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Types of First Order ODEs

A General Form of First Order Differential Equations

I y' =|g(x,y)
dx

Separable Equations

%%=a@MJﬂ y' = g,(x)g,(y) y =f(x)
Linear Equations

0,(x) 2L + a,(x)y = gl a,(x)y" +a,(x)y = g(x) y={lx)
Exact Equations

M(x,y)dx + N(x,y)dy = 0 g—idx +g—;dy=0 2= f(x.y)
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Second Order ODEs

First Order Linear Equations

a,(x) 3L +a,(x)y = g(x) a(x)y"+ay(x)y = glx

Second Order Linear Equations

dy

e rax) oo +alx)y = g(x) a,(x)y"" +a,(x)y' +a)(x)y=g(x)

Second Order Linear Equations with Constant Coefficients

d d » ,
- dyz+01dy+aoy g(x) a,y" +a,y' +a,y = g(x)
ny+bf11+cy=g(x) ay''+by'+cy=g(x
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Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=®> ay"+by'+cy@
X’

d

mx

try a solution y = e

d’ | nx d o mx ale™ " +ble™}" +cle" =0
aL e w b (e clem = Al bleTT el
alm’e™] +b{me™} +cle™] =0 alm’e™} +b{me™} +cle™] =0
(am*+bm+c)-e" =0 (am*+bm+c)-e™ =0
auxiliary equation

(am*+bm+c)=0 (am*+bm+c)=0
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Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GJ’”"'b}""'CY@
X

auxiliary equation

tryasoluton y = e mm (am’+bm+c)=0

m, = (—b +b’—4ac)/2a
m, = (—b — Vb’—4ac)/2a

m, X m,X 0 g
y,=e'", y,= ? - (A) b*—4ac >0 Real, distinct m, m,
V= et = Vo, = e - (B) b°—4ac =0 Real, equal m, m,
m m .
y,=e€ X ;Yo = 2X - (C) b2—4ac < (0 Conjugate complex m , m,
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Linear Combination of Solutions

DEQ
ay,""+by,'+cy, =0
adz—y+bd—y+c i < Y1 yi tcy,
dX2 dX y_ - ay211+by21+cy2:0
T C1+ CZ a(Yl"+Y2")+b(Y1'+Y2')+C<Y1+YZ):0
a(Y1+YZ)”+b(Y1+Y2)'+C(Yf")’z):0
Yi=y, + Y, a(C,y,""+C,y,"" )+ b(C,y,"+C,y,") + c(C,y,+C,y,) = 0
Ya=Y1 — Y a(C1Y1+C2Y2)”+b(C1Y1+C2Y2)'+C<C1Y1+C2Y2>:0
Ys=Y; + 2y,
Ye =Y — 2V,

Second Order ODEs (2A) 8 Young Won Lim
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Solutions of 2nd Order ODESs

DEQ
LY@y g T {y1=e:z {y1=e”"1" {y1=e::
dx dx - y,=e" y,=e”

T (D>0)  (D=0) (D<0)
C1+ C2
(y=Ce""+C,e™" (D >0)
{ y=Ce™ 2 (D =0)
| y=Ce"+Cre™ (D <0)

auxiliary equation

m, = (—b +b’—4ac)/2a
‘+bm+c)=0
lam’+ bm + c) m, = (—b — Vb°—4ac)/2a

Second Order ODEs (2A) 9 Young Won Lim
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(A) Real Distinct Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:*\@ GY""'b}""'CY@
d x d x
tryasolution y =e"  m (am’+bm+c)=0 auxiliary equation

m, = (—b ++b’—4ac)/2a y,=e""
m, = (—b — Vb*—4ac)/2a y,=e""

b°—4ac >0 Real, distinctm , m_ y=C,e" +C,e™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac< (0  Conjugate complex m, m, y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a—iﬁ)x
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(B) Repeated Real Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:@ ay"+by'+cy@
d x d x
tryasolution y =e"”  m (am’+bm+c)=0 auxiliary equation
m, = (—b +vVb’—4ac)/2a = bdac=0 = m, = —b/2a ST = Tt e—%x
m, = (—b — Vb’—4ac)/2a m,=—b/2a

