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Linear ODES

A General Form of First Order Differential Equations

%zQ(KJ) y' =|g(x,y)
Linear Equations
ai(x)gr +ay(x)y = glx) a(x)y" +a,(x)y = glx) y=1x)
dy, ax) _ glx) LG glx)
ax " ax)” " 4K a0 o)
| I | [ [
24 P(x)y =Qx) y'+Px)y = Qx)

Standard Form of First Order ODEs
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Homogeneous and Particular Solutions

Standard Form of First Order ODEs

d x

4Y 4 p(x)y =Qlx)

y'+P(x)y=0Q(x)

e
/

The Homogeneous Differential Equation

4Y 4 px)y
dx

=0

AN

y'+P(x)y =0

The Nonhomogeneous Differential Equation

4Y 4 pix)y
dx

Q(x)

y'+P(x)y =Q(x)

total solution

y:yh+yp

homogeneous solution

Y= fh(x)

the common part of the
solutions of many different
differential equations whose
homogeneous DE's are the
same

y,=f,(x)

the particular solution of a
specific differential equation,
excluding common part of the
solution
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Three Different Linear ODEs (2)

%+P(x)y:Q(x) <+ Vi >  y'+P(x)y=0Q(x)
Z_-)):+P(X)y:0 -« Yn > y'+P(X)y:0

d[ydl:)/h] + P(X)[Y1+Yh] = Q(X) [y1+yh]' + P(X)[y1+yh] = Q(X)
Dipy=Rl < v = yapxy=R(
Z_i’.,.p(x)y:() | Yn —» y'+P(x)y=0

d[y;:yh] + P(x)[y2+yh] — R(X) [y2+yh]' + P(X)[y2+yh] = R(X)
Z—i+P(x)y:S(x) -+ V3 | y'+P(x)y=5(x)
Z_-)):+P(X)y:0 <t Vn > y'+P(X)y:0

d[ydiyh] + P (x)[ys*y,] = S(x) [ystya)" + P(x)ys+y,]=S(x)
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EQ 1

Y1ty

EQ2

Yoty

EQ 3

Y3ty

solution of EQ 1

solution of EQ 2

solution of EQ 3
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Three Different Linear ODEs (2)

EQ1

47 pixly=0ly <— Pary=o) -— [+ y,
J o

d_i/+P(X)y:0 ﬁ

EQ2

Z—i +P(x)y = R(x) 4— Z—i} +P(x)y=R(x)

d o

d—':+P(X)y:0 ﬁ

EQ 3

Z—i’+P(x)y=S(x) <— %*P<X)y:5(x> ~ + Yh
44 plx)y=0 Yh
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Three Different Linear ODEs (3)

Eo1  9Y+p(x)y=qlx) +—

dx -
d -
EQz g +PUy=RlN < Y %+P(X)Y=0
(yi+ ¥+ v y, + k-y,
(v + y)+ ¥, similarly y, + ky,
(ys+ Y, + Y y; + ky,
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Three Different Linear ODEs (4)

EQ1 d—i +P(x)y =Q(x)

d -
e0z  Xip(x)y=R(x) dy
dx - =~ +P(x)y=0
dx
£z aply=siy)
dx -
Yy particular solution Y, homogeneous solution

excluding any homogeneous solution
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Total Solution

Standard Form of First Order ODEs

d

a5 * PRy =0l) y'+ P(x)y = Qlx)
y=>5 Y=Y total solution
Yy=YntJY, y=YntJ, Yy=Yut),

%4. P(x)y,=0 y,'+P(x)y,=0 homogeneous solution
+ -+

o4 p(x)y,=Ql) ¥, + Plx)y,=Q(x)
Il Il

W +P(x)[ys*y,) = Q(x) [yuty,]" + P(x)[yaty,] = Q(x)
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Solving the Homogeneous DE

homogeneous solution

In|y|= —f P(x)dx +C

y""P(X)y:O yh:fh(x)

y'==P(x)y

iy' = —P(x) /nota ratio
1 _d

J';y’dxz—fP(x)dx dy = d_)’:dx

| y| _ e—jp(x)dx+c |y| _ e—fp(x)dx+c y= ie_fp(x)dx c
c —[Plx)dx
= &
y = Ce—fP(X)dX y = Ce—fP(x)dx
i Young Won Lim
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Integrating Factor

homogeneous solution

d

d_i/"'P(X)y:O y'+P(x)y =0 y, = f,(x)
y = Ce_J'P(X)dX y = Ce—f P(x)dx

Yn=CV1 Y= CV1

Integrating factor

_[ P(x)dx —[ P(x)dx 1_ +| P(x)dx
ylzefP()d ylzefP()d :> 1 _

Y1
v, =ulx)y, y,=ulx)y,
F w w particular solution
dff +P(x)y,=Q(x) ¥, + Plx)y,=Q(x) Y, =f,x)
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Solving the Non-homogeneous DE (1)

