Laplace Transform & LTI System (5A)

Young Won Lim
3/2/15



Copyright (c) 2014 - 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License, Version 1.2 or any later
version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of the license is
included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
3/2/15


mailto:youngwlim@hotmail.com

Laplace Transform and ODE's

ylx) G ¥(s)
y'(x) G sY(s) - y(0)
y''(x) G 'Y(s)-sy(0)- y'(0)
—3x !
e’ )
ST (s)-5y(0)-y'(0)] + 3]s ¥(s)-y(0)] + 2[¥(s)] = -5

(s*+3s+2)Y(s) = k,s+k,+3k, b
s+3
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Partitioning

y'"'+3y'+2y=e’" y(0)=k, y'(0)=k,

: 1
[SZY(S)—sy(O)—y (O)]+3[5Y(s)—y(0)]+2[Y(s)] =3
'+35+2)¥(s) = (kstk+3k) + —
(s"+3s+2)¥(s) (k,s+k,+3k,) + -
depends only on depends only on
initial conditions input e

k,k
1! 2
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Decomposed Y(s)

output input
depends only on
2 . .7
(S + 35+ Z)Yﬂ-(S) = (k15+k2+3k1) :(nltll(al conditions
1’ "2
output input
y) 1 depends only on
sST+3s+2)Y (s) = — inout 6
< ) = — :
output input
2 1
(s"+3s+2)¥(s) = (kss+k,+3k,) + —
S

depends only on
initial conditions
ks K,

depends only on
input e

No Input

No State
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ZIR & ZSR

LTI System (5A)

k s+k,+3k,

YZI.(S) (S+1)(S+2) Zero Input Response
1

st(s) = (S+1)(S+2)(S+3) Zero State Response
v(s) = kis+k,+3k, N 1

(s+1)(s+2) (s+1)(s+2)(s+3)
Y(s) = Yuls) + Y,ls)
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Laplace Transform and IVP's

y''+3y'+2y=0) y(0)=k, y'(0)=k, ZR VP
) d— 105 =

prasyery=e™ OO o
Bl t— V) = e

y''+3y +2y =D y(0)=k) y'(0)=(k)
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Unilateral and Bilateral Laplace Transforms

Unilateral Laplace Transform

/ Including an Impulse at the origin
F(s) = [ flt)e™" dt f'(0) sl sF (s)-f(07)
S

Excluding an Impulse at the origin

CRs) = [ fle d Fll) G o (s)~ (0]

O+

Bilateral Laplace Transform

Fyls) = f flo)e d () G sF(s)~ f(0)
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To include impulse inputs

y'"+3y'+2y=e’" y(0)=k, y'(0)=k,

D

y'lx) G— ¥(s)-y(0)
D
)

(%) s¥(s)—sy(07) - y'(07)
-3x 1
¢ (5+3)
SE(s)-sy(07)-y(07)]+ 3[s¥(s)-y(07) ]+ 2 ¥(s)] = L
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ODEs with an input g(x)

X

y''+3y'+2y=e"”

usually known i.c.

I.c. to be calculated

solution to be found
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ODEs with an input g(x)

Non-homogeneous Eq

y''+3y'+2y=e"

m +3m+2=0
(m+2)(m+1)=0
m=-1, =2

_ =X —2x
Yn= cle ar C2€

y,=Ae™

Ae™ +3Ae™ +2Ae™ = ™

6Ae™ =e™ A=1/6
1 «
yp_ Ee

General Solution

—2x 1 +X

y=ce“+ce "+ ¢

0 0
I=ce +c,e +—e
6

I

_ -X -2
y'=—-ce " —2c,e "+
_ 0 0,15

2=—ce —2ce +€e

cl+cz+%:1
—q—2g+é:2
8
Cz——§
6 3 6
y:Ze—X §—2x
2 3

IVP with nonzero IC

1o

X

Zero State Response

y(0)=0, y'(0)=0

c,+c,+—==0
—c,—2¢,+==0

1
c,=+—
2 3
11 1
C,=———==-—=

3 6

1—x 1 2X +X
=———e¢ "+=¢ T+=
y=73¢ 73
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ODEs without an input g(x)

Homogeneous Eq

y'+3y'+2y=0

m +3m+2=0
(m+2)(m+1)=0
m=-1, =2

_ =X —2Xx
y,=ce “+c,e

Homogeneous Solution

_ =X —2x

Zero Input Response
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ODEs with an input g(x)

y''+3y'+2y=€" y(0)=k, y'(0)=k (§+%+ﬂY®=kﬁ”ﬁ3h+£T
*Y(s)-s —y'(0)+3(sY(s)- £2Y(s)=—1 s=kls+k2+3k1+ :
SV (s)-s y(0)-y(0)+3(s¥ (s}~ y(0))+27 (s)=—~ Y080 = Tose2) o Dlst1)(s72)

