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Phase and tan-1(b/a) (1)

+a+ j b

−a− j b

tan−1(−b
−a ) = tan−1(+b

+a )

tan−1(+b
−a ) = tan−1(−b

+a )

arg {−a− j b} = arg {+a+ j b} − π

arg {−a+ j b} = arg {+a− j b} + π

+a− j b

−a+ j b
a > 0
b > 0

a > 0
b > 0

arg < 0

arg > 0
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Phase and tan-1(b/a) (2)

arg {x + j y }

tan−1( y
x )

x > 0
y > 0

x > 0
y < 0

x < 0
y > 0

x < 0
y < 0

tan−1( y
x )

tan−1( y
x )

tan−1( y
x ) + π

tan−1( y
x ) − π

(x > 0)

tan−1( y
x ) + π (x < 0 , y > 0)

tan−1( y
x ) − π (x < 0 , y < 0)

atan2(y, x)
atan(y / x)

atan(y / x) + 3.14

atan(y / x) – 3.14

Octave function
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All Pass Filter Example (1)

H all( s) =
1 − 2 s
1 + 2 s

A Pure Phase ShifterFlat Magnitude

∣1 − j2ω
1 + j2ω∣ =

∣ 1 − j2ω ∣
∣ 1 + j2ω ∣

∣H all( jω)∣ = √1 + 4ω
2

√1 + 4ω
2

= 1

arg {1 − j2ω
1 + j2ω } = arg{1 − j2ω}− arg {1 + j2ω}

= tan−1(−2ω
1 ) − tan−1(2ω

1 )

arg {H all( jω)} = −2tan−1 (2ω )

=
√1 + 4ω2

√1 + 4ω2
= 1

1 − j2ω

1 + j2ω
=

1 − j2ω

1 + j2ω
⋅

1 − j2ω

1 − j2ω

=
(1 − 4ω2) − j4 ω

1 + 4 ω2

rg {H all( jω)} = tan−1( −4ω

1 − 4ω
2 )

= −2 tan−1 (2ω )
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All Pass Filter Example (2)

H all( s) = −
s − 0.5
s + 0.5

A Pure Phase ShifterFlat Magnitude

∣ jω − 0.5
jω + 0.5∣ =

∣ jω − 0.5 ∣
∣ jω + 0.5 ∣

∣H all( jω)∣ = √1 + 4ω
2

√1 + 4ω
2

= 1

arg {− jω + 0.5
+ jω + 0.5 } = arg{− jω + 0.5}− arg {+ jω + 0.5}

= tan−1( −ω
+0.5 ) − tan−1( +ω

+0.5 )

arg {H all( jω)} = −2 tan−1 (2ω )

=
√ω2 + 0.25

√ω2 + 0.25
= 1

− jω + 0.5
+ jω + 0.5

=
− jω + 0.5
+ jω + 0.5

⋅
− jω + 0.5
− jω + 0.5

=
(−ω2 + 0.25) − jω

ω2 + 0.25

arg {H all( jω)} = tan−1( −ω

0.25 − 4ω
2 )

= −2 tan−1 (2ω )

H all( s) =
1 − 2 s
1 + 2 s

−arg { jω − 0.5
jω + 0.5 } = −arg { jω − 0.5}+ arg { jω + 0.5}

= −tan−1( ω
−0.5 ) + tan−1( ω

0.5 )

arg {H all( jω)} = −π+2 tan−1 (2ω )

= −(−tan−1 (2ω )+π)+tan−1 (2ω )
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All Pass Filter Example (3)

arg {H all( jω)} = −2 tan−1
(2ω )

arg {H all( jω)} = −atan2 (4ω ,1 − 4ω
2 )

arg {H all( jω)} = −π+2 tan−1
(2ω )

arg {H all( jω)} = −atan( 4ω

1 − 4ω
2 )

semilogx(...) semilogx(...)

semilogx(...) semilogx(...)
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All Pass Filter Example (2)

H all( s) =
s − 0.5
s + 0.5

A Pure Phase ShifterFlat Magnitude

∣ jω − 0.5
jω + 0.5∣ =

∣ jω − 0.5 ∣
∣ jω + 0.5 ∣

∣H all( jω)∣ = √1 + 4ω
2

√1 + 4ω
2

= 1

arg {+ jω − 0.5
+ jω + 0.5 } = arg{+ jω − 0.5}− arg {+ jω + 0.5}

= tan−1( +ω
−0.5 ) − tan−1( +ω

+0.5 )

arg {H all( jω)} = π − 2 tan−1 (2ω )

=
√ω2 + 0.25

√ω2 + 0.25
= 1

arg {H all( jω)} = tan−1( ω

ω
2
− 0.25 )

= π − 2 tan−1 (2ω )

H all( s) =
1 − 2 s
1 + 2 s

+ jω − 0.5
+ jω + 0.5

=
+ jω − 0.5
+ jω + 0.5

⋅
− jω + 0.5
− jω + 0.5

=
(ω2 − 0.25) + jω

ω2 + 0.25
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Example - All Pass Filter (1)

arg {H all( jω)} = −2 tan−1
(2ω )

plot(...) semilogx(...)

plot(...) semilogx(...)