b2—4ac >0 Real, distinct m, m, y = Clemlx + CzemZX
b’~4ac =0 Real equalm,m, y=C,e" +C,xe™
b2—4aC <0 Conjugate complex m, m y = Clemlx + Czemzx — Cle((x+i[3)x + Cze(a—iﬁ)x
Young Won Lim
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(C) Complex Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+b§—i+cy:@ ay"+by'+cy@
X

mx

try a solution y=e (am’+ bm+¢)=0 auxiliary equation

mlz(—b+my2a ‘ ml:(_b+mi)/za ylzemlx
mzz(_b_M)/Za ‘ mzz(—b_mi)/Za yzzemzx

b°—4ac >0 Real, distinctm, m_ y=C,e" +C,e"™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac <@  Conjugate complex m , m, y=C, o™X 4 C7em2x = C, e(aﬂﬁ)x + C?e(a—iﬁ)x
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Fundamental Set Examples (1)

Second Order EQ
) - . e(a+i[3)x
a—d);+bd—y+cy=0 Y1
d x d x - e(a—iﬁ)x
y3 — 1 + 1 {e(a+i[3)x + e(a—iﬁ)x}/z . oX ( )
2 Eal 2 =e "cos(Px

_ 1 1 (oc+i[3)x_ (a—ip)x ;. 0X s
. — E_ E (e e 1121 =e“*sin(px)

Second Order ODEs (2A) 13 Young Won LIm



Fundamental Set Examples (2)

Second Order EQ
dy o dy ., oo = s + 08 e
aﬁ+bd—x+cy—0 - - B | . .
2 — 3 1 e
Yy =e““cos(px) e“*[cos(Bx)+isin(px)]
. = e"“"sin (B x) e“"[cos(px) —isin(Bx)]

Second Order ODEs (2A) 14 Young Won Lim
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General Solution Examples

Second Order EQ
dy dy linearly independent
. d x° ¥ bd_x tey=0 Fundamental Set of Solutions {J’1 yz}:{e(aﬂ'ﬁ)x, e(a—iB)X}

||

C1+C2 Yo

(o+ip)x (a—ip)x
C,e +C,e

General Solution

linearly independent

Fundamental Set of Solutions

{)’3, Y4}:{eaxCOS(BX)’ eaxsm(ﬁx)}

C3 +C3.

Second Order ODEs (2A) 15

c,e” cos(px) + c,e” sin(px)
=e"*(c,cos(px) + c,sin(Bx))

General Solution

Young Won Lim
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Reduction of Orders

Second Order ODEs (2A) 16 Young Won Lim
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Finding another solution y_ from the known'y,

known solution

Second Order EQ
dy . dy B
—=+b—+ =
a 1 Ix cy=0 -

We know one solution

Suppose the other solution

Condition for y_(t) to be a solution

another solution to be found

~ Findu()

Second Order ODEs (2A)
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Conditions for y_to be another solution

2
ad—);+bd—y

T dx+Cy:0 ay'"'+by'+cy=0

(Y, = uy,

<y, =u'y, +uy

rr I I rr
Ly = uly + 2uty) +ouy,

ay," +by,'+cy,=0 mmyp alu'y + 2u'y' + uy J+blu'y, + uy'J+cuy =0

ay,""+by "+cy, =0 ‘ u[a.)’1”+b.)’1'+CY1] + a[u”)’1 + 2u'y1']+b[U'y1]:0

Condition for y (t) to be a solution

ya(x) = u(x)y,(x) = au''y, + u'[2ay,"+by,]=0

Second Order ODEs (2A) 18 Young Won Lim
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Reduction of Order

