ODE Background: Integral (2A)

Young Won Lim
12/23/15



Copyright (c) 2011 - 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
12/23/15


mailto:youngwlim@hotmail.com

Derivative and Integral of Trigonometric Functions
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Differentiation & Integration of sinusoidal functions

f(x) = cos(x) leads f(x) = sin(x)

g(x) = —sin(x) leads g(x) = cos(x)

d
d x
d
d x

f f(x)dx = —cos(x)+C lags f(x) = sin(x)

fg(x)dx = sin(x)+ C lags g(x) = cos(x)
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Plotting Lineal Elements

a single variable function

X

a two variable function

F(x,y)

tangent
slope

f'(x)
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Derivative of sin(x)

Al
f(x) = sin(x)

+1 0 -1 0 +1 0 -1 0 +1 0 -1 0 slope
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Plot of F(x,y) = f'(x) (= cos(x))

(x,y) = (x, f(x)) = (x,sin(x)) x =y A2
o. .o o. .o o. .o f(x)zsin(x)
+1 0 -1 0 +1 0 -1 0 +1 0 -1 0 slope

77N TN 77N v _
/ \ 7 \ 7 \ o y) = 1)
. N N\ 7 N 7
+1 0 -1 0 +#1 0 -1 0 +1 0 -1 0 slope m
(x, y) = m=slope of atangent f'(x) F(x, sin(x)) = cos(x)
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Plot of f'(x)=cos(x) from a lineal element plot

A3
PARN PR PARN _ .
pl \ bl \ s \ F(x, y) = f'(x)
N\~ N N 7
+1 0 -1 0 +1 0 -1 0 +1 0 -1 0 slope
f(x) = sin(x)
f'(x) = cos(x)
+1 +1 +1
N VRN 77\ e f(x) = cos(x)

0 0 0 0 0 0
-1 -1 -1
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Derivative of cos(x)

Bl
f(x) = cos(x)

AVAVAVE

0o -1 0 +1 0 -1 0 +1 0 -1 0 +1 slope
e N e Y I N
leads =

—— f(x) = —sin(x)

2 U2 2N
N NS
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Plot of F(x,y) = f'(x) (= -sin(x))

(x.y) = (x. f(x) = (x.cos(x)) x =y B2

" I IR ‘ f(x) = cos(x)
+1 0 -1 0 +1 0 -1 0 +1 0 -1 0 slope

(x, y) = y'  x
\ /N 7 \ P Flx y) = 10
N 7 N\ 7 N_ 7

+1 0 1 0 +1 0 1 0 +1 0 -1 0 slope m

(x, y) = m=slope of atangent f'(x) F(x, cos(x)) = —sin(x)
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Plot of f'(x)=-sin(x) from a lineal element plot

B3
—>\ P —>\ /*\
\ p N p \ P cos(x)
N\ ” N 7 N_ 7
0o -1 0 +1 o0 -1 0 +1 0 -1 0 +1 slope
f(x) = cos(x)
f1(x) = —sin(x)
+1 +1 *+1
/N /N = s
0 0 0 0 0 0/\ Flx) sin{x)
N4 N4 N
1 -1 1
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Definite Integrals of sin(x)

wi2 Cl
f(x) = sin(x) ‘ J, sin(e)de =1
4\/\//\
/
f;sin(t)dt 0o 1 2 1 o0 1 2 1 0 1 2 1 area + 0
= [—cos(t)]; = —cos(x)+1
_fimsin(t)dt 2 0 +1 0 -1 0 +#1 0 -1 0 +1 0 area-1
= [—cos(t)] /2 = —cos(x)+0

/NN N\
SN N\

4
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Indefinite Integrals of sin(x)

wi2 C2
f(x) = sin(x) ‘ J, sin(e)de =1
4\/\//\
4
=) lags

ff(x) dx = —cos(x)+C

VEAVAANNVAN
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Definite Integrals of cos(x)

D1
— /2
f(X) — COS(X> ‘ J‘O cos(x)dx = 1
f; cos(t) dt 0o 1 o0 -1 o0 1 0 -1 0 1 0 -1 area-0
= [sin(t)]y =sin(x)—0
fim cos(t) dt i 2 1 o0 1 2 1 0 1 2 1 0 area + 1
= [sin(t)]"_,, = sin(x)+1

C
<
<
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Indefinite Integrals of cos(x)

D2
f(x) = cos(x) k f:lz cos(x)dx =1
~ lags

ff dx = sin(x)+C

/N0 N0 N
N N\
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Direction Field (1)

=

= X

Ii (%11) plotdf(sin(x));

NN a o ~ - 7 e A
N Y ™ A - A _
“ yaw “ A N A
. - - o “ ~ -7 N A |
dy . o o - . |
—~ = SIn X > - |
d AN AWAY 2
X Q:x ‘/A //’;\“;
w2 \\;// 2 \\\:// e
- - \N\-
" "N
I — o - / s “N- —
y'=sinx NSNS |y = —cosx

-5 " = TN, =+ \ = 1

-7 -~ e - V.