arg {H all( jω)} = π − 2 tan−1 (2ω )

0

0

0

0
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Analog All Pass Filter (1)

H all( s) =
s − a
s + a

Inverse Laplace Transform

=
s + a − 2 a

s + a

h (t ) = δ(t) − e−a t

H (s) = 1 −
2 a

(s + a)

H all( jω) =
jω − a
jω + a

∣H all( jω)∣ = √ω
2
+ a2

√ω
2
+ a2

= 1

arg {H all( jω)} = π − 2 tan−1

(
ω
a )

Flat Magnitude

Phase Shifter

Positive Group Delay

−
d

d ω
(arg {H all( jω)})

=
4

(1 + ω2/ a2)
> 0

= −
d

d ω (π − 2 tan−1

(
ω
a ))

Impulse Response

H all( s) =
s − a
s + a



All Pass (2A) 11 Young Won Lim
8/13/12

Analog All Pass Filter  (2)

H all( s)

Gall (s) = ±
(s−s̄1)(s−s̄2) ⋯ ( s−s̄n)

(s−s1)(s−s2) ⋯ ( s−sn) A Pure Phase Shifter

Flat Magnitude

pole

zero s̄i

si

not complex conjugate

si = +a+ j b

s̄i = −a+ j b

only differ in the signs 
of their real parts
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Digital All Pass Filter (1)

H ( z) =
z−1

−a∗

1−a z−1

A Pure Phase Shifter

Flat Magnitude

H (e j ω) =
e− jω

−a∗

1−ae− j ω = e− jω 1−a∗e+ j ω

1−ae− jω

= ∣e− j ω∣∣1−a∗e+ j ω

1−a e− jω ∣ = 1∣H (e j ω
)∣

(1−a∗e+ j ω
)
∗

= (1−ae− j ω
)

z−1=a∗

az−1=1

z= 1
a∗

z=a

1

a∗

a



All Pass (2A) 13 Young Won Lim
8/13/12

Digital All Pass Filter (2)

A Pure Phase Shifter

Flat MagnitudeH all( z) = A∏
k=1

M r z−1
−dk

1−dk z
−1 ∏

k=1

M c ( z−1
−ek

∗
)( z−1

−ek )

(1−ek z
−1

)(1−ek
∗ z−1

)

1

a∗

a

Cascade form of all pass system 
for real-valued impulse response 
system

Conjugate symmetric H (e jω
)

a
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All Pass Filter – Parseval's Theorem

x (t) y (t )
hall (t )

∫
−∞

+∞

∣x (t)∣
2
dt = ∫

−∞

+∞

∣y (t)∣
2
dt

∫
−∞

t0

∣x (t)∣
2
dt ≥ ∫

−∞

t 0

∣y (t)∣
2
dt

Parseval's Theorem

Energy Compaction

x (t) y (t )
hall (t )

The energy build-up in the input 
is more rapid than in the output

X ( f ) Y (f )H all( f )

∫
−∞

+∞

∣x (t)∣
2
dt ∫

−∞

+∞

∣y (t )∣
2
dt

= ∫
−∞

+∞

∣X ( f )∣
2
df = ∫

−∞

+∞

∣Y ( f )∣
2
df

Y (f )

Y (f ) = H all(f )X (f )

= ∫
−∞

+∞

∣H all(f )∣
2
∣X (f )∣

2
dt

∣H all( f )∣ = 1

Allpass Filter

∫
−∞

+∞

∣y (t )∣
2
dt = ∫

−∞

+∞

∣x (t)∣
2
dt

Parseval's Theorem

∫
−∞

+∞

∣Y (f )∣
2
df = ∫

−∞

+∞

∣X (f )∣
2
df
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y1( t) = y ( t)

All Pass Filter – Energy Compaction

x1(t ) =
x ( t)

0

(t ≤ t 0)

(t > t 0)

t ≤ t 0

y1(t) = ∫
−∞

t 0

h(t−τ)x1(τ )d τ = ∫
−∞

t

h(t−τ) x (τ )d τ = y (t )

∫
−∞

+∞

∣x1(t )∣
2 dt = ∫

−∞

+∞

∣y1(t)∣
2 dt

∫
−∞

t0

∣x1(t )∣
2
dt = ∫

−∞

t 0

∣y1(t)∣
2
dt + ∫

t 0

+∞

∣y1(t )∣
2
dt

∫
−∞

t0

∣x (t)∣
2
dt ≥ ∫

−∞

t 0

∣y (t)∣
2
dt

Truncated input

For x1(t ) = x (t )

t > t 0For x1(t ) = 0

t ≤ t 0For

Corresponding output

y1( t)

y1( t) ≠ 0

x (t) y (t )
hall (t )

∫
−∞

+∞

∣x (t)∣
2
dt = ∫

−∞

+∞

∣y (t)∣
2
dt

∫
−∞

t0

∣x (t)∣
2
dt ≥ ∫

−∞

t 0

∣y (t)∣
2
dt

Parseval's Theorem

Energy Compaction

x (t) y (t )
hall (t )

The energy build-up in the input 
is more rapid than in the output

= ?
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Properties of a Minimum Phase System
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Properties of a Minimum Phase System
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