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First Order ODE examples - solutions

d'y  ,dy d'y . dy d’y . dy
+3—=+2y =0 +2-=+1y =0 +2-=+2y =0
dx2 dx J dxz dx J dx2 dx J
m+3m+2 = 0 m+2m+1 =0 m+2m+2 = 0
(m+2)(m+1) = 0 (m+1)f = 0 (m+1—i)(m+1+i) = 0
m=—1, =2 m = —1 m = —1+i, —1—1i
e—1x e—2x e—lx, Xe—lx e(—1+i)x e(—l—l)x
y — Cle—lx + Cze—Zx y — Cle—lx + C2X€_1X y:Cle(_1+i)X+C23(_1 l)x
y — e—x<cle+ix + Cze—ix)
y=e “(cycosx + c,sinx)
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First Order ODE examples — verification (1)

2 2 5
dy+3ﬂ+2y:0 dy+2d—y+1y:() dy+2d_y+2y:0
dx’ dx dx’ dx dx’ dx
y = ce "+ e’ y =ce "+ cxe " y=ce el
2y = 2c,e X + 2c,e y = ce "+ c,xe 2y :2cle(_1+i)x+2c2e(‘1‘i)x
yy — _Cle—lx . 2C28_2X yr — _Cle—lx + Cze—lx yy:(_l_'_l-)cle(—lﬂ’)x
— —lx - —1-i)x
3y' = —3ce ' — 6ce C,X€ +(—1-i)c,e
ro— —1x —1x . . (—1+i)x
y'"' = +cie ' + dce ! 2y’ = —2ce T 2C2e_1x 2y =(=2+2i)ce |
— 2cyxe +(=2-2i)c,e "
y'"' = +ce " — c,e L N2 (—1ei)x
“1x “1x y''=(=1+i)ce
— C,e + C,xe ) i
+(=1-i)c,e
=—2ic,e "4 2ice
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First Order ODE examples — verification (2)

2
dy + 2d_y
dx’ dx

+2y:0

y=e “(c,cosx +c,sinx)

2y =2c,e" 420,

y' = (_1+l’)cle(—1+i)x + (_1_i>cze(—1—i)x

2y’ = <_2+2i)C1 oI 4 (_2_2i>c2e(—1—i)x

y' = (_1+l-)2cle(—1+i)x + (_1_i>2cze(—1—i)x

= —2ic,e "+ 2ic,el Y2y 42y = 0
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First Order ODE examples — verification (3)

2
dx’ dx

+2y =0

y =e “(c,cosx +c,sinx)

2y =e *(2c,cosx + 2¢,sinx)

y'=—e *(c,cosx + c,sinx) + e “(—c,sinx + c,cos x)
= e *((—cy+ c,)cosx — (¢, + ¢,)sin x)

2y'=¢e *(2(—c, +c,)cosx —2(c, + c,)sin x)

y''=—e *((—cy+c,)cosx — (c, + ¢,)sinx) + e *((c, — ¢,)sinx — (c, + c,)cos x)
=e *((c,—c,—cy,—c,)cosx +(c,+ ¢, + ¢, — ¢,)sin x)

rr

y''=e *(-2c,cosx + 2c,sinx) y'+2y'+2y =0
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Fundamental Set Examples

Second Order EQ

dy+bdy

dx’ d x tey=0 - ploiB)x

A T
Cl yl + C2 y2 Cle(a+i[§)x+ Cze(a—iﬁ)x

% + % {e(aﬂ‘ﬁ)x_l_ (a+iB)x }/2 :eaxCOS<[3X)
%— % (el X 4 jel P 2 = e“*sin (B x)

C, + C, . c,e’*cos(Bx) + c,e" sin(B x)

=e"*(cycos(Bx) + c,sin(Bx))

V&
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Complex Exponentials

e—iﬁt A
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First Order ODE examples (1)

Fy _dy dy . dy dy . ., dy
+3—=—+2y =0 +2—=+1y =0 +2—=+2y =0
dx’ e Y dx’ dx " Y dx’ ax 7
—1x —2x _ —1x —1x —X .
y =ce'" +ce y = ce * + c,xe y=e “(c,cosx + c,sinx)

