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Laplace Transform Properties (1)

Time domain 's' domain Comment
Linearity af(t) + bg(t) aF(s) 4+ bG(s) Can be proved using basic rules of integration.
F d i
r:f::r:ﬁh:;::m ff{t.) -F ’[.S:] F is the first derivative of F.
F d i
r:::::r:ﬁia:::m fﬂf{ﬂ [-_]_]“F{“]{,g) More general form, nth derivative of F(s).
fis assumed to be a differentiable function, and its
Differentiation f’(t:] 5F{5] — f{[]) derivative is assumed to be of exponential type. This can
then be obtained by integration by parts
- d fis assumed twice differentiable and the second
econ
. _f"[t) SEF{S} —sf(0)— f(O) der'we!t'we to ,be, of exponential type. Follows by applying
the Differentiation property to f(t).
Ge I n fis assumed to be n-times differentiable, with nth
nera ; — -k
Differentiation f{“] (1) s"F(s) — Z s* lf{‘“ ”{U) fieriura?'we of exponential type. Follow by mathematical
k=1 induction.
Frequency f(t) fx' F(o) do This is deduced using the nature of frequency
integration f 3 ' differentiation and conditional convergence.
¢ 1 u(t) is the Heaviside step function. Note (u * f)(f) is the
Int ati = -
e fu f(T} dr = (ux f}{” 8 F{SJ convolution of u(t) and ft).
1 8§
Time scaling it —F (_)
flat) al a
Frequency shifting ™ f(t) F(s —a)
Time shifting f{t — a.}u{t — a] E_GSF{s) u(t) is the Heaviside step function
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Laplace Transform Properties (2)

1 jowiT

Lo . the integration is done along the vertical line Re(o) = ¢
Hultiplication f“)g“) 2mi Th—enolo r—iT F[g)G(S - J} do that lies entirely within the region of convergence of F.[°]
. b fit) and g(t) are extended by zero for t < 0 in the
Convelution (f *g){t} - j-, f(T}g{t - T} dr F{S] 'G[S) definition of the convelution.
Complex - T

conjugation I (t:' F (S )

Cross-correlation | f(t) x g(t) F*'(=s") - G(s)
{ T fit) is a periodic function of period T so that fit) = fit + T),
Periodic Function | f(t) — = f g"‘ff(t] dt for all £ = 0. This is the result of the time shifting property
l—e L and the geometric series.

« Initial value theorem:
£(0*) = lim sF(s).
# Final value theorem:

f{oo) = P_%SFI[S]. if all poles of sF(s) are in the left halfplane.

http://en.wikipedia.org/wiki/Laplace_transform
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Differentiation in the s-domain (1)

flt) <y F(s) Fls) = [ flore a

~tf(t) <) F'(s) %ms):Z%im)-e lde= [ fteye a
+Cf(t) Gl F(s) Lkl = [ Sftore]ae = ] (-epriere
Cf(t) u—) ) Lkls) = [ Lftre]ae = ] (crieve
fl0) d— (1]
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Differentiation in the s-domain(2)

b — s
-t ey L _df1
s’ ~ dsls
2 2 d 1
t <) 3 = $(—?)
6 d|[?2
3 _
—t <= g = %(§)
n!
tn h Sn+1
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Differentiation in the t-domain (1)

fll) )
frle) Cm—
(1) G—
[(t) G—
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Differentiation in the t-domain (2)

flt) Gl F(s)
f'(t) <l sF(s)—f(0)
f'(t) Gy S'F(s)=sf(0) = f(0)
ft) i SF(s) = s°f(0) = sf(0) = f'(0)
f(0) Gl SF(s)—s"f(0) = 5" (0) = = £ 0)
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Differentiation in the t-domain (3)

Properties (3A)

s"F(s) — s"'f(0) — s"f'(0) - - s'f"?(0) - £"V(0)
s" s s s s’
(s) o) o) ") (o)
n—-1+0 n—-2+1 1+n-2 0+n—1
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Differentiation Properties

Properties (3A)

s"F(s) = s"f(0) = s"*f"(0) -

—1) L p(s)

10
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Integration in the t-domain

f(t) S — F(s) f;f(r)dr A — ’,)
[ [
[fx)de Gy L o) Gy Gs)

fle) = <SS, f(x)de) = Sl I |

glt) = [ f(v)dv g'(t)  Gmmm=p 5G(s)-g(0)

9(0) = [yf(x)dr =0
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Unilateral and Bilateral Laplace Transform

/ Including an Impulse at the origin

F(s)= [ flo)e d

Unilateral Laplace Transform

Fls) = f f(t)e™ di <

Excluding an Impulse at the origin

+00

. F,(s) = ff(t)e_“dt

0+

Bilateral Laplace Transform

+ 00

F,(s) = _f f(t)e™ dt

o0
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Unilateral and Bilateral Laplace Transform

Unilateral Laplace Transform

/ Including an Impulse at the origin
F(s) = [ flt)e™" dt f'(0) sl sF (s)-f(07)
S

Excluding an Impulse at the origin

CRs) = [ fle d Fll) G o (s)~ (0]