ﬂ - \ = / - \\ - - / - \ - / -

N o "~ o U A
F X ) -10 5 0 3 10

( ) y (-4.45524,-3.13015)
|IWElc‘ometowxMaxima o ‘Reading Maxima output
. Y Won Li
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Direction Field (2)

“

--= plotdf(cos(x));
E (%01) © ym — . . R
" -~ j_, \ - ST — \ . iﬁ \a:
N - \ - I N - i |
N A N A N . S |
5 - - / - - A — \ - / - \1:
—— = COS X SN BN
dx N e
N - W - H\\\*/ -
- Al - A . S .
. ™~ "
r o - - / X \ - - . \ - / - ~ | _ o
y' =cosx N R B 1| B¢
\”//,*\“ ”F“\“’;"x'
- - - A - - |
a AR PN
<_ ey - - \ - . \ - - R
F(x, y) :
) (-6.61955,-10.2856)
|WelmmetomMaxima ‘Readyforuserinput
. Y Won Li
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Derivative and Integral of Exponential Functions
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The Euler constant e

such a,
we call e

f'(0)

d g g a"—1
d g —
dx © ~ w h tse  h
h R0
a — 1 . a —a| _
| — lim =
}fg h 1 ” hso h—20
d X X
—e = e e = 2.71828---
d x
f(x) = e = f'(x) = ¢
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The Euler constant e

ie" — ¢ e = 271828 3|/ /
dx S I '
2|
f(x) = ¢ 1 /
f'(X) = e LT
-2 -1 |o 1
frix) = ¢

Functions f(x) = a* are shown for
several values of a. e is the unique
value of a, such that the derivative of
f(x) = a* at the point x = 0 is equal to
1. The blue curve illustrates this case,
ex. For comparison, functions 2*
(dotted curve) and 4* (dashed curve)

lim —— =1 iif a =ce

h

a

0
—d

lim
h=0

h—0

are shown; they are not tangent to the
line of slope 1 and y-intercept 1 (red).

http://en.wikipedia.org/wiki/Derivative
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The Derivative of a*

ax — Ina” — xIna
d X _ i xIna
d x a7 = d x L

d x) X

d—x{a} —{a}lna

d X _ X _ X
() = (¢ ne = (¢
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Differentiation and Integration (1)

a
d x
f(x) f'(x)
f-dx
J£(x)dx f'(x)
= f'(X) +C
a
d x
e’ e’
f-dx
e* + ¢ e’
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Differentiation and Integration (2)

X
e +c x+c,

ODE Background: Integral (2A)

X
e +c
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Differentiation and Integration (3)

d
Ix f -d x
f(x) f'(x) flx)+c
d
J-dx dx
f(x) F(x)+c f(x)
d
dx f-dx
e e’ e’ +c
d
J-dx x
o e* + ¢ e
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Chain Rule
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Chain Rule

d . ;
f(g(x)) - f'(g(x))-g'(x)
d—f — ﬁd_g da _ ., dg _
dx - dg dx E—f (g(x)) 9 (x)
— < r
with respect
Cc o x
fP(X)dx d fP(x)dx d . fP(x)dx
e o e a(fp(x)ayx) = o P p ()
d
d 9.99 4 d
e’ dx € dx dg d}(i
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Substitution Rule
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Substitution Rule

flgx))+C  [-ax  f'(g(x))- g'(x)

fla)+c = [f(g(x)-g'(x)dx

flu)+C = ff'(u) du

[rglx)-glax = [rglx)-Lax u=g(x)
= [ f'(u)du du:%dx
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Substitution Rule - the traditional form

flgx))+C  [-ax  f'(g(x))- g'(x)

—h
e
<
+
@
|

J f1(g(x)) - g'(x)dx f e ' view()

ff(u)du

[ f(g(x))g'(x) dx [f = viewa

The Traditional Substitution Rule Formula

u = g(x)
[flax))1 g de = [f(u)du ’

du

|
«Q
<
=3
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Chain Rule and Substitution Rule Examples
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Chain Rule and Substitution Rule

f(g(x)) o f'lg(x))-g'(x)
af _ df . dg
dx - dg dx
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Chain Rule and Substitution Rule Examples

e X2 T df _ df dg _ e(2x) = e (2x)

dx dg dx
df _ o
f(x)=e* = f(g)=e’ d_gze
{Q(X>=X2+2 { %:n
fex2+2(2 )dX q fg_gdg:eg: e 2+C or fg—gdg:eg: e +2+C
X g df r g
_ f'(x)ze - f'(g):e fd—dg - f(g):e +C
view (1) 9
{g(X)=x2+2 { %dx=2xdx

