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The Properties of a Line Equation (1)

fractions of a unit

f(2) = f(1+1)=f(1)+f(1) =2
f(3) = f(2+1)=f(2)+f(1)=3
f(4) = f(3+1)=f(3)+ f(1) =4

0.1
0.5
1.5

f(0.1) = f(0.1-1)=0.1-f(1)
f(0.5) = f(0.5-1)=0.5-f(1)
f(1.5) = f(1.5-1)=1.5f(1)
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The Properties of a Line Equation (2)

multiples of a unit

f(0.5)=05 f(1.0)=1.0 f(15)=15 f(2.0)=2.0

//// f(0.1)=01 f(0.2)=0.2 f(03)=03 f(0.4)=04

fractions of a unit

f(x1 + Xz) = f<x1) + f(xz)
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kf(x)

(kx)
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T
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Linearity Property

/ _ Additivity
a(x+x,) <+ y=ax
I f(xl + Xz) — f(x1) t f(xz)
‘ ax, = a-(x, +x,) = a(x)) +a(x,)

kax -
Homogeneity
A fkx) = Kf(x)
x kx a-(kx) = k(a-x)
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Linearity & Affinity

Linearity Affinity
y=ax y=ax+b
Translation ax,+b ax,+b
ax,+b akx, +b
a(x,+x,)+b k(ax+b)
from linear + -ity. from the Latin, affinis,

"connected with"

flx,+x,) = f(x)+f(x,)  Additivity

flkx) = kf(x) Homogeneity
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Linear Map

Additivity flx,+x,) = flx)+f(x,)
« mp f(x) P ) - b Flx) + )
o mmy f(x) P flx

Homogeneity flkx) = kf(x)

x wep f(x) P flx) ox mp f(x) P kfix)
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Linear Operators

Additivity di f+g] = gi + Z_)g(
() ey 4 P fix fx)+gly) mmp & P lx)+ g (x)
dx dx
g(x) mmm) 4 P g'(
dx
Homogeneity ddx[ kf] = k Zi

() ey L P () il L Pkf'(X)
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Linear Systems

Additivity S{g,(x) +g,(x)} = S{g,(x)} + S{g,(x)}
gl(x)- S P yi(x) g1(x) + g2(x) ‘ S b yi(x) + y2(x)
go(x) ) S P ya(x)
2 T 1
%"'al_i"'azy = g(x)
Homogeneity Skf(x)} = kS{f(x)}

g(x) mmd g P y(x) kg(x) mmmh g b ky(x)
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Differential Operator

Differential Operator

y(x) m— D ) y'(x) DZ% Dy:fl—i/

N-th Order Differential Operator

y(x)mmsh L m) Liy(x)) L = a,(x)D"+a, ,(x)D""++a,(x)D+a,(x)

A(X)D"+a, ;(x)D" "+ + ay(x )D+ao(><)( )

la
a,(x)D"(y) +a,_,(x)D" " (y) + -+ a,(x) D(y) + a,(x)(y)

d" d d
L) = a8+ a0 s (09 a0y
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Examples

) L P FO I gy binf) = (2L = i
i) D £ D= f1 D= TL = pri
Differential Operator : Linear
D(cf(x)) = ¢Df(x)
D(f(x)+g(x)) = Df(x)+Dg(x) D(af(x)+Bg(x)) = aDf(x)+pDg(x)
n-th order Differential Operator
L = a(x)D"+a, (x)D" " +---+a,(x)D +a,(x)
(D" +2D+1)f(x) = D'f(x) +2Df(x)+f(x) = f""(x)+2f"(x) + f(x)
n-th order Differential Equations using the Differential Operator
Yy 45y'42y = 3x Liy) =0 y"+5y'+2y =0
D’+5D+2 = L L(y) = g(x) y''+5y'+2y = 3x
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Linear System

Linear System
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Linear Differential Equations

n n—1
[ an(x)fl ); +an_1(x)d n_)i +---+a1(x)%+a0(x)y = g(x) Non-homogeneous Equation
X d x X
n n—1
\ an(x);l ); +an_1(x)3 n_)i +---+al(x)%+a0(x)y =0 Homogeneous Equation
X X
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Linear Differential Equations

Linear Equation - Additivity

00 w0 0 a0 )y = L) e L)
002 0 0L L va B vl = 1) e L)

d()’1+)’2)

d x +ao(x)(Y1+Y2) = L(Y1+Y2)

yit+y, w— HL(y1)+L(yz)

kyy(x) m— HkL(yl(X))
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Linear Differential Equation Solutions

Linear Differential Equation Solution — Additivity

d'y d 'y dy
a (x) dx"l +a, ,(x) dx"_ll T al(x)—dx1 +a,(x)y, = g,(x) gy (x) = Pyl(x)
0,02 w0 (022 a0 D2 4 gyl = gylx) Golx)m== =)
n an n—1 an—]_ 1 dX 0 2 2
d"(y,+y,) d" 'y, +y,) d(y,+y,)
an( ) 1n - +an—1(X) n1_1 - +"'+al<x) — +ao(x)(Y1+Y2) — gl(X)"'gz(X)
dx dx dx

Superposition gitg, =) P YitYy,

Linear Differential Equation Solution — Homogeneity

d'y d" 'y dy

a,(x) dxnl +a,_4(x) dxn_ll+"'+Cll(X)d—X1+CIO(X)y1 = g,(x) gl(X)-jyl(X)
d"ky d"'ky dky

a,(x) dx”l +a,_,(x) dx"_ll +-+a,(x) dxl +CIO(X)ky1 = kg,(x) kgi(x) -jkyz(x)
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Homogeneous Equation

n dn—l d
a,(x) 2+ a,(x) S a (05 +alx)y = gl
Associated
n d"! d Homogeneous Equation
a,(x) 2+ a, (xS a0 G s afx)y = 0
n dn—l d
and n an—ld n.)i+.”+ald_i/+00y:g(x)

Associated

"y % y y Homogeneous Equation
a,—,+a,, d oot Gy +a,y = 0 with constant coefficients
am’ + an_lm"_1 +--+am+a, =0 Auxiliary Equation
m=m m - m n solutions of the
L7 2 Auxiliary Equation
X m,x General Solutions of the

Homogeneous Equation
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Non-homogeneous Equation

n dn—l d
a,(x)5 2+ 0, (0 E a0 va(x)y = gl
Associated
"y d"! y dy B Homogeneous Equation
a,(x) 2+ 0, (x) S+ ra(x) G v alx)y = 0
dny dn—ly d_y 3
% dx" * o dx"* TR g(x) Associated
Homogeneous Equation
d" y e y dy with constant coefficients
a + a =0

"dx" n_ldx”_1+...+aldx+a°y N

Particular Solution

m, X

_ m; x m,x
y = ce " +c,e +---+Ce + yp(x)

General Solutions of the
Non-homogeneous Equation
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Particular Solutions : Variation of Parameters

d" a d
a"dx): +an—1dxn—)i +"'+ald_i/+aoy = g(x)

X m, x

yi(x) = c,e™ +c,e™ ++ e

k-th column
[ ]
Y1 Yo ot Vs Vi o -y
Wy Yo wWeooo Yo W
_ _ () = Yk
=W = W, u,'(x) W
AR ¢ U VO W oglx) ey
yo(x) = we™ +ue™ oy e™
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