dy,

Ty +P(x)y,=Q(x) yp'*'P(X)yp:Q(X) yp:fp<x)
y,=ulx)y, v, =ulx)y,
%-yl+u-i +P(x)uy, =Q(x) lu"Y1+u'Y1'I+P<X)UY1:Q(X) ylx) = ey,
I% +P(x)y, =0
T N e T P T i
oodx Y c %-+P(><)y1 =0
du Q(x) o _ Qx)
Ed yl(X)dX u'dx = yl(x)dx
_ [ Qlx) _ [ Qlx)
=] Gy e =] 5 e ) =y,
Wlx)=cy,
[ o) [ o) ’
Y,lx) = f y.(x) dx 7‘%3’1 yplx) = f y.(x) dx +/€TY1 excluding homogeneous parts

of the solution
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Solving the Non-homogeneous DE (2)

C;ip+P(x)yp=Q(x) y,'+P(x)y,=Q(x) yp =ulX)yy
%[u.yl}+p( Ju-y, = Q(x) (u-y))"+ Plx)uy, = Q(x)

X.y=Qlx) u'y, = Qlx) yi=et
u(r) = 2 u(x)= f 22 o itegrating fctor
y(x)=|f le((i)) dx|-y, yx) =] SIE);)) dX]% yL: oI Pl

yp<x):“ Q(x) et 7 dx}’yl :“ Q(x) et P

Young Won Lim
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Examine the role of u(x) — (1)

dy,
d x

+2y, =X

yl — e—dex _

—2x
e

Q(x)
Y1<X)

First Order ODEs (1A)

Q(x)

+2x

— X

4,

d x

2y, =—2ce “+2ce ¥ =0

dx=f§dx:f xe*t dx

(a general function of Q(x))/y1

dy,
d x

+2yp:

1 1
_.|.2_ I
7 T |”

2| =X

a general function of x
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Examine the role of u(x) — (2)

dyp X X
Tx +2y =e Q(X) = e
yl — e—dex — e—2x
d
y,=ce d—):'+2yh=—2ce_2x+2ce_2x:0

u(x) = f Qlx) dx = f ;XX dx = | ee™ dx

¥, (x) :
_]- X _+2x .
= §e e (a general function of Q(x))/y1
—2x ]- X PR —2x ]- X dyp 1 X 1 X X
X)=ulx)e =—ee e "=—e + 2 ——e +2—e =¢
y,(x) = ulx) . 2240y, = 2o+ 22

a general function of e*
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Examine the role of u(x) — (3)

(cos(x) — 2sin(x))

_1
d ~ 5
d};p+2yp:cos(x) Q(x) = cos(x) + (2sin(x) + 4 cos(x))
yl — e—dex — e—2x
d
y,=ce d—):'+2yh:—2ce_2x+2ce_2x:0

—2x

u(x) = f Qlx) dx = f cos (x) dx = f cos(x)e** dx

+2 x

1, . _
= g(sm(x ) + 2cos(x))e (a general function of Q(x))/y1

(sin(x) + 2cos(x))e™*e " 4y,
d x

+2y, = cos(x)

yplx)=ulx)e™ | =

(sin(x) + 2cos(x))

ui|— Ul

a general function of cos(x)

First Order ODEs (1A) 17 Young Won Lim



Higher Order Homogeneous Equation

d" d! d
a, dx)': +a, dx”_)i + oo ald—i/ +a,y = g(x)
Associated
d"y d ! y dy Homogeneous Equation
a, Ty +a,_, PN +o-t “15 +a,y = 0 with constant coefficients
X X
am'+a,_,m" '+--+am+a, = 0 Auxiliary Equation
— n solutions of the
m = m;m, -, m - )
l b " Auxiliary Equation
y = ¢ 2 c, TR o o c, P General Solutions of fhe
Homogeneous Equation

See Variations of Parameter Techniques

First Order ODEs (1A) 18 Young Won Lim
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Total Solution

2L p(x)y =@l

‘ T
total solution

Y1 —¢€

—f P(x)dx

cy, +ulx)y, u(x)y,
homogeneous solution particular solution
[ P(x)dx _fex)dx | + [ P(x)dx
ced vl ! -f[Q(x)-ef dx
Integrating factor
CY
4
dy +P(x)y =0
dx

First Order ODEs (1A)
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The solution of an ODE (1)

if there is any solution, it is in the form of S

al 4Lapy=aly

7 1= e B ot T o |

B is the solution of A ODE only

EQ 1 i%+ﬂﬂy=Q&)

lﬂ|+ Yh

o

EQ2 4Y 4+ p(x)y=Rix)

