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Complex Vector Inner Product

Hermitian inner product

(x,y) = x"-y = Zx;yi x? : conjugate transpose

Norm of Hermitian inner products

x| = V{x, x) = VxT x =y D xix, the length of a vector

a,+jb,
X = a2+.]b2 (x, x) = = ijxi
n
. . . ; 2 2
(al_Jbl a,—jb, - an_.]bn) a,+jb, = a; + b;
a,+jb, i=1
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Cauchy-Schwartz Inequality

For all vectors x and y of an inner product space

(e, ) < (e, %) (p, p)

[ )< Il Iyl

The equality holds if and only if x and y are linearly dependent )  maximum

a,+jb, a,t+jb,
oy = ey sl =y = R
a,+jb, a,+jb,
Inner product is maximum n
when y = fx (x,p) < kZ:aiz—l—bi2
i=1
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Inner Product Examples (1)
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Inner Product Examples (2)
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Inner Product Examples (3)
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/T
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Inner Product Examples (4)
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Inner Product Examples (5)
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N=8 DFT Matrix in Cosine and Sine Terms

- _](%)k”l TT L. TT
W' = e = cos|—kn| — jsin|[—-kn
4 4
- cos (Tt/4)-0 cos (1t/4)-0 cos (1t/4)-0 cos (t/4)-0 cos (1t/4)-0 cos (1t/4)-0 cos (1t/4)-0 cos (T/4)-0
—jsin (1t/4)-0  —jsin(m/4)-0 —jsin(m/4)-0 —jsin(m/4)-0 —jsin(w/4)-0 —jsin(m/4)-0 —jsin(m/4)-0 —jsin(m/4)-0

cos (1t/4)-0 cos (1t/4)-1 cos (1t/4)-2 cos (1t/4)-3 cos (1t/4)-4 cos (1t/4)-5 cos (1t/4)-6 cos (1t/4)-7
—jsin (1t/4)-0 —jsin(m/4)-1 —jsin(m/4)2 —jsin(m/4):3 —jsin(m/4)4 —jsin(m/4)5 —jsin(m/4)-6 —jsin(mt/4)-7

cos (1t/4)-0 cos (t/4)-2 cos (Tt/4)-4 cos (Tt/4)-6 cos (1t/4)-0 cos (Tt/4)-2 cos (Tt/4)-4 cos (t/4)-6
—jsin (1t/4)-0 —jsin(m/4)2 —jsin(nw/4)4 —jsin(m/4)6 —jsin(n/4)-0 —jsin(m/4)2 —jsin(mn/4)4 —jsin(m/4)-6

cos (1t/4)-0 cos (1t/4)-3 cos (1t/4)-6 cos (1t/4)-1 cos (1t/4)-4 cos (1t/4)-7 cos (1t/4)-2 cos (1t/4)-5
—jsin (1t/4)-0 —jsin(m/4)-3 —jsin(w/4)6 —jsin(w/4)-1 —jsin(n/4)4 —jsin(m/4)7 —jsin(m/4)2 —jsin(mw/4)-5

cos (1t/4)-0 cos (1t/4)-4 cos (1t/4)-0 cos (1t/4)-4 cos (1t/4)-0 cos (1t/4)-4 cos (1t/4)-0 cos (1t/4)-4
—jsin (1t/4)-0 —jsin(w/4)4 —jsin(w/4)-0 —jsin(n/4)4 —jsin(n/4)-0 —jsin(w/4)4 —jsin(w/4)-0 —jsin(m/4)-4

cos (1t/4)-0 cos (Tt/4)-5 cos (Tt/4)-2 cos (Tt/4)-7 cos (Tt/4)-4 cos (Tt/4)-1 cos (Tt/4)-6 cos (Tt/4)-3
—jsin (1t/4)-0  —jsin(1/4)-5 —jsin(m/4)2 —jsin(w/4)7 —jsin(m/4)4 —jsin(w/4)-1 —jsin(m/4)6 —jsin(m/4)3

cos (1t/4)-0 cos (1t/4)-6 cos (1t/4)-4 cos (1t/4)-2 cos (1t/4)-0 cos (1t/4)-6 cos (1t/4)-4 cos (1t/4)-2
—jsin (t/4)-0 —jsin(w/4)-6 —jsin(w/4)-4 —jsin(mw/4)2 —jsin(m/4)-0 —jsin(mw/4)6 —jsin(m/4)-4 —jsin(m/4)-2

cos (1t/4)-0 cos (1t/4)-7 cos (1t/4)-6 cos (1t/4)-5 cos (1t/4)-4 cos (1t/4)-3 cos (1t/4)-2 cos (1t/4)-1
—jsin (1t/4)-0 —jsin(m/4)-7 —jsin(mw/4)6 —jsin(m/4)-5 —jsin(nw/4)4 —jsin(w/4):3 —jsin(w/4)2 —jsin(m/4)-1
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N=8 DFT Matrix Real and Imaginary Terms
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Orthogonality
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N=8 DFT : Inner Product X[0]

(=

=

Pl)]] X[0] measures “0 cycle” component in x
2]

