oON
M<X’Y)dX+N<XxY)dy:0 oy 7 6 x Z:f(X:Y>
Exact Equations
(v, y)ax + wlx yIN oy dy =0 CBM) - BN e caning - u(x,y)
y X
Exact Equations
w(x)M(x, y)dx + w(x) N (x,y)dy = 0 owM) _ dWN) | tywecanfind u(x)
oy 0 X
or M(Y)
w(y) w(y)

Exact Equations (3A) 15 Young WoR e



Multiplying NonExact Equations by w(x,y)

NonExact Equations

oM ON
M(x,y)dx+ N(x,y)dy =0 o) # 5 x z=f(x,y)
Exact Equations
w(x,y)M(x,y)dx+u(x,y)N(x,y)dy =0 6(;LM) — 8(8“N) Ifwe can find w(x,y)
y X
w(x,y)
o(wM) _ d(uN) — oM , ON
oy 0x oy 0x
Ay AN duy L ON
8yM+M8y B 8xN+M8x

wM+uM, = uN+uN,
uM,—uN, = uwN—-u M Partial Differential Equation

difficult to find  u(x,y)

Exact Equations (3A) 16 Young WoR e



Multiplying NonExact Equations by u(x)

NonExact Equations
oM ON
M(X:Y>dX+N<X:Y>dy:0 oy 7 B x Z:f(X:Y)
Exact Equations
w(x)M(x,y)dx +u(x)N(x,y)dy =0 o(uM) = O(uN) If we can find u(x)
oy 0 X
w(x)
o(wM) _ d(uN) o oM , ON
oy 0 X oy 0 X
7% M+M8_M = a_MN+Ma_N d_M = (MY_NX u T‘ genera”y P(X,y)
Oy oy  [0x Ox dx N . sometimes P(x)
duy _ @M ON A p(xulx)
de - M oy Hox dx
iy = WM, —uN d—M—P(X)M = 0 | <= solvethistofind p(x)
dx g § dx wix

Exact Equations (3A) 17
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Multiplying NonExact Equations by u(y)

NonExact Equations
oM ON
M(x,y)dx+ N(x,y)dy =0 o # 5 x z=f(x,y)
Exact Equations
w(y)M(x,y)dx +u(y)N(x,y)dy =0 o(uM) - O(uN) If we can find u(y)
oy 0 x
o(uM) _ a(uN) < uly) oM _ ON
oy  0x oy g 0 X
Oy OM _ Ong L oN du _ [Nemh,) o oeneraly Plxy)
0y y  9x Ox dy M _ sometimes P(y)
du ON _ oM d
Mdy _Max oy d_M:P()’)M(Y>
y
e WN, —uM d—M—P(Y)M = 0 | <= solvethistofind u(y)
dy ’ g dy

Exact Equations (3A) 18 Young Won Lim
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Solving NonExact Equations

Assumption for 11(x) Assumption for u(y)

0 _ 0 0 _ 0

5y B (x.y)] = FlulIN(x,y) 5y MM (xy)] = F-yIN (x.y)
du _ M,—-N _ du _ N,—M, _

o L o [N = e

du _ _ du _ _

o~ PxJu =0 iy P(ylu = 0

u(x) = cel uly) = cel ™

[ M,-N,|, [ NX;/IM &

M(X)=ce(N) u(y)=ce( |
Solve this exact equation Solve this exact equation
w(x)M(x,y)dx +u(x)N(x,y)dy =0 w(y)M(x,y)dx +u(y)N(x,y)dy =0

Exact Equations (3A) 19 Young Won Lim
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Verifying Exact Equations

w(x)M(x,y)dx +u(x)N(x,y)dy =0

w(y)M(x,y)dx +u(y)N(x,y)dy =0

Z_l: — (My];N u = P(x)u g—; = (NX;/IMy w = P(y)u
u(x) = cej( K )d u(y) = Cef( " y)dy
%[M(X)M(X y) :W+uMy ai[u(y)M(X,Y)] = u,M+uM,
N,— M,

aax[M(X)N(x,y)] = w,N+uN, ST e

= MyZ;N)MN+pLN = uh,

= uM, Zu(y)N (x,) =/M<7+MN
Llux)mly)] = Llutx)N () 5y nMiey)] = NGy

Exact Equations (3A) 20
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