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Complex Numbers
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Coordinate Systems
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Coordinate Systems and Complex Numbers
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Complex Numbers
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Euler's Formula (1)
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Euler's Formula (2)
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Absolute Values and Arguments

z = re® = r(cosO +isin0)

A ~ rsinf

sin® r \
0
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N .
absolute value |Z| = r =) |reie| — |r| eie| = r\/C0826 + sin°0
argument, phase qrg(z) = 6 arg(r eie)
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Computing Complex Number Argument
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sin and cos
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I
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Complex Exponential

( e’ = coswt + jsinwt
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Conjugate Complex Exponential

FI = cos (wyt)+ jsin (w,t) e " = cos (wyt) — jsin (w,t)
e’ = cos (t)+ jsin (t) (0, = 1) e’ = cos (t)— jsin (t) (w, = 1)
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e’ = cos (t)+ jsin (t)

(e"'+ e’") = 2cos (t)

e’' = cos (t)— jsin (t)

x(t) = Acos(mot)
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Complex Variables (4A)

+jt

e’ = cos (t)+ jsin (t)

22 (e"" —e ") = 2jsin (t)
3 —e’' = —cos (t)+ jsin (t)
t
x(t) = Asin (w,t)
— A.e"'jwot_ A —jwot
2] 2]
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Complex Power Series

X x X x> x' X
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Taylor Series
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Maclaurin Series

2! n!
rr (n)
f(x):f(0)+f(0)X+f2(vO)X2+- +fn<v0)><"+--
A
1, f(x) g
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Power Series Expansion

f(x) = F(0)+f (0)x+ == x |
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Complex Arithmetic

Z = a+ib = a+ib
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=(a—c)+i(b—d)
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Complex Conjugate

Z—wW = Z—W
_ 1 Iw = ZWw
Rz} = E(z+z)
1 (2] - Z
3z} = E(z—?) w W
zZ = (x+iy)(x—iy) = x2+y2
1 _1z _z _ _z _ Z
z 7 Z zZZ x2+y2 |Z|2
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Complex Power (1)

log,a Ina

a — e — e

(lb — (elogea)b — (elna)b — eblna

aib — (elogea)ib — (elna)ib _ eiblna

= cos(blna) + isin(blna)

ac+ib — ac(elogea)ib — ac(elna)ib — aceiblna
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Complex Power (2)

Ina
a =
b blna
a — e
a’ = " = [cos(blna) + isin(blna)]
“P = g% """ = g[cos(blna) + isin(blna)]
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Matrices
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Determinant (1)

Determinant of order 2

a a, a; da,
= a,b, — a,b
b, b, b, b, 172 271
Determinant of order 3
a a, da + - o+
c, C, C, + - o+
a, a, a,
b, b, b, b, b, b,
C, €5 C C3. 1 G
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Determinant (2)

Determinant of order 3

+ — +
a, a, a,
b, b, b, . b, by b,
¢, €, ¢y Cs ¢, G
a da, da,
b1 b2 b3 — + a, b2 b3 bl b3 b1 b2
C C C (& C C
c, ¢, C, 2 3 1 3 1 2
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Determinant (3)

Determinant of order 3

_GZ al aS al a3
b, b, +b, b, b,
a a, a
1 2 3
_ b, b a, a a, a
b, b, b = _ g P O3 b,|T Bl — ¢ bl bs
c, C c, C
1 3 1 3 1 3
¢, ¢, (4
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Determinant — Rule of Sarrus

Determinant of order 3

Recursive Method

a, a,, a, ay dyy dyg 0 a 0 a
6121 6122 023 a21 a22 a23 :@W_ 21\\\ 23 + 24 22
\ a a a a
a,, a,, a,, a,, a,, d,, agy 31 a3 31 U3
= 011(022033_023032)
- a12(az1a33_az3031>
+ 6113(6121(132—61226131)
Determinant of order 3 only Rule of Sarrus
. + L _ - + -
ay; A Oy a, @ a,;;| (41 dip O a, da, ‘ d,, ‘ a,
a1 Ay Uy Ay, dy, @ys| 921 Aoy O Ay, Ay, dyy| Gyy dyy
s, A3, Oy ay, A3, dy3| 931 d3n U3 a,, d;, Q3| 45 A3, O,
+d,,0,,d33 — Ay;d,303, +d,,0,303; — 4,0, 033 +d30,,d3, — Ay30,,03,
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Solving Linear Equations

A set of linear equations If the inverse matrix exists
ax+by = e a bl|x _|e x| _la b - e
cx+dy = f c djy f y| e d| |f
ab‘:ad_bcio x| _ 1 [d -b]e
c d y ad —bc|—c a ||f
|
e bl _ de — bf X| _ 1 de — bf
fd y ad — bc |—ce+af
@8 = af — ce
c f 1 | 1 |
1 e b a e
d
Cramer's Rule X = [ y = c I
a b a b
c d c d
DE Background : i
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Cramer's Rule