We know one solution yi(x) Suppose the other solution y,(x) =|ul(x)y,(x)
d’y dy ” ,
—Z +b—=+cy=0 ay''+by'+cy=0
adx2 dx cy Y y y
ay'',+by',+cy,=0 au''y, + u'[2ay,"+by,]=0 2" Order
w(x) = u'(x) aw'y, + w[2ay,'+by,]=0 ] 1% Order
—(bla)x —(bla)x
e
u = C1f ;—dx + ¢, Yo = C1Y1f—2dX+C2Y1 (Clzl, szo)
Y1 Y1
—(b/a)x
y2 — ylf 2 dX
Y1

Second Order ODEs (2A) 19 Young Won Lim
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General Solutions for the repeated roots case

e b/ax
Yo = )ﬁf
m, = (—b +vVb’—4ac)/2a m, = —bl2a L
‘ b’—4ac =0 ‘ e'"=e " =e
=(=b—+ b2—4ac)/2a m, = —b/2a
_b
yilx) = e *
_b, _b
y; =e” Y1<X):920
by gl 2, b,
y, = ¢€ 2 '[e bla)x dx = e *° fldx - yz(x) = xe °¢
;/1 ;}2' 0 y(x) — C1Y1( ) + Cz)’z( )

Second Order ODEs (2A) 20 Young Won Lim
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General Solutions
- Homogeneous Equation
- Non-homogeneous Equation

Second Order ODEs (2A) 21 Young Won Lim
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General Solution — Homogeneous Equations

Homogeneous Second Order DEs with Constant Coefficients

2
ad_};"'bd_y"'c)’:(o) GY"+by'+cy@

dx d x

auxiliary equation
m, = (—b +vb’—4ac)/2a
2

am +bm+c)=0

| | m, = (—b — Vb*—4ac)/2a
(A) b°—dac >0 Real, distinctm, m, y=C,e" +C,e™"
(B) p’—4ac =( Real equalm,m, y=C,e™ +C,xe™
(C) b’—4ac <( Conjugate complex m, m, y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a—iﬁ)x

=e"*(C,cos(px)+ C,sin(px))

Second Order ODEs (2A) 22 Young Won Lim
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Complementary Function

DEQ

Z Xy . b y Fcy { > < particular solution
T A

general solution of a nonhomogeneous eq

a complementary function

Associated DEQ

dy+by+cy:@ -
dx’

‘ homogeneous solution
.l +c

general solution of a homogeneous eq

Second Order ODEs (2A) 23 Young Won Lim
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DEQ
+b +c

a3 y=g(x) :

T A -

d’ d . .
adj;*bd{:”cyc = 0 Ye=Ce " e
adzyP +b%+cy ) g(x) y, = g(x) similar

d x° d x . &
d'(y,+y,) dly,+y.)

02 pEXYD L oy hy,) b glx)
dx X

particular solution

general solution -
nonhomogeneous eq

many such complementary functions
C; many possible coefficients

only one particular functions
coefficients can be determined

Second Order ODEs (2A)

24

Young Won Lim
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Finding a Particular Solution
- Undetermined Coefficients

Second Order ODEs (2A) 25 Young Won Lim
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Particular Solutions

DEQ
4 particula_r solution
dy +b dy +Cy© - by a conjecture
X
(1) FORM Rule

When coefficients are constant (Il) Multiplication Rule

And | AconStant o <eeeooooiiin k
A polynomial o --------cooononnniiaaaaans P(x) = a x"+a,,x""+-+ax +a,
g( x) = An exponential function o -------------- e™”
" A sine and cosine functions o1 --------- sin(Bx)  cos(Px)
Finite sum and products of the  -----. e™sin(fx) + x?