IVP with nonzero IC Zero State Response

y(0)=1, y'(0)=2 y(0)=0, y'(0)=0

S+5 1 1

Y = Y =

(s (s+1)(s+2) | (5=1)(s+1)(s+2) ) (s—1)(s+1)(s+2)

_ 8 1 7.1 .11 1t o111
3(s+2) 2(s+l) 6(s—1) 3(s+2) 2(s+1) 6(s—1)
| | y:%e—x_ge—2x+%e+x | | y:_%e—x+%e—2x+%e+x
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Homogeneous Solution

Y3y +y=0 y(0)=k,, y'(0)=k, (s*+3s+2)Y(s) = k,s+k,+3k,

s'Y(s)=sy(0)=y'(0)+3(s ¥ (s)-y(0)}+2Y(s)=0

Y(s) = k, s+k,+3k, 0
(s+1)(s+2)
homogeneous solution
—X -2x yh = Cle_x + C2e_zx
=ce " +c,e initi
Yh =6 2 for every initial value of y, 5,0 = = = 2cze_2x
o Cy k,s+k,+3k,
<) Y = Y = 0)=
)= D) T ) )= T )(52) nlo)=e e

}’h'(o) =—c, — 2¢,

_cyfs+2) +¢(s+1) _ y(0)s+y'(0)+3y(0)
(s+1)(s+2) (s+1)(s+2)
(c,+c,)s +(2c,+c,) - (c,+c,)s +(2c,+c,)

_ Y(O)('Yh(o)
(s+1)(s+2) - (s+1)(s+2) y'(0)€y,"(0)

(s°435+2)Y,(s)-y,(0)s -y, (0)-3y,(0)=0  mmp (s+1)(s+2)(C1+(C;_?_i;(s(i;1)+c2) ~ (cite)s+(2c4¢) = 0
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Homogeneous Solution

V' 43y +y=0 y(0)=k,, y'(0)=k, (sz+35+2)Y(s):kls+k2+3k1:O

k, s+k,+3k

2 _ ! _ — v(s) = =L 2 1
Y [s)=sy(0)=y (0)#3(s¥ s)-y(0] +2¥ (5)=0 )= Ge1(ee2
Zero Input Response Zero Input & Zero State Response
y(0)=1, y'(0)=2 y(0)=0, y'(0)=0
Y(S): S+5 Y(S):O

(s+1)(s+2)

1 1
=+4 -3

") s+2)

<) y:4e_x—3€_2x <) y=0
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ODE : y"+3y'+2y with various inputs

X

y'+3y'+2y=0 y=ce+tce’

+X

y''+3y' +2y=¢e" y:cle_"+cze_zx+ée

y'' 43y +2y=¢e " y=ce +c,e +(x—1)e "

- -2 1 '
y:CleX+Cze X+—e+lx

yUH3yiHoy=e 1+3i

1 —ix
=(Z
1-3i

yrv+3yr+2y:e—ix yzcle—X_I_Cze—Zx_l_

LTI System (5A)

16

_. 1 1
—) Y(S)_C1(5+1)+C2(S+2)
1 1 1 1
<) Y(S):Cl(s+1)+cz(s+2)+€(5_1)
—_ 1 +C 1 + : - L
— Y= Oy o) et (5t 0)

1 ,. 1 .1 1
s+1)  *(s+2)  (1+3i) (s—i)

tp Y(s)=cyg

1 .1 .1 1
(s+1)  2(s+2) (1-3i) (s+i]

G Y(s)=c,
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ODE : y'"+y with various inputs

+ix —ix _ 1 1
y'+y=0 y=ce e o Y(S)—Cl(s—i)+cz(s+i)
' . +X —_ +ix —ix l +X — 1 1 1 1
y'+y=e y=ce o e S Y (s) cl(s+1)+c2(s+2)+2(5_1)
—x —_ +ix —ix l —X — 1 1 l 1
yliry=e y=ae rae he = V)=t o e
' +ix _ +ix —ix . +ix Y( )_ 1 + 1 —92j 1
y'+ty=e y=ce "+c,e —2ie Gy Y \S _Cl(s+1) C2(5+2) lm
—ix _ +ix —ix . X _ 1 1 0 1
yi+y=e y=ce+c,e "+ 2ie G—) Y(S)_Cl(s+1)+cz(s+2)+2lm
Young Won Lim
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