O+

Bilateral Laplace Transform

Fyls) = f flo)e d () G sF(s)~ f(0)
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Translation in the s-domain
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Translation in the t-domain

f(t—a)u(t—a) ﬁ e“”F(g) I flt—a)u(t—a)-e ™ dt
fle—a)ult=ale di+ | fli—a)ult—a)e™ d

flt—a)e™ dt v=t—a dv=dt

shift right - always 0.k, =e ™. f f(v)e " dv
shift left: only when no information . 0
IS lost during improper integration =e " F(s)

by the left shift
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Shift Right f(t)

) fli-a) fli-a)
m— m—)
J £l a J fle=a)-ea = [ fle-ale a
=}f(t—a)etdt :If(\’)e( 'dv
+ [ fle-a)e™ d =e” If(V)'e_”dV
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Shift Right f(t)

flo) flt-a) flt-a)

A A A

z >
—
-

>
|-a ) d
0

new information is added
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Shift Right f(t)u(t)

flt)

ft)ult) flt=a)ult—a)
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Shift Left f(t)

f(t) flt+a) flt+a)
mma .a
I f(t)'e_St dt T flt+a) e dt = T f(t+a)e_“ dt
= [ flo)- e a = [ ke dy
—e T f(v)e™ dv
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Shift Left f(t)

f(t) flt+a) flt+a)
A A A
- p > =1 >

A
G <=

0
=e . | f(v)je dv
a

existing information is lost
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Translation Properties

f(tia)u(tla) ﬁ eiasF(S) shift right : always ok

shift left: only when no information
IS lost during improper integration
by the left shift
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Initial Value Theorem

limf(t) = limsF(s)

20" $=>

= Tfu)é*%ﬁ

SE(s)=£(07) = [ Flere™ a

lim s F(s)

S=>

= f(07) + lim [ f(c)e” de

S= 00

Properties (3A)

hmff e dt

S%w =

= lim limf fr(e)e de+lim [ f'(c)e™ dt]
€20 €

s [ 30" (-

= lim hmf fr(t 1dt+11mf fr(t)e™ dt]

S=>m® 90 0

=St

lime " | dt

§=>00

= [f(tﬂg + limT f'(t)

€>0" €

=f(0°) = f(0)
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Final Value Theorem

limf(t) = limsF(s)

t=» o0 s=0

ff

hrn[sF }— hrnff e’ dt
limsF(s) = f(07) + hmff J-e™" dt
=f(07) +f(0) = f(07)
= f(e0)
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Laplace Transform of Convolution Integrals
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Laplace Transform of Convolution Integrals

F(s)G(s) = | [ e f(t)dx fe_sﬁg([?))dﬁ]

=] [f “f(x)de|glp)dp
010 +p=t dt=dt
0 [ oo =0 > =0

= [T remeaatpiap

= | Bf(t—ﬁ)g(ﬁ)e dt]dﬁ Hdtdﬁ

:Tff (B)e*"dp|dt deﬁdt 5
T{ff B)dple " dt : R

Young Won Lim
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Laplace Transform of Convolution Integrals

p
T givent ———
P
| given f3 [ t
{ !f(t—[?»)g(ﬁ)e_”dt dp T[f f(t=B)g(ple ' dp|dt

Matthew

Young Won Lim
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The Unit Impulse

The shape does not matter in the limit
But the area matters : The Unit Area

S5, (t) = L rect | L lim 6a(t) = 6(t)

1 a a a=>0
a

a t
_a + 4

2 2
1 1
O (t) = =[1——=1t
. 0 = H1-2i
a .
Dirac Delta
Unit impulse function
2a ¢
- ta Unit Area
%'a =1
2

1 5,(t) = = exp %-t)
a

2a ;

—dad +da

l-)oo
a

Infinite height but
with a unit area.

Depicted by an arrow
The length of arrow can
represent a “weight”
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The Properties of the Delta Function

5(t)
Unit Area PR 1 The Equivalence Property

1 A _

L 22 s(t) = 0 (c=0) g(t)a(e) = g(0) d(¢)
Infinite height but g(t)d(t—t,) = glt,) d(t—¢t,)
with a unit area.

The Sampling Property
5(t) = 0 (t#0)
J g(t)d(e)dt = g(0)
a -~ 0 t —0
Jglt)sli—=t))dt = glt,)
An Even Function The Replication Property

+ oo

d(—t) = 8(t) Jg(x)d(t—)dx = g(t)

— 00

Young Won Lim
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The Replication Property

t €t T €t Impulse response
e o(e) 0 gl gl

5(—t) = 8(t) Replication

g(t) = [ glt)d(t—) dr glt) = 8(t) ) gl)
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Partial Fraction Methods

+ o0

f Je™*" dt fé e dt=1
3(t) < —) 1
i
) q— 2
7
tult) q—
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Periodic Functions

f(t) - f(t'l'T) piecewise continuous periodic (period: T)

1—e "
F(s) = Tf(t)e‘“ dt = { fe)e™ de+ [ flt)e™" dt
e s T rome e e e
t=u+T
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