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Linear Systems of 3 Unknowns

(Eq 1) ay, X, + 8y X+ @y % = by
(Eq 2) O, A + dyp A + dy; X = b,
(Eq 3) Oy ¥ + 85 X + 4y X, = by
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Leading and Free Variables

1 0o 0 1 0 3 -1 -5
0 -4 o o0 o0 0
0 9 o 0 0o o o0 o0 0

1 Ox, +0-x,

. 7 |

O-x, +0-x,+ 1@ =19 |
1 0 o0 | 0 with a leading 1
o 1 2 0 leading variables
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o o0 o 1 Other remaining varaible
Ox, +0-x,+0-x, = 1 free variables
i
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Free Variables as Parameters (1)

1xH0x,+0x, = 5 1@ +3x, = -1 1@— 5x,+1x, = 4
0% +1{x)+0x, = 7 1@—4-;, =2
ﬂlx,+ﬂx1+1®= 9
Solve for a leading variable
X, =5 X =—-1-3x X, = 4+4+5x-1ux
=7 ¥, 0= 244,
x.l = g
Treat a free variable X, =1 X, =5 x =1
as a parameter
¥ =5 X =-1-3¢ X = 4+5s5— 14
¥, =7 ¥, = 2+ 4t b=
¥, =9 X =t X, =1
. I
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Free Variables as Parameters (2)

1 0 (1] 5 1 (1] 3 -1 1 -5 1
0 0 4 | 2 o o o o
] g 0] 0 0 L] a a 0
X, =5 ¥ = —1-31 X = 4+55—11
¥, =7 X, = 2+41 4, =8 free variahle
X, = 9 X, = 1 free variable X, = 0 free variable
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Free Variables as Parameters (3)

¥, = —-1-3t ¥ = 4+5s5—-11
¥, = 2+4r A = 8 free variable
X, = 1 free variable x, =t = freevariable
dx +3x, =2 X Sxkx, =4
§ X Xy X X
A T e
\ h N ~
#
X b R X
infintely many solutions infinitely many solutions
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Consistent Linear System

A linear system with at least one solution

‘ A Consistent Linear System

A linear system with no solutions

‘ A Inconsistent Linear System
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General Solution

A linear system with infinitely many solutions

Soblve for a leading variable
Treat a free variable as a parameter

- A set of parametric equations

All solutions can be obtained
by assigning numerical values to those parameters

‘ Called a general solution
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Homogeneous System

a, X+ 0 X o, X = ﬂ All constant terms
are Zero
l'.'l'n XL + ﬂzz XJ + ﬂ'zn X = n
a., X + a.. X + + a.. X, = ﬂ
a,, a,, a,, x, = All constant terms
are Zero
LT gy a;, Xy =
aml. aml amn xn =
. 4L !
; Yaurk Wan Lim
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Solutions of a Homogeneous System

All homogeneous systems M H¥ iz X e e = n
pass through the arigin = + P + IR = n
Oy X * Oy X3 + o X, = n
The homogeneous system has
*only the lrivial solution ay 9z 8, o | =
* I‘JZI a!! a!n x.‘ =
in addition to the trivial solution
Ty Tz [ X, =
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Trivial Solution

X, 1]
My 0
ayy % % a0 X * 0y, X, = n
az X * dp Xz * "‘men:
X, 0
\ I | /
arII xl + arll x.n' + + arIn xn = ﬂ

satisfies all homogeneous
equations qy A 9, oo =

EF) o 0z, Xz =

All homogeneous systems

pass through the arigin da A Ty | =
Row Reduciton (1A) 34 A
Impossible Solution
1 o o0 1 0 0 0
01 2| rank=2 0 1 2| 0 | rank=3
o o 0 o o0 o 1
O-x +0-x,+0-x, = 1
e
rank{A) < rank(Alb)
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Linear System Ax = B

Ax =10 Ax = b
rank[A] = rank[Alb]
Always consistent : Consistent
rank(A] = n rank|A] = n
unique solution x = 0 unigue solution * # 0
rank[A| < n rank|A] = n
Infinitely many solution Infinitely many solution
n—r parameters n—r parameters
A = [ﬂij]mx" rank[A] < rank| A|b)
: Inconsistent

m equations

n unknowns
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Augmented Matrix

& ¥ + 8y X+ 4 @, W, = ﬂ Augmented matrix of &

G t mam - + e = O homogeneous system

By ¥ + By Xy + + A X, = ﬂ l

24y B3 Pig L = iy Oy @, a

gy dy EA o= gy Oy LA a

By By T = = gy gy e a
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Reduced Row Echelon Form

Cl— - [— Elementary row operations do not alter the
—] = | — zero column of & matrix

'r‘__\‘ — l—] /hamgeneous system

: The augmented zero column
Rl | s is preserved in the reduced row echelon form

Reduced Echelon Form

m
leading

variahles
ZE00 rows
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Free Variable Theorem

Reduced Echelon Form

r .
) leading

leading .

variables variables

ZEM rows {

variahles

—= parameters s, [, u,-

A homogeneous linear system with n unknowns

If the reduced row echelon form of its augmented matrix has
r nonzerorows BBy n—r free variables B infinitely many solutions
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Free Variable Theorem Example

Reduced Echelon Form

1 o0 3 -1 1 & 1 4
-4 o o0 o0 4]
o o o o0 o0 4] r

K, = -1-% X, = 445w, - L n—-r i I
xK,o= Z+de n =4 free vanabie free I
X, =1 free variable Xo= 0 free vanable variables

parameters 5, [, U,

A homogeneous linear system with n unknowns

If the reduced row echelon form of its augmented matrix has
r nonzerorows BB n-r freevariables BB infinitely many solutions
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Pivot Positions

Depend on the sequence of
Row Echelon Form == Not unigue elementary row operations

* .J/ Zero / Mor-zero

| Zero f Mon-zero

The position of leading 1's
Pivot position is unigue

L=1 b= 1=
L=1 =] =]

]r L2700 TOWs

} ZETD rows
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