7 (%145) wxplot2d ([2*(%e”(-x)+%e”(-2%x)), 3*(-%e”(-x)-2*%%e"(-2*x)), (%e”(-x)+4*%e™(-2*x))], [x,-2,2])%
300

2%(0pen-x+%en-(2%)) ——

| | | — ( —1x + —2x)
200 | (-GN x-24%eM (2#)) ——— - y = (€ e
& e ) 2y = 20 + &™)

0 3yr — 3(_e—1x . ze—2x>

(stas) | -100 | yro= e X 4 4o X
-200 ¢
-300 | .
-400 i
2 15 1 05 0 0.5 1 15 2
X
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First Order ODE examples (1)

Fy _dy dy . dy dy . ., dy
+3—=—+2y =0 +2—=+1y =0 +2—=+2y =0
dx’ e Y dx’ dx " Y dx’ ax 7
—1x —2x _ —1x —1x —X .
y =ce'" +ce y = ce * + c,xe y=e “(c,cosx + c,sinx)

_7 (%147) wxplot2d([%e™(-x)+x*%e”(-xX),-2*x*%e™(-x), -%e™(-x) +x*%e™(-x)], [x,-2,2]1)%
_ —X —X
30 L Y S — y = (e" + xe)
20 | S2E e, ——— |
- X*%et-X-%etK ———
10 | 2y' = 2(—xe ")
D re o— X X
(%t47) i y = oTe *oxe
10 } ;
-20
2 15 1 05 0 05 1 1.5 2
X
Young Won Lim
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First Order ODE examples (1)

d’ d d’ d d’ d
Y32y =0 Yi2Lv1y =0 22X ioy =0
dx dx dx dx dx dx
— — -1 — — .
y = ce *+ ce’” y = ce "+ c,xe y=e “(c,cosx + c,sinx)
_7 (%150) wxplot2d([%e”(-x)*(cos(x)+sin(x)), 4*%e™(-4*x)*cos(x), -2*%e™(-x)*(cos(x) + sin(x))], [x,-5, 5])%
ce+08 , , - - _
9%erx*(sin(x)+cos(x)) — — y = e X(COSX + SiIlX)
5e+08 | A%en-(4)*CoS(X) ——
Jer0s -2*%&“-?(*(5|n(x)+cms(x)) — | 2y = 2€_X<COSX + SiIlX)
36+08 2y' = 2e *(cosx + sinx)
(%t50) | 2€+08 7 +2e “(—sinx + cosx)
1e+08 | .
. = 2:-2e "Ccosx
]l\_,/f#— : e —X —X
1e+08 L— ' y'" = 2(—e “cosx —e “sinx)
-4 2 0 2 4
b
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Ccos(X) + sin(x)

_7{95152} wxplot2d([cos(x), sin(x), (cos(x)+sin(x))], [x,-10, 10])%

(%t52)
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e™ (cos(x) + sin(x))

?'[%155} wxplot2d([%e™(-x), (cos(x)+sin(x)), %e”™(-x)*(cos(x)+sin(x))], [x,-10, 10], [y, -10, +10])%
plot2d: some values were clipped.
plot2d: some values were clipped.

10 .
%pen-x
sin(x)+cos(x) ——
5 %eﬂi—x*{sin{x}ﬂns{x}} —
= 0
(%155)
5 |
10 - ' -
-10 -5 0 ) 10
X
Young Won Lim
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e™ (cos(x) + sin(x))

T (%157) wxplot2d([%e”(-x), (cos(x)+sin(x)), %e”(-x)*(cos(x)+sin(x))], [x,-10, 10], [y, -20, +20])%
plot2d: some values were clipped.
plot2d: some values were clipped.