\_ above functions

tan x sin” ' x

> | =

Second Order ODEs (2A) 26 Young Won Lim
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Form Rule

DEQ
ny b8l icy=glx) - by a conjecture
() FORM Rule

When coefficients are constant (Il) Multiplication Rule
glx) =2 y, = A
g(x) = 3x+4 y, = Ax+B
g(x) = 6x°—7 y, = Ax*+Bx+C
g(x) = sin8x y, = Acos8x+Bsin8x
g(x) = cos9x y, = Acos9x+Bsin9x
g(X) — ele yp — Aele
g(x) — yellX y, = (AX+B)€11X
g(x) = e'*sin12x y, = Ae'"sin12x+Be" "cos12x
g(x) = 5xsin(3x) y, = (Ax+B)cos(3x) +(Cx+D)sin(3x)

Second Order ODEs (2A) 27 Young Won Lim
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Form Rule Example

DEQ

+

Associated DEQ

Zy+3dy+2y=®>
X

(m+2)(m+1)

‘ M +c, 83

Second Order ODEs (2A)

28

m+3m+2=0
=0

assume

yp17+3ypl+2yp
=3A+2(Ax+B)
=2Ax+3A+2B

- X

2A =1
3A+2B =0

A=3
B=—3

2 4

Young Won Lim
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Multiplication Rule

DEQ

dxy+b y+cy{><

o

Associated DEQ

Zy+b y+cy:@
X

‘ M +, 3

Second Order ODEs (2A) 29

use y,=x'y,  y,=XxY,
if y,=y: Y=Y

When y, contains a term
which is the same terminy_

Use y, multiplied by x"

n is the smallest positive
integer that eliminates the
duplication

Young Won Lim
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Multiplication Rule Example (1)

y''=2y'+y =2e

yi=e y, = xe’

y'=2y'+y =0

y,=Ae" mmp Axe' mmp Ax‘e"

Second Order ODEs (2A)

y'"'=2y'+y =6xe"

y,= Mexﬂ A}{e’(ﬂ Ax’e"

\

2Ae" #6xe”

yi=e y, = xe’

y'=2y'+y =0

y,=x(Ax+B)e" - Bxe'

y,=x(Ax+B)e"

30 Young Won Lim
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Multiplication Rule Example (2)

y'+4y =e"sin(2t) + 2t cos(2t)
y,(t)=e*(Acos(2t)+Bsin(2t)) + (Ct+D)cos(2t) + (Et+F)sin(2¢t)

y,(t)=e"(Acos(2t)+Bsin(2t)) + t(Ct+D)cos(2t) + t(Et+F)sin(2t)

yh(t) — Cle+i2t+cze—i2t

=(c,cos(2t)+c,sin(2t))

X

3t

y''+5y'+6y =t’e
y (6)= (AC+BesC)e ™ X
y,(t)=t(At’+Bt+C)e ™

_ —2t —3¢
yp=1Ce Tc,e

Second Order ODEs (2A) 31
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Superposition (1)

d’ d

—> dx};+bdi/+cy:2x2+3+cos8x (2x°+3) + (cos8x)
2 d’
dy+b y+cy:0 i b yC+Cyc_0

Q. [
=ol<
+
S
Q.
> <
+
(@)
<
I
N
<
N
+
(OS]
o Q.
> |<
s
+
(wyl
Q.
= |
+
(@)
<
S
]
~
><I\J
+
(98]

d
W[yc+yp1+yp2] + ba[yc+yp1+yp2] + C[yc+yp1+yp2] — 2X2 + 3 + COS8X

Second Order ODEs (2A) 32 Young Won LIm



Superposition (2)

DEQ
Zy +bgi +cy=(2x"+3)- cos8x v, = (AxX’+Bx+C)-(cos8x+sin8x)
X

dy  ,dy _
dX2+bdX+cy—0 <—m

yﬁm +b— (Yot Yor o) + LYot Ypr Vol = (2x° +3) - cos8x

Second Order ODEs (2A) 33 Young Won Lim
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Finite Number of Derivative Functions

y=xe" y=2xX+3x+4
y=e""+mxe™ y=4x+3
y=me™ +m(e™ + mxe™) =4

X

2
= 2me™ + m°xe"”

y=0
j=2me™ + m*(e" + mxe™)
— (m2+2m)emx+m3xemx
e
o
mx mx 2
o™, xe™] (2X*+3x+4, 4x+3, 4]