@dXZZX dx

{f(X):eX = f(g)=e’ {ff(g)dg = F(g)=e’+c
view (1)
dx

g(x)=x2+2
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Substitution Rule Examples (1)

flg)+c = [f(g(x)-g'(x)dx
Ex1 Ex 2
[ e* dx [ e dy
J e¥g'(x) dx = e [ e'n(y)dy=e"
glx)=3x © g'(x)=3 h(y)=2y = h'(y)=2
Jorde=2[ 3 dr Jordy=2 [ e dy
o e dx:%e“ o fe” dy:%e”
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Substitution Rule Examples (2)

flglx))+C  [-ax  f'(g(x))-g'(x)
flgx))+c = [f(g(x)-g'(x)dx
Ex3: [ = [aléoo)tac | Exa plyigh =gl y=oly
= %f(x2—9)‘1-2x dx p(@(x))®'(x) = g(x)
— %f(xz_g)—l. %(XZ_g) dx fp((l)(x))(l)’(x)dx = fg(x)dx
= %fu_l du = %ln|u| = InJu|"” dy = ' (x)dx
= In(x*-9)"* = InVx*-9 [ p(y)dy = [ glx)dx
for (x*>9)
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Substitution Rule Examples (3)

flglx)+C  [-dax  f'(g(x))-g'(x)

flgx)+c = [fi(glx)-g'(x)dx
Ex 5: J"X 7 dx
~ XX 11;1 9 (x-1)/ a
u+1
= fu+u—du
= ln|u|—E+C
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Derivative Product and Quotient Rule
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Derivative Product and Quotient Rule

fg dix f'g +fg’' f(x), g(x)
d _ df dg
dx(fg) = 9+ [
I d f'g — fg’ f(x), g(x)
g dx gz
da(f _ af . .dg|, =2
dx\g dx fdx g
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Integration By Parts
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Integration by parts (1)

dix differentiation
f(x)g(x) f'(x)g(x) + f(x)g'(x) —
a4 . df ag
(fg) = ogE [

f -d x integration
f(x)g(x) f'(x)g(x) + f(x)g'(x) ——

fg = ff'gdx+ffg dx
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Integration by parts (2)

I \/ \
ffI(X)g’(X) dx = f(x)g(x) = [ f'(x)g(x) dx
A
|

fxex dx = xex—fexdx = xe"—e' +c, = (x—1)e* +c,
fxzex dx = xzex—2fxe"dx = x’e"—2xe"+2e" +c, = (xX*—=2x+2)e"+c,
[¥erdx = xPe* =3[ xPe’dx = x’e"—3x’e +6xe" —6e+c; = (X -3xX+6x—6)e +c,

xetdx = (x—1)e" +c, efdx = {ie"}dx = e'+c

dx

fxzex dx = (xX*=2x+2)e"+c, IXGXZ/ZdX = f{%e*2/2}dx = e+
fx?’ex T — (X3_3X2+ 6.x _6)8X+C3 fX2€X3/3dX: f{dixefm}dx — eX3/3+C
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Derivative of Inverse Functions

ODE Background: Integral (2A) 41 Young Won Lim

12/23/15



Derivatives of Inverse Functions

b
bZ a
a =g(x)
y=f(x)
(b,a)=(b,f"(b))=(b,g(b))
5 ()= (afl)
m, = f'<a)
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Derivatives of Inverse Functions

1 1
=f' ' = "b) = '"b) =
mm=flag(b)=1  ©  gb)=r 9'b)= =)
glb)=a o
To find g'(x) () = 1
(1) find F(x) T )
(2) find 1/ f(x)
(3) substitute x with g(x)
—Inx = — ie > e
X X dx
f£r(x) (e¥) = € (Inx)' = %
1 - L - 1 _
f'(x) e’ 1/x B
glx) = = -
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Derivative of In x

f(x):ex y:th
g(x) =Inx
1
x) = —
9= e ¢’ =X
d y_d
—Xlnx=>; T
f’(x) (ex)' = o chain rule - eY%ZI
1 1 dy _ 1
; - - ) =
f(x) e’ X e’
g'x) = === =L e = x
X X
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Derivative of In |X|

—Inx == x>0
X X
d 1 1
_1 — — (A=1) = = x<0
- In(=x) ) (=1) = ~
d
Ay 1
In x x>0 ax -
X
dx 1
In(—x) x<0 X
—In|x|== x#0
ODE Background: Integral (2A) 45 Young e



Derivative of In |X|

d
. — = x>0
dxlnx "
d 1 1
— —X) = | — = = x<0
Sinfx) = o) = 4
d
dx 1
In x x>0 dx —
X
dx 1
In(—x) x<0 N
G o] = 2 x£0
dx X
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Indefinite Integral of In |X]

iln|x|:l x#0
dx X

[—
=
=

|
—
< | =
S
~
H
(@)
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