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Complex Exponentials

c,e e + c,e e —e “(c, e + c,e”’")
= e “[c,(cos(wt) +isin(wt)) + c,(cos(wt) —isin(wt))]
=e "[(c, + c,)cos(wt) + i(c, — c,)sin(wt)]

= c,e “'cos(wt) + c,e “'sin(wt)

C3e—0t(e+iwt+e—imt)/2 + C4e—0t(e+imt_e—imt)/2i

c,e “'cos(wt) + c,e “'sin(wt)

. — CBe—ot(e+imt+e—imt)/2 + C4e—0t(_ie+imt+ie—iu)t)/2
(C3_C41) — ¢ . .
2 R _ (CS_C41)e—0t ot (C3+C41) —ot _—iwt
(cs+eyi) . 2 2
2 2 — Cle—ate+iwt + Cze—ot —imt
i Young Won Lim
Higher Order ODEs (3B) 3 nom



Complex Exponentials

c,e e + ce e c,e “cos(wt) + c,e " sin(wt)
(Cl + Cz) = C3
i(c,—c,)=c,
Cle—ote+imt + Cze—ote—ioot C3e_0tCOS((Dt) + c4e_0tSil‘1((Dt)
(c3—cq4i)
c, = 3 . 4
(cy+c,i)
¢, = %
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Basis of the Complex Plane

Basis : a set of linear independent spanning vectors

every complex number can be represented by

(] [ ]
® o ° . .
N . k,le? + k,le™’

( o linear combination ofe””” and e’
I which are one set of linear independent
® o ° two vectors
e ’’? ¢

every complex number can also be represented by
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Real Coefficients C1 & C2

c,e’ 4+ ¢ c,cos(wt) + ¢,sin(wt)
real number C1 — (CS_C4i)/2 C3:(C1+C2) real number
real number c, — (C3+C4i)/2 C4:i(C1—C2) imaginary number
(c,e™™, c,e”)
e—iwt
1-e"" + 0-e7' 1-cos(wt) + 1li-sin(wt)
+imt -
e+ e | V2-cos(wt) + Oi-sin(wt)
0-e*'t + 1.e7't 1-cos(wt) — 1i-e “'sin(wt)
—e" e 0-cos(wt) — v2i-sin(wt)
—1-e"t 4 Q-7 isin(wt) —1-cos(mwt) — 1i-sin(wt)
—-ett e —+v2-cos(wt) — Oi-sin(wt)
0-e*'t — 1.e7't - > —1-cos(wt) + 1li-sin(wt)
cos(wt) B
€™+ T 0-cos(wt) + V2i-sin(wt)
\
(c,e™, c,e™)
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Complex Plane Basis

c, = (c3'=c,')/2
1.e+imt O.e—imt
1 +iwt 1 —iwt
€ '€
O.e+i(1)t 1.e_l(l)t
—1 +imwt 1 —iwt
€ €

_1 +imt O-e_iwt
—1 +iwt -1 —iwt
€ '€
0.e+imt 1.e—imt
1 +iwt -1 —iwt
€ =€

real number

real number

(Cl’ Cz)

(c5, c4)

isin (wt)

complex plane

c,'cos(wt) + ¢,'isin(wt)

real number

real number

— V2i-sin(wt)

t)

C4'=(c —C2>
1-cos(wt) + 1li-sin(wt)
V2-cos(wt) + Oi-sin(wt)
1-cos(wt) — 1i-sin(wt)
0-cos(wt)
—1-cos(wt) — 1i-sin(wt)
—2-cos(wt) — 0i-sin(w
—1-cos(wt) + 1i-sin(wt)
0-cos(wt)

+ \/Ei-sin(wt)
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Real Coefficients C3 & C4

+iot —iwt
c,e'” + c,e’”
¢, = (CS_C41)/2 conjugate
c, = (C3+ C4l)/2 complex number
(+1—-0i) +imt (+1+0i) —iwt
2 + 2
(+1—j) +imt + (+1+i). —imt
242 242
(0—i) +iomt (0+i) —imt
2 e + 2
(=1—i) _+iot (—1+i) —iwt
22 € t o0
(—1-0i) +iowt (—1+0i) —iwt
TR + —
(—1+i) +imt (-1—i) —iwt
2\/5 e + 2\/5 e (C3’ C4)
(0+i) +imt (0—i) —iwt
2 e + 2 e
(+1+i) +iwt (+1—i) —iwt
22 € 5
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2 +2 *real part
F —2*imag part

real plane
i )
sin(wt) i
- -
cos(mt)
Y

c,cos(wt) + ¢, sin(wt)

C3 = (Cl + Cz)
cy=i(c, —c)

)
)

)
wt) +
)

)

)

)

real number

real number

+ 0-sin(wt)
+ —-sin(wt)
+ 1-sin(wt)
—-sin (o)
+ 0-sin(wt)
+ —sin(wt)
— 1-sin(wt)

— sin(wt)
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Real Coefficients C3 & C4

c,e" + c,e c,cos(wt) + c¢,sin(wt)
c, (C3_C4i)/2 conjugate 2+2*real part €= = (Cl + CZ) real number
c, = (C3+ C41)/2 complex number R —2=ximag part Cy — i(Cl — CZ) real number
Acos(wt — @) c,cos(wt) + ¢,sin(wt)
\/c;+cf1 = A
_ % = cos(o)
\/c§+cf1
L = sin(q))
\/c§+cf1
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C! and R? Spaces