20 :

%en-x
15 ¢ sin(x)+cos(x) —— 7
10

%ef‘;»x*(sin(x)ﬂms(x}) — ]

(%t57) 5 |

-10 -5 0 5 10
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e™ (cos(x) + sin(x))

*_7[95158} wxplot2d([%e™(-x), (cos(x)+sin(x)), %e”(-x)*(cos(x)+sin(x))], [x,-10, 10])%
25000 .
; Baef-K
20000 sin(®)+cos() ——
15000 | %etx*(sin()+cos(x)) —— |
10000 | :
5000
(%t58) 0
-5000
-10000
-15000 -
-10 5 0 5 10
X
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X e~

_7{95169} wxplot2d([%e™(-x), X, %e™(-x)*x], [x,-10, 10], [y, -10, 10])%
plot2d: some values were clipped.
plot2d: some values were clipped.
10 .
Qpe-X
5 X
5 | g X*% —
= O T
(%t60)
5 L
210 s i .
-10 -5 0 5 10
X
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X e~

_7[95161} wxplot2d([%e™(-x), x, %e™(-x)*x], [x,-10, 10], [y, -50, 50])%
plot2d: some values were clipped.
plot2d: some values were clipped.
%X
X
K*ae-x
=
(%t61)
) 10
X
Young Won Lim
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X e~

T (%162) wxplot2d([%e™(-x), x, %e~(-x)*x], [x,-10, 10]1)%

50000 , ,
: Soef-X
0 [ f %
KEGpah- K
50000 | |
-100000 | E
(%t62) :
-150000 | |
-200000 §
-250000 - i
10 5 0 5 10
X
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Diff & Integrate xe”

(%129) a: x“1*%e"x;
(%029) x %e*

- (%130) for i: 1 thru 10 do (a: diff(a, x), display(a) );

a=x %e’+%e”
a=x %e*+2 %

(%152) a: x"1*%e”x;
a=x %e*+3 %e”

« X (%052) x %eX
a=x%ex+4%ex (%i53) for i: 1 thru 10 do (a: ratsimp(integrate(a, x)), display(a) );
a=x %e*+5 %e a=(x- 1)%@"
— X x
a=x %ex+6 %ex a=(x— 2)%9"
a=x %ex+? %ex a=(x- 3)%@"‘
= +
a=x %e”+8 %e a=(x—4)%ex
a=x %e*+9 %e* i
a=(x—5)95e
a=x %e*+10 %e* B .
(%030) done a=(x-6)%e
a=(x—?)ﬂsex
a=(x—8)%ex
a=(x—9)ﬂsex
a=(x— 1@)%9"
(%c53) done
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Diff & Integrate x°e*

(%131) a: x"2*%e”X;
(%031) x?%e*
(%132) for i: 1 thru 10 do (a: diff(a, x), display(a) );
a=x2%eX+2 x %e¥
a=x2%eX+4 x %eX+2 %e¥
a=x2%eX+6 x %eX+6 %e¥ (%154) a: X 2*%ex;
a=x2%e*+8x %eX+12 %e* (%054) x2%eX
a=x2%e*+10 x %e*+20%e* ' (%i55) for i: 1 thru 10 do (a: ratsimp(integrate(a, x)), display(a) );
a=x?%e +12x %" +30 % a=(x2-2x+2) %e*
a=x2%eX+14 x %e¥+42 %eX a= 12_“+5)9§ex
a=x2%e*X+16 x %e*X+56 %e*
a=x2%e*+18 x %e*X+72 %e*
a=x2%eX+20 x $eX+90 %e*

a=(x2-6x+12) %e*
a=(x2-8x+20) %eX
a=(x%-10x+30) %e*

(%032) done
a=(x2-12x+42) %e*
a=(x2- 14 x+56 ) %e*
a=(x2-16 x+72) %e*
a=(x2-18 x+90) %e*
a=(x2-20x+110) %e*
(%055) done
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Diff & Integrate x’e*

(%133) a: x"3*%e”x;