Second Order ODEs (2A) 34 Young Won Lim
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Infinite Number of Derivative Functions

y=+x y =Inx
y=—-X y=+X
y:+2X_3 y:—x_2
y=—6x_4 5/:+2X_3
y=—6x_4
O
@ °
@ °
°

Second Order ODEs (2A) 35 Young Won Lim
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Finding a Particular Solution
- Variation of Parameters

Second Order ODEs (2A) 36 Young Won Lim
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Variation of Parameter [c — u(X)]

' = Yo o\ p(x)y, = Q(x) Integrating factor
’ +P(X)y ’ - i:e+j'P(x)dx
Y1
y = Ce—fP(x)dx
Yn=CN1 yp=u(x)y1 y, = e—fP(x)dx
y' + P(x)y =0 y'"'+P(x)y +Q(x)y=f(x)
yhzclyl yp:u(x)yl
T O, +u2(X)Y2

Second Order ODEs (2A) 37 Young Won Lim
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Variation of Parameter : Conditions

y'"+P(x)y'+Q(x)y =0 y"+P(x)y +Q(x)y =f(x)
Yh=0CY, tCY, yp:ul(x)yl +u2(x)y2

If the associated homogeneous then, always a particular
solution can be solved solution can be found

No restriction

A sine and cosine functi

Second Order ODEs (2A) 38 Young Won Lim
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Variation of Parameter : Wronskians

y'""+P(x)y'+Q(x)y =0 y"+P(x)y +Q(x)y =f(x)

Ya= Yy + Y, Y, =u(x)y; +uy(x)y,

Yio Yol | O 0, yi 0

Yi'o Yo |u f(x) y f(x) v, W, L= ' flx) W,

1 ENa 2 ENa

Yi ¥ w Yi ¥ w
Yo'y, yi' oy,

J’1, Y2' — W " (x) _ _.V2(X>f(x> uz,(x) _ .Y1(X)f(x)

Yi Y W W

Second Order ODEs (2A) 39 Young Won Lim
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Variation of Parameter : Particular Solutions

y'"'+P(x)y' +Q(x)y =0 y'"'+P(x)y" +Q(x)y =f(x)
Yh=0CY, tCY, yp:ul(x)yl +u2(X)Y2
Vi Yo = =y (o2l Nl
ylr yzy W yp(x) 1 W d + 2 W d
Yof yif
y(x) =y, | — : -|dx + Yy : - | dx
p( ) 1f YiY2 = YoV 2f YiY2 = YoV

Second Order ODEs (2A) 40 Young Won Lim
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Homogeneous Linear Equations
with variable coefficients

Second Order ODEs (2A) 41 Young Won Lim
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Cauchy-Euler Equation

Second Order Linear Equations with Constant Coefficients

a,

2

dy
d x

dy

0,22 +a,y = glx

a,y''+a,y' +a,y = g(x)

Second Order Linear Equations with Variable Coefficients

dzy

(x) T +a,(x)

dy

d x

a,(x)y = g(x)

Cauchy-Euler Equation

2

Fe
—X); +alxa tdyy= g(x)

dy

Second Order ODEs (2A)

ay(x)y"" +a,(x)y +a)(x)y=g(x)

a,X’y" +a,xy'+ay =g(x)

42

Young Won Lim
5/13/15



Auxiliary Equation of Cauchy-Euler Equation

Homogeneous Second Order Cauchy-Euler Equation

d’ d o
22 v pxL vy =0 axX’y" +bxy'+cy =0

GXW dx

m

try a solution y = X

2

2 d” (om d om m — XM+ bx (X" + (X" =
axw{x}+bxa{x}+c{x}—0 ax {xX"}"+bx[x"|"+c{x"} =0
alm(m—1)x"} +b{mx"} +c{x"} =0 alm(m—1)x"} +b{mx"} +c{x"} =0
(am*+(b—a)m+c)-x"=0 (am*+(b—a)m+c)-x"=0

auxiliary equation

(am*+(b—a)m+c)=0 (am*+(b—a)m+c)=0

Second Order ODEs (2A) 43 Young Won Lim
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General Solution —y_of Cauchy-Euler Equations