Determinant of order 3

a,x+a,y+a,z = d a, a, a,|x d
byx+b,y+byz = e b, b, bs|ly| = |e
c,x+c,y+cyz = f €1 G Gl7 f
] 1 ]
d a, a, a, d a, a, a, d
e b, b, b, e b, b, b, e
[ ¢, ¢, c, [ ¢y c, ¢ f
X = y = 7 =
a, a, da, a a, da, a a, da,
b, b, b, b, b, b, b, b, b,
c, C, G4 C, C, Gy C, C, C4
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Linear Independence
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Wronskian

fr h f,
fvfh f',
W(fl:fz"",fn) —

e

fix)  falx) o fulx)
d, df, o df,

W(f.(x), flx), =, f.(x)) = dx dx dx
d(n—l)fl d(n—l)f2 d(n_l)f
dx(n—l) dx(n—l) dx(n_l)
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Linear Independent Functions and Wronskian

0

Cl"' Cz ‘

always zero means all coefficients must be zero

y, and y_.are linearly independent functions

C,=C,=0

C,y,+C =0
T e Yio Y2 |G| 2 [0] If the inverse matrix
Cy,'+Cy," =0 yi' ¥ Gs 0 exists
-1 .
i Ya | 4o ” Cif _ [ Y1 )2 [0] _ [0] th_e_olnly solution:
vy, C, v." v,'| [0 0| trivia
W(Yv)’z) # 0
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Linear Dependent (1)

(u,v,w] linearly dependent
W = u+y u = w —V VvV = W —U
winterms ofu & v uintermsofw é&v vinterms of w & u
A A A
A% \% \%
w w w
— = | —P | = >
u u u
u+v—-—-w =120 u+v—-—-w =20 u+v—-—-w =120
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Linear Dependent (2)

u, v, w linearly dependent

wlintermsofué&v w2 interms of u & v

w3intermsofu &v

A A A
\% w \ 4 \%
w w
o > e > > >

u u u
ku+k,v+k,w =0 mu+m,v+mw = 0 nu+n,v+nw =0
(k, = 0)A(k, = 0)A(k, = 0) (m, =0)A(m, = 0)A(m, = 0) (n, = 0)A(n, =0)A(n, = 0)
(k, # 0)V(k, # 0)Vv(k, # 0) (m, #0)V(m, # 0)V(m, # 0) (n, # 0)Vv(n, #0)v(ny;# 0)
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Linear Dependent (3)

Vi, vy, Vs, vy linearly dependent / D

k.v,+k,v,+ kyva+k,v, = 0

(k, #0)Vv(k, #0)Vv(k, #0)V(k, #0)

/\

A A A

Ov,+m,v,+ myvy+myv, = 0 mvy+ mv, + myvy+myv, = 0
(m, = 0)v(m, # 0)Vv(m, # 0)Vv(m, #0) (m, # 0)Vv(m, # 0)v(m, # 0)Vv(m, #0)
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Linear Dependent (4)

Vis Vas Ve, vy linearly dependent /\ /
. 4 V / /

SIS

[\ A
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Linear Independent (1)

§ = Vi, Ve, vy non-empty set of vectors in V
kivi+k,vy+ - +k v, =0
the solution of the above equation v2
trivial solution:  ky=k,= - =k, = 0
~ if other solution exists S linearly dependent - >
" if no other solution exists S linearly independent vy
A v, A A V2
. k,v, k,v, . Vi v, v,
—v,
> > > > > >
vV, klvl vV,
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Linear Independent (2)

every point in R* can be represented by

. .. .‘}2 [} : k1V1+k2V2
/ . linear combination of v1 and v2
L . " which are one set of linear independent
Vi o o two vectors
A only points on a line in R?
. kivy+k,v,
Vs
/Vl linear combination of v1 and v2
which are one set of linear dependent
two vectors
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Basis

Basis : a set of linear independent spanning vectors

every complex number can be represented by

¢ ° [ ] . .
o o o ¢ kl e+19 + k2 e+16

e . . . +i +i
O o, linear combination of e”’* and e"*
S which are one set of linear independent
® o ° two vectors
e ’* ‘
every complex number can also be represented by
. [, |lcosO HI,j|sin®
L] [
i [ ] [ ]
[ ] [ ] [ ]
Jsin® O :
L=
D
cosO “ o
o e—_]e
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Basis (2)

Basis : a set of linear independent spanning vectors

° o . ' '
o | o o ° . kl e+19 + k2 e+16

[, lcosO HI, j[sin®

[, jsin®

>
Cc0SsH
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Leibniz Formula
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Anti-derivative Examples

differentiation derivative of F(x)
F (X) - = f(x)
Anti-derivative of f(x) Anti-differentiation
Priec-|be] = Lo (0=
ifu) dx = %x =l L
_If(t)dt = [%PL = %x3—%a3
RESHiE  Jroe = deec RS0 = 1 = 2
memararsy [ X¥de = 1lesc
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Fundamental Theorem of Calculus

Derivative of an Antiderivative

F(x) = [ fle)dt F'(x) = f(x)
a g(x)

Flg(x)) = [ f(t)de F'(g(x)) = flg(x))g'(x)

F(x) = _[tzdt = =x’-=a f(x)=x"

F(2x+1) = 2]1t2dt = l(2x+1)3——a3 F'(2x+1) = d% %(2 +1)3—%a3 = %(2x+1)2-2

an Antiderivative and an Definite Integral
b
F'(x) = f(x) J f(t)dt = Fla)-F(b)
ODE Background : 45 Young Won Lim
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Differentiation under the Integral Sign

(
dix !)f(t)dt = f(b(x))b'(x) — f(a(x))a'(x)
9 'F fx)de] = Fob)b(x) = Floatxa’) + J L= Flx0)de
dx|,iy (x) O X
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