(%033) x3%eX
(%134) for i: 1 thru 10 do (a: diff(a, =), display(a) J;
a=x3%e*+3 x2%eX

a=x>%e"+6 x2 %eX+6 x %e*

a=x3%eX+9 x?%e¥+18 x %X +6 %e¥

a=x>%eX+12 x?%eX+36 x %eX+24 %e* (%156) a: x"3*%e”X;

a=x3%eX+15x2%eX+60 x %eX+60 %eX (%056) x3%eX

a=x3%eX+18 x2%aX+090 x XX+ 120 LeX (%157) for 1: 1 thru 10 do (a: ratsimp(integrate(a, %)), d
a=x%e"+21 x?%e*+126 x %e*+210 %e* a=(x3- 3x%+6x- 6) e

a=x3%eX+24 x2 %X +168 x %eX+336 eX a=(x3-6x%+18 x - 24 ) %e*

a=x>%eX+27 x?%eX+216 x %X +504 %e* a=(x3-9x24+36 x-60) %e*

a=x2%e*+30 x2%eX+270 x %2X+720 %e* a=(x3-12x2+60 x- 120 ) %e*

(%034) done a= 3-15x2+93x-21@g%ex

3.21 x2+168 x - 504 ) eX
324 x24216 x - 720 ) X
a=(x3-27 x2+270 x- 990 ) %eX

a=(x3-30x2+330 x - 132@) 20X
(%057) done

a:

X
X
X
a=(x3-18x2+126 x - 336 ) %e*
X
a=\x

X
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D

ifferentiate x°e*

_7 (%135) a: x~10*%e”x;

(%035) x10%eX

a=x10%eX+10 x° %X

a=x1%%eX+20 x %ex+9@ex

azxm%eX+3@x%euz?@x%eu?z&@@ex

a=x19%eX+40 x° %eX+540 x® %eX+2880 x 7 %eX+5040 x°%eX
a=xm‘%ex+5@x9%ex—i-QEJEJxS‘%ex—i-?EElE)x?%ex+2528915%e"+3824@§ex
a=x19%eX+6rax9%eX+135rax8%eX+144@@x?%eX+?55@@xﬁ%eX+18144@x5%eX+1512@@§aex
a=xm‘-’fsex+?ﬁlxg%ex+189@xs‘%ex+252@@x?‘-"se"-l—l?ﬁil@@x‘a‘-’fsex+635@48XE"%ex+1@584G@x4‘-"sex+6@489@ex

" (%136) for @thru 10 do (a: diff(a, x), display(a) J;

| a=x 109aX 4180 x9%eX+2520 x8%eX+40320 x7 %eX+352800 x5 %eX+1693440 x> %e¥+4233600 x* %=X +4838400 x3%e*X+181

2}1’

X e
R

a=x19%eX+00 x¥%eX+3240 x° %X +60480 x’ %X +635040 x©%eX+3810240 x> %eX+12700800 x* %eX+21772800 x° %X+
16329600 x< %ex—i-BBEBBEJQf%X
a=x19%e¥+100 x°%e*+4050 x %X +86400 x’ %e*X+1058400 x° %e¥+7620480 x> %X +31752000 x? %X +72576000 x = %e*-

81648000 x< %eX+36288000 x %ex+3628893\95§
(%0368) done
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Integrate x'°e*

(%158) a: x"10*%e”™x;
(%058) x1@%eX

(%159) for i: 1 thru 1@ do (a: ratsimp(integrate(a, x)), display(a) );

=(x1°- 10 x°+90 x®- 720 x 7 +5040 x°- 30240 x°+151200 x*- 604800 x>+1814400 x2- 3628800 x+36288@@) %eX

10_ 20 x9+270 x 8- 2880 x7+25200 x - 181440 x°+1058400 x4 - 4838400 x>+ 16329600 x2- 36288000 x+3991680@) %eX

10,30 x¥+540 xB- 7200 x 7 +75600 x°- 635040 x°+4233600 x*- 21772800 x>+81648000 x?- 199584000 x +23950®80@) %eX

10. 40 x°+900 x 8- 14400 x7+176400 x°- 1693440 x°+12700800 x4- 72576000 x>+299376000 xZ- 798336000 x + 1@3?8368@@) %eX