Homogeneous Second Order Cauchy-Euler Equation

d’ d
ax2—)2/+bx—y+cy:<()) axzy"+bxy'+cy:@
d x dx N
try a solution y = x"

auxiliary equation

(—(b—a) + \/(b—a)2—4ac}/2a
m, = {-(b—a) — \/(b—a)2—4ac}/2a

m,

(am*+(b—a)m+c)=0

(A) (b—a)’—4ac >0 Real,distinct m, m, y=C,x"+C,x"™
(B) (b—a)2—4ac — (0 Real, equalm,m, y=C,x"+C,x"'Inx
(C) (b—a)2—4ac < (0 Conjugate complex m , m, y = Clxml + szmz — CIX(OLHB) + sz(a—iﬁ)

Second Order ODEs (2A) 44 Young Won Lim
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Constant v.s. Non-constant Coefficients

Homogeneous Second Order DEs with Constant Coefficients

dy+bdy+cy=®> GJ’”"'b}’""CY@
dx* dx
(A) b°—4ac >0 y=C,e"" +C,e"™
(B) b°—4ac =0 y=Ce"" +Cyxe™
(€) b’—4ac<0 y=Ce" e+ e e = e"(C,cos(px) + C,sin(px))

Homogeneous Second Order Cauchy-Euler Equation

Inx

2d ay dy (A . ' N X =
ax o +bde+Cy—k\Q/ axzy +bxy +cy:\Q/‘ P = gribinx
(A) (b—a)’*—4ac >0 y=C,x"+ C,x"
(B) (b—a)’~4ac=0 y=Cix"+Cyx"Inx
©) (b—a)’~4ac<0 y=C,x“e""™ + C,x"e""™ = x*(C,cos(BInx) + C,sin(f1nx))

Second Order ODEs (2A) 45 Young Won Lim
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A Unifying View

Constant Coefficients

dy y
+b +C
a—= y <0)

(A)y=C,e"" + C,e™"
B)y =C,e"" +C,xe""

X

(C)y C eax +if x + Czeaxe

= e"*(C,cos(px) + C,sin(B x))

—ifx

Second Order ODEs (2A)

Non-constant Coefficients

Inx

2dy dy

—0)
ax +bx—=—=+cy=0 . y
dX d x w Xlﬁ —p iplnx

(A)y=C,x"+C,x™

B)y =C,x"+C,x"Inx

(C)y C XOL +ifInx + C . +1[31I1X
x“(C,cos(Blnx)+ C,sin(B1ln x))

(A)y — Clemllnx + C m,In x ln X
(B)y — Cle m,Inx + C m,Inx

(C)y — C ealnx.eﬂﬁlnx + C e(xlnx.e+iﬁlnx

= "™ (C,cos(BInx) + C,sin(pInx))

In x

46 Young Won Lim
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Green's Function

Second Order ODEs (2A) 47 Young Won Lim
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Initial Value Problems

y"'+P(x)y' +Q(x)y=0
y’<xo) - Vi
)’<Xo) = Yo

Yh=CY, TGY,

) = o _yz(x‘i/f(X)
= ()
ani-dervative = [ — y2évt)(’;)<t) dt+ e,
o,
u(x,) = 0 = ulx)y,(x) =0

y'"+P(x)y +Qlx)y =f(x) Yi Y
y'(x()) = 0 yl' yz'
.V(Xo> =0
yp:u1(x)}’1 +u2(X)Y2 yp(x()) =0
e = e nrl
’ w w
= [ u,'(x) dx
anti-derivative = _fyl( )(l;)(t> dt + c,
Y1 f
- [ 2557
uz(xo) =0 - uz(xo)yz(xo) =0