EQ3 > +P(x)y=5(x)
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The solution of an ODE (2)

if there is any solution, it is in the form of S

Al GErply=Ql) | 7 | yi=ee s I ol [T ] |5

B is the solution of A ODE only

e+J'P(X)d X y(X)— (Ce—fP(x)dx + e—fP(x)dx. f [Q(X)‘€+J.P(X)dxl dx}) % e+fP(x)dx
e+fP( )d] y(X):C + [J‘ [Q(X) e+IP( )d]dx]
d [ +frxd _ +[ P(x)d
N - ylx)]=Qlx) |
[e+fP(x)dx . Z__ﬁ + [e+fP(x)dx P( ) y(X) _ Q(X) e+fP(x)dx
&L pix)y=Qly
d x
First Order ODEs (1A) 21 Young Won Lim



Method of Solving First Order ODEs

d
d_i""P(X)y:Q(X) y'+ P(x)y =Q(x) y = f(x)
[t Ps, % +P(x)y = [er2ta] o ) )= o] Plxlan ;1 _ ot Plas

dx |dx
[e+jp(x) }Zi+C;ixle+fp(x)dx}y:%[e+fP(x)dx.y}
i[ +fp(x)d] :[e+fp(x)dJQ(X)
dx f'(x)g(x) + f(x)g'(x)
J A eteonly] = (6975 gt
[ty = let™ oty aere | ylo=ee T I [ o) e ax

First Order ODEs (1A) 22
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Linear First Order ODEs — Summary
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Linear First-Order ODE

y'+Py =Q P(x), Q(x)

y'+Py =0 P(x), Q(x)=0

%:—P-y %:—P-dx Iny = -] Pdx+C y = el Pde
y=Ae! (I=e!?™, A=¢°) yel = A

y'+Py = Q P(x), Q(x)=#0

%(yel) = y'eI+yeIg—i = y'e'+ye'P = e'(y'+Py) = e'Q (%0)
%(yef) = e'0Q yel = [ e'Qdx+c y =e’ (f e'Q dX+C)

y:e‘I(feIde+c) (I:e‘fpd")

First Order ODEs (1A) 24 Young Won Lim
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Standard Form

d

52+ P(x)y = f(x) P(x), f(x)

Yo +Py. =0 P(x), f(x)=0

v, =y, +y general _  homogeneous 4 particular
J P solution solution solution

Gy 4y, + PO+, = F(X)

V' +P(X)y.| + [y, +P(x)y,] = f(x)

y.'+Py, =0 v, +Py, = f(x)

Young Won Lim
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The Homogeneous DE

9V 4 P(x)y = f(x) P(x), f(x)
Yo'+ Py, =0 P(x), f(x)=0

C;i’(c = —-P-y, d;:c = —P-dx Iny, = —f Pdx+C y, = o] Pdx+C
V.=¢y,  (y, = edP¥ ¢ = ) gglr:t(i)gﬁneous

C;i/(c + Py =c dd_x(e—fpdx + pelPa| _ C(_P_e_fpdx + Pol P =0

Young Won Lim
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The Non-homogeneous DE

d
Y+ Py = f(x) P(x), f(x)
.ypl+Pyp:f(X) P(X>’ f(X)#O
Py . homogeneous
Ve=cy:  (y,=el’", c=e°) solution
 pdy particular
Vo =uyr  (y, = el T, u(x) = const)  solution

d dy,
H()hu) + P-y,u = f(x) J/Mu + yl% f(x)
du _ f(x) _ 1 f(X)
gy f(x) du = yl(x)dx u=|[ v (x) d x
yp — uyl yp — ylf 3];‘1(;;)) dX — e—dexJ" f(x)e+dex dX
icul
Vo =uy (yy = el u= [ f(x)ett P dx) Solution

Young Won Lim
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The Non-homogeneous DE

% + P(x)y = f(x) P(x), f(x)
v,'+Py, = f(x) P(x), f(x)=0

Vp = Uy, (y, = e /Py = ff(x)e+fpdxdx)

yg =

+[ Pdx _ +[ Pdx i(
yqe =c+ | f(x)e d x ax V€
dyg e+dex + (Py e+dex _ f<x)e+dex
d x g

dy
o t PV, = fX)

particular
solution

general
solution

— f(x>e+f P dx

First Order ODEs (1A) 28
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The Non-homogeneous DE

d

2+ P(X)y = f(x) P(x), f(x)

dy,| +f pax o Pdx o Pax integration o[ Pdx
dxg * (Pyg € fix)e factor €

d +| Pdx +| Pdx

E(ygef f(x)e"

First Order ODEs (1A) 29 Young Won Lim
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