= (C3+C4)/2 real number

i
@ = (C3—C4)/2 real number

+imt

c,e + C,e

—iowt

¢, = (CB_C41)/2 conjugate

c, = (C3+C4i)/2 complex number
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+2*real part

—2*imag part

cycos(mt) + cyisin(mt)

C3 = (Cl + Cz)

Cy = (C1 - Cz)

real number

real number

Cl

isin(wt)
b,

cos(wt)

c,cos(wt) + ¢,sin(wt)

@: (c; +¢,)
: i(cl - Cz)

real number

real number

R2 sin(wt) %

cos(mt)
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Signhal Spaces and Phasors

c,e’" + e c,cos(wt) + c,sin(wt)
Cl = (CB—C4i)/2 conjugate +2*real part @: (Cl =+ CZ) real number
Cc, = (C3+ C4l)/2 complex number —2*imag part : i(Cl - Cz) real number
R 2 sin(wt) L
cos(wt)
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Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GJ’”"'b}""'CY@
X

auxiliary equation

tryasoluton y = e mm (am’+bm+c)=0

m, = (—b +b’—4ac)/2a
m, = (—b — Vb’—4ac)/2a

— M X — X _ 2 .
Vi ;Yo (A) b"—4ac >0 Real, distinctm_, m,
V= = V, = e _ (B) b°—4ac =0 Real, equalm, m,
m, x m, x _ ) )
Vi ;Yo (C) b —4ac <0 Conjugate complex m, m,
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Homogeneous Second Order DEs with Constant Coefficients

2
&y +Cy:®> ay"+by'+cy:@
dy bdy c dy dy . > _ b 2_ C
— —y = 2N = h=— n =—
dx2+GdX+ay 0 dx+ dx Y 0 2a a
_ b’ C 2 2
D=|=| —4|- D=2\ -4
a a
:(b2—4ac) D=L\-o
2
mlz—b+\/b —4ac m, = —. + /7\2—(1)2
2a
— b’ —4ac NPEIp
) 2 m,=—h—VA —
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Homogeneous Second Order DEs with Constant Coefficients

dy bdy c dy ., dy . b c
+ — +—y=0 —= + 22—+ =0 = — 2=
dx* adx Cly dx’ d x mJ . 2a v a
V=0 +V - (V—w)=0 X Wpyt
XX X |
i - ) g
X
overdamped y(t) critically damped  y(t) underdamped y(t)
e—kt(cle+ M—w’t + Cze—\/}\z_uﬂt) e—kt(cl + C2t> e—kt<C1COS /}\’2_(021_ + CZSiIl }\‘2_(021_)

Higher Order ODEs (3B) 15 Young Wen Lim

9/3/14



for a given A
Increasing

2 2
A<

A> ot X

underdamped y(t) <o

e‘”t(clcos\/xz—w2t+czsin kz—mzt)

overdamped y(t) A > o

—ht M=o -’
e (Cle+ 't +C26 u)t)

. }\’2 _ 2
critically damped  y(t) -

e_M(C1 + C2t>

complex m , m,

realm , m
1 2

real m =m
1 2
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critically damped  y(t)

e_M(C1 + Czt)

underdamped y(t)

2 _ 2 B .
M=o e "(c,cos VA —w’t + c,sinVA —’t)
<o V<o
realm , m, — complexm_ , m, +O realm , m, A
2 2 ml - m2 ml - m2 2 2
A>w AT>w

overdamped y(t)

e+rz_wzt _ kz_wzt) for a given w

— A\t
e c . .
(e increasing A

+C,e
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Homogeneous Second Order DEs with Constant Coefficients

dy bdy c d'y dy . > b c
+ — +—y=0 —= + 22—+ =0 = — 2=

dx* adx a”’ dx’ d x v . 2a v a
r=1 w=1/2 y'"+2y'+yld=0

y = Cle(—1+\/§/2)t+Cze(—l—\/§/2)t
A=1 w=1 y'+2y'+y=0

y = c,e +cyte’
rA=1 w=2 y'"+2y'+4y=0

y = Cle(—1+\/§i)t+ Cze(—l—\/§i)t

= e (cycos(v/3t) + c,sin(v/3t))
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100

— A=1 w=1/2
50 | y3 —— y (t) e(—1+\/§/2)t + e(—l—\@/z)t
(t) =
0 A=1 w=1
_ —t —t
0 | yo(t) = e +te
Ar=1 w=2
0 4 2 0 2 4 ys(t) = e '(cos(vV3t) +sin(v3t))
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Homogeneous Second Order DEs with Constant Coefficients

dy bdy c d’y dy ., o b c
+ — +—y=0 —= + 22—+ =0 = — 2=

dx* adx a”’ dx’ dx "7 . 2a v a
A =2 w=1 y'+4y'+y=0

y = Cle(—2+«/§)t+cze(—2—«/§)t
A=1 w=1 y'+2y'+y=0

y = c,e +cyte’
A=1/12 w=1 y'+y'+y=0

y = Cle(—1+\/§i)/2t+Cze(—l—\/§i)/2t

= e "*(c,cos(+/3/2 t) + c,sin(+/3/2 t))
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100

ylr —— A=2 o=1
5 y2 —— B
50 | y3 ——— | y,(t) = Cle(—2+¢3)t+cze(—2—@)t
0 A=1 w=1
yz(t> — Cle_t+C2t€_t
50 | g
A=1/2 w=1
100 et y3(t) = e "*(c,c0s(3/2 t) + c,sin(+/3/2 t))
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