3] (ro x)=ro x < [lrg]l-llx|

4]

, H
[5] maximum when X = k r,

6]
7]

¥ - ﬁ When x looks like this, X[0] is max.
X

NN R RN

b B e Be Be B B e
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0 cycle
2opcles ——— Re[ ¥ <ol R
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-4 cycles 5
+3cycles ... Im [ _j%k”] = sin(—z—nkn)
+2 cycles €
+1 cycles
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N=8 DFT : Inner Product X[1]

Alo] X[1] measures “+1 cycle” component in x
3 x[1)] [1] y p

X0

X|3 H _ . - Hy|

X[4] <’"1 LX) Fp-X = ”"1 |- llx]]

X[5] : _ H

X[6] maximum when X kr,

X1[7]

When x looks like this, X[1] is max.

0 cycle
-; zzi::z —_ Re { _jz?nk”} = cos(—z—nkn)
-3 cycles
-4 cycles ,
+3 CYCleS ............. Im [ —j%kn] = sin(—z—nkn)
+2 cycles €
+1 cycles
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N=8 DFT : Inner Product X[2]

; m X[2] measures “+2 cycle” component in x
1 x[2]

03 )=y x < )]

§ E]] maximum when X = krj

X[7]

When x looks like this, X[2] is max.

-
s - ~ P

0 cycle
Proepu— R
-3 cycles
-4 cycles ,
+3cycles Im [ _j%k”] = sin(—z—nkn)
+2 cycles €
+1 cycles
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N=8 DFT : Inner Product X[3]

ol e fia e o Yo e
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0 cycle
-1 cycles
-2 cycles
-3 cycles
-4 cycles
+3 cycles
+2 cycles
+1 cycles

3B Hermitian Space

X[3] measures “+3 cycle” component in x

(ry,x)=ry-x < [ry]|-[Ix]

: _ H
maximum when X = kry

When x looks like this, X[3] is max.

Young Won Lim
2/9/12
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N=8 DFT : Inner Product X[4]

)
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3B Hermitian Space

X[4] measures “+4 cycle” component in x

(ry,x)=ry-x < [r]l-lIx|

: _ .. H
maximum when X = kr,

When x looks like this, X[4] is max.

Young Won Lim
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N=8 DFT : Inner Product X[5]
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3B Hermitian Space

Nk LW = O

— e
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Pl)]] X[5] measures “-3 cycle” component in x
2]

3] (rs x)=rs-x < |- 1)

4]

. H
[5] maximum when X = kr;

6]
7]

ﬁ When x looks like this, X[5] is max.
X
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N=8 DFT : Inner Product X[6]

)

o Yia Yo fiaHa W
Nk LW = O

3B Hermitian Space
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Pl)]] X[6] measures “-2 cycle” component in x
2]

3] (re x)=rg-x < [Irg]l-|lx|

4]

. H
[5] maximum when X = kr,

6]
7]

ﬁ When x looks like this, X[6] is max.
X

Mo R OR R R oK

0 cycle
poreguuuuuny B PGS RS 10
-3 cycles
-4 cycles ,
+3 cycles .. Im [ —f%k"] = sin(—z—”kn)
+2 cycles €
+1 cycles
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N=8 DFT : Inner Product X[7]

[0]
[1]
2]
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5]
6]
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| i}
X

HoRoR R R X
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=
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—_—

=

0 cycle
-1 cycles
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+3 cycles
+2 cycles
+1 cycles

3B Hermitian Space

X[7] measures “-1 cycle” component in x

(i x)=r;x < |ry [l llx]

: _ H
maximum when X = kr,

When x looks like this, X[ 7] is max.

Young Won Lim
2/9/12
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N=8 DFT : X[0] in A-B

A-B=A-A" =NI
U-U"=1
Unitary Matrix
ﬁ When x looks like this, X[0] is max. (=N)
X X[kl =0 for kZz0
X[O] — [ e‘]%'o e—JZO e—JZO e—J—O e—J_O e—j—O e_jzo e—jzo } °
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N=8 DFT : X[1] in A:B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

When x looks like this, X[1] is max. (=N)
X[kl =0 for k#1

3B Hermitian Space 22 Young Won Lim



N=8 DFT : X[2] in A:B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

When x looks like this, X[2] is max. (=N)
X[kl =0 for k2
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N=8 DFT : X[3] in A-B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

ﬁ When x looks like this, X[3] is max. (=N)
X X[kl =0 for k3

3B Hermitian Space 24 Young Won Lim



N=8 DFT : X[4] in A:B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

When x looks like this, X[4] is max. (=N) ﬁ
X[kl =0 for kx4 Xx
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N=8 DFT : X[5] in A-B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

When x looks like this, X[5] is max. (=N) ﬁ
X[kl =0 for k5 Xx
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N=8 DFT : X[6] in A-B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

When x looks like this, X[6] is max. (=N)
X[kl =0 for kZ6
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N=8 DFT : X[7] in A:B

A-B=A-A" =N1T

U-U"=1
Unitary Matrix

X[7] |

When x looks like this, X[ 7] is max. (=N)
X[kl =0 for kz7
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