10_ 50 x°+1350 x%- 25200 x 7+352800 x©- 3810240 x>+31752000 x*- 199584000 x *+898128000 x 2- 2594592000 x +36324288@@) %eX

19, 60 x°+1890 xB- 40320 x 7 +635040 x°- 7620480 x°+69854400 x4- 479001600 x 3+2335132800 x2- 7264857600 x + 1@89728640@) %eX

10. 70 x°+2520 x2- 60480 x 7+ 1058400 x°- 13970880 x°+139708800 x4- 1037836800 x3+5448643200 x2- 18162144000 x +29@594304ee) %eX
=(x19- 80 x9+3240 x%- 86400 x7+1663200 x5 - 23950080 x>+259459200 x*- 2075673600 x>+11675664000 x2- 41513472000 x +?@5?29@24@@) %eX
=(x1°- 90 x9+4050 x®- 118800 x7+2494800 x©- 38918880 x°+454053600 x*- 3891888000 x+23351328000 x2- 88216128000 x + 1587’8903@4@@) %eX

=(x1°- 100 x9+4950 x 8- 158400 x 7 +3603600 x °- 60540480 x>+756756000 x*- 6918912000 x >+44108064000 x2 - 176432256000 X +33522128640€|) %X
(%059) done

X
X
X
X
X
X
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ODEVY"-2y'+y =0

L (%11) y: x¥Betx;
(%1109) y: %e™x; (%01) x %e*
(%0109) %eX C(%12) diff(y, x, 2);
(s1110) diff(y, x, 2); (%02) x %e”+2 %e*
(%0110) %eX C(%13) diff(y, x, 1);
(si111) diff(y, x, 1); (%03) x %e”+%e”
(s0111) %e* L (%14) 'diff(y, x, 2) - 2¥'diff(y, x, 1) + y;
(si126) 'diff(y, x, 2) - 2*'diff(y, x, 1 : d? d
' Ty ) (y )y (%04) — (x %) -2 (== (x %eX) ) +x %e
d d dx2 d x
(%0126) —2959"- 2 | —%e* | +%e* .
| d x d x (%16) diff(y, x, 2) - 2¥diff(y, x, 1) + y;
(:1127) diff(y, x, 2) - 2¥diff(y, x, 1) + vy;; (%06) —2(x%ex+%ex)+zx%ex+2%ex
(%0127) O " (%1B) ratsimp(%);
(%08) 0
Young Won Lim
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ODE y" -2y' +y = &*

C(%19) y: x"2¥%e”x;

(%09) x2%eX
(%118) diff(y, x, 2);

(%010) x2%eX+4 x SeX+2 %eX
C(%il1) diff(y, x, 1);

(%011) x2%eX+2 x %e*

(%112) 'diff(y, x, 2) - 2¥'diff(y, x, 1) + vy;

2

(%012) ﬁ(xz%e")— 2 (% (xz%e"))+xz9ﬁex
(%i13) diff(y, x, 2) - 2*diff(y, %, 1) + y;
(%013) -2 (xz%ex+2x %ex)-l—z x2%eX+4 x $eX+2 %eX
(%114) ratsimp(%);

(%014) 2 %e*

Second Order ODEs (2B) 25 Young Won Lim
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Xe* =>y" -2y +y

(%i8) for i: 1 thru 10 do (
y: X"1*%ex,
a: diff(y, x, 2) - 2*%diff(y, x, 1l)+y,
a: ratsimp(a), print("y=", y, " y\"-2y'+y=", a) );

y=x%e*  y"-2y'+y=0
y=x2%eX  y"-2y'+y=2 %e¥
y=x>%eX  y"-2y'+y=6 x ¥
y=x*%eX  y"-2y'4y=12 x? %e*
y=x> %e* y" =2y +y=20 x> %eX
y=x%eX  y"-2y'+y=30 x? %eX
y=x"%eX  y"-2y'+y=42 x5 %e*
y=x8%eX  y"-2y'+y=756 x® %e¥
y=x%eX  y"-2y'+y=72 x7 %e*
y=x1? %e* y"=2y " +y=90 x® %eX