= W

Second Order ODEs (2A)
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Green's Function and IVP's (1)

y'"'+P(x)y' +Q(x)y =f(x)

u1'(x> - = W(X) W(t) dt
(X, x] I
Vi Ya| = wix (o — ix)f(x) _ o nldf()
A == T b =L
yp:u1(x).)/1 +u2<x).)’2 = ._[zo_yzx(;)(’:)(t)dt]}ﬁ(x) + f; yl&i)(C;t)dtIY2(X)
— J‘io_yl(‘;)()t);(t)f(t)dt " J‘; yl(‘f‘z.(ytz)(x)f(t)dt]
X Y1(t)y2(x)_ 1(X) 2<t)
= I, Tommme 0L

= f:OG(x, t) fl@)d ¢

Second Order ODEs (2A) 49 Young Won Lim
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Green's Function and IVP's (2)

"'+ P(x)y +Q(x)y =0 y"'+P(x)y" +Qlx)y = f(x) Vi V2| _ oy
y'(x) =y, y'(x,) =0 oy,

y(x) =y, y(x) =

Yh=CY, tCY, yp:u1<X>Y1 +u2(X)Y2

v uly ey, = [ O g = [ Gl @

at the end, this x will replace the literal t

— f\;G(/x, t)f(e)d ¢

this x and t appear in the indefinite integral

Second Order ODEs (2A) 50 Young Won Lim
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Green's Function

y'"+P(x)y' +Q(x)y=0 |[——>» y, vy,

y'"+P(x)y'+Q(x)y =f(x) the same Green's function

y' "+ P(x)y +Q(x)y = glx) G(x, t) = Y, () y,(x) = yi(x) y,(t)

w(t)

y'"'+P(x)y"+Q(x)y=h(x) y. = [ G(x, o)f(t)de
y, = ;G(x t)g(t)dt

y, = ;G(x t)h(t)dt

Second Order ODEs (2A) 51 Young Won Lim
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Three Initial Value Problem

y'"'+Plx)y +Qlx)y =f(x)
.V<X0) = Yo
y'(xo) = N1
y"+P(x)y'+Q(x)y:0 Homogeneous DEQ
y(xo) = Y Nonhomogeneous Initial Conditions
y'(x,) = y, Nonzero Initial Conditions
y"+P(x)y'+Q(x)y :f(x) Nonhomogeneous DEQ
)’<X0) =0 N N
Zero Initial Conditions
y'(x) =0 Initially at rest Rest Solution
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General Solutions of the Initial Value Problem

y'"'"+P(x)y" +Q(x)y =f(x) Yy =yt
J’<X0) — Yo
y'(xo) N A1

Y(Xo) — Yh<xo) + yp<xo) = Yo+ 0=y,

y'(xo) — yh’<X0) + yp'<X0) =y, +0 =y

y'"+P(x)y +Q(x)y =0 Y

y (XO) = Yo Nonhomogeneous Initial Conditions Response due to the

y'(x,) = y, Nonzero Initial Conditions initial conditions

y”+P(x)y'+Q(x)y:f(X) y, & fx G(x, t)f(t)dt Response due to the
Xo forcing function f

Y<X0) =0 . »

'(X ) | Zero Initial Conditions
Y \Xo) = Initially at rest Rest Solution

Second Order ODEs (2A) 53 Young Won Lim
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Rest Solution

y"+P(x)y" +Q(x)y =f(x) Nonhomogeneous DEQ
y (Xo) =0 » »
'( ) . Zero Initial Conditions
Y \Xy) = Initially at rest Rest Solution

[ Y1(0)y,(x) =y, (x) y, (1)

Yo =u(x)yy +uy(x)y, =

{yp<x> = ["6lx, Of(0)de
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