(%08) done
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ODE y" -2y' +y = x'e*

 (%i87) for i:0 thru 9 do (
a: 'diff(y,x, 2) -2¥'diff(y,x) + vy = x"1*¥%e"x,
b: ode2(a, y, x), display(b) );
x2%eX
Z
x3%eX
5]

4o X
X" %e
X

5 (k2 x +3%k1) %e

x> %eX
20
x%%eX
30
x 7 %eX
42
xBaeX
=13}
x2%eX
72
xlE] 9nX
=10
x11geX
T,
(%087) done

y= +(%k2 x +%k1) %e*

y= +(%k2 x +%k1 ) %e*

};":

y= +(%k2 x +%k1 ) %e*

y= +(%k2 x +%k1) %e*

y= +(%k2 x +%k1 ) %e*

y= +(%k2 x +%k1 ) %e*

y= +(%k2 x +%k1 ) %e*

y= +(%k2 x +%k1) %e*

+(%k2 x +%k1 ) %e*
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ODE y" -2y' +y = cos'(x)e”

(%190) for i:1 thru 5 do (
a: 'diff(y,x, 2) -2%¥'diff(y,x) + v = sin(x)"1,
b: odeZ(a, vy, x), display(b) };

CDS(X)
2
__451n(2x)4—3c05(2x)4—2

B 50
4 sin(B x) -3 CDS(BX)—I— 75 cns(x
200

y= +(%k2 x +%k1) %e*

5+(%:<2 x+%k1) %e*

v

y= )+(%r<2 X +%k1) %e*

200 sin(4x )+ 375 cos(4x)- 4624 sin(2x)- 3468 cos(2 x)- 21675
57800

60 sin(5x)- 25 cos(5x)- 676 sin(3x )+ 507 cos(3 x)- 8450 cos(:
27040

y=(%k2 x +%k1)%e*-

y=(%k2 x +%k1)%e*-
(%090) done

(%191) for i:1 thru 4 do (
a: 'diff(y,x, 2) -2¥'diff(y,x) + y = cos(x)"1,
b: odeZ(a, y, x), display(b) );

. x Elﬂ(x]
y=(%k2 x+%k1)%e*- ——=
4 sin(Ex]+3 CUS(EX] - 25
— X
y=(%k2 x +%k1)%e*- =
3 sin(BX]+4 CUS(BX]-I—?S sin(x]
— X
y=(%k2 x +%k1)%e*- 530
200 sin(4 x)+375 cos(4 x )+4624 sin(2 x )+ 3468 cos(2x)- 216;
y=(%k2 x +%k1)%e*-
57800
(%091) done
Young Won Lim
Second Order ODEs (2B) 28 enc



ODE y" -2y' +y = *, X

(%i95) for i:1 thru 5 do (
a: '‘diff(y,x, 2) -2%¥'diff(y,x) + v = Se™(i*x),
b: odeZ(a, y, x), display(b) };
x2%eX
2

y=%e%*+(%k2 x +%k1)%e*
3x

y= +(%k2 x +%k1 ) %e*

y=——F(%k2 x +%k1) %e*

4
4 x

y=—c—F(%k2 x +%k1) %e*

9
S X

y=—gt(%k2 x +%K1)%e™

(%055) done

(%196) for i:1 thru 5 do (
a: 'diff(y,x, 2) -2¥'diff(y,x) + y = x™(1},
b: odeZ(a, vy, x), display(b) };

y=(%k2 x +%k1)%e*+x+2
y=(%k2 x +%k1)%e*+x?+4 x +6
y=(%k2 x +%k1) %e*+x3+6 x2+18 x +24
y=(%k2 x +%k1) %X +x3+8 xT+36 x2+96 x +120

y=(%k2 x +%k1)%e*+x°>+10 x*+60 x+240 x*+600 x +72
(%096) done

Second Order ODEs (2B) 29 Young Won Lim
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Second Order ODEs (2B) 30 Young Won Lim
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