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CTFS with Complex Coefficients

x(t) = ∑
k=0

∞

( Ak e+ j kω0 t
+ Bk e− j kω0 t )

Ak =
1
T ∫0

T
x( t) e

− j k ω0 t
dt

k = 0, 1, 2, ...

B k =
1
T ∫0

T
x( t) e+ j k ω0 t dt

k = 1, 2, ...

x(t) = ∑
k=−∞

+∞

Ck e+ j kω0 t

Ck =
1
T ∫0

T
x (t ) e

− j kω0 t
dt

k = −2, −1, 0, + 1, + 2, ...

a0 =
1
T ∫0

T
x(t) dt

a k =
2
T
∫0

T
x( t) cos (kω0 t) dt

bk =
2
T
∫0

T
x(t) sin (kω0 t) dt

k = 1, 2, ...

x(t) = a0 + ∑
k=1

∞

( ak cos(kω0 t) + bk sin(kω0 t))

x(t) = A0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j kω0 t)

A0 = a0

Ak =
1
2
(ak − j bk)

Bk =
1
2
(ak + j bk)

k = 1, 2, ...
Ck =

A0 = a0 (k = 0)

Ak =
1
2
(ak − j bk) (k > 0)

Bk =
1
2
(ak + j bk) (k < 0)
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CTFS and DTFS

x [n] = ∑
k=−M

+M

γk e
+ j (2πN )k n

n = 0, 1, 2, ... , N−1,

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = −M , ... , 0, ... , +M

DTFS

Ck =
1
T
∫0

T
x(t ) e− j kω0 t dt

CTFS

k = −2, −1, 0, +1, +2, .. .

x (t) = ∑
k=−∞

+∞

Ck e+ j kω 0 t

0 ≤ t ≤ T

Discrete TimeContinuous Time

∑
k=−M

+M

= ∑
k=0

N−1

= ∑
k=k 0

k 0+N−1

= ∑
k=⟨N ⟩

N = 2 M + 1

x [n]x (t)

Finite set of k’s Infinite set of k’s γkCk
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DTFS Correlation Process

1 cycle

2 cycles

3 cycles

4 cycles

Measure the degree of correlation with 
these cosine and sine waves whose 
frequencies are the integer multiples of 
the fundamental frequency

x [n]

γk =
1
N
∑
n=0

N−1

x [n] e
− j (2πN )k n

x [n] = ∑
k=−M

+M

γk e
+ j( 2πN )k n
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N Sampled Instants 

T s =
T
N

0⋅T s

0

Sample Instant

0 T

1⋅T s 2⋅T s 3⋅T s (N−1)⋅T s

1 2 3 N−1

kω0 t = (2πT )k t

k(2πT ) n( T
N ) = (2πN )k n

t = n
T
N

e
+ j ( 2πT )k t

e
+ j ( 2πN )k n

(2πT )

(2πN )

t

n
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Two Types of Inner Product

R R
I

f 0 = 1 /T

ω0 = 2π/T

T

1
T
⟨ x (t ) , e+ j (1)ω0 t ⟩ = C1

R 1
N
⟨x [n ] , e

+ j (2πN )n(1)
⟩ = γ1

R
I

x(t ) e+ j kω0 t

x [n] e
+ j(2πN )nk 1

N
∑
n=0

N−1

x [n] e
− j (2πN )nk

= γk

1
T
∫0

T
x (t ) e− jkω0 t dt = Ck

N samples

⟨e+ j(1)ω0 t , e+ j (1)ω0 t ⟩ = T

⟨e
+ j( 2π

N )n(1) , e
+ j (2πN )n(1)

⟩ = N
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CTFS and DTFS Inner Product Representations

x [n] = ∑
k=−M

+M

γk e
+ j(2πN )k n

n = 0, 1, 2, ... , N−1,

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = −M , ... , 0, ... , +M

DTFS

Ck =
1
T
∫0

T
x(t ) e− j kω0 t dt

CTFS

k = −2, −1, 0, +1, +2, .. .

x (t) = ∑
k=−∞

+∞

Ck e+ j kω 0 t

0 ≤ t ≤ T

Discrete TimeContinuous Time

⟨ x (t ) , e+ j (2π/T )k t
⟩

⟨e+ j (2π /T )k t , e+ j (2π /T )k t ⟩
= Ck

⟨ x (t ) , e+ j(2π /N )k n
⟩

⟨e+ j (2π/N )k n , e+ j (2π/N )k n
⟩
= γk

Ckx (t ) x [n ] γk
invertible invertible
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Truncate CTFS Coefficients 

x ( t ) ≈ ∑
k=−M

+M

Ck e+ j kω0 t
N = 2 M + 1

synthesis with truncated coefficients

Ck =
1
T
∫0

T
x(t ) e− j kω0 t dt

CTFS

k = −2, −1, 0, +1, +2, .. .

x (t) = ∑
k=−∞

+∞

Ck e+ j kω 0 t

0 ≤ t ≤ T

Use a finite subset of N coefficients

Finite set of k’s 

Infinite set of k’s 
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Approximated Coefficients

x [n] = ∑
k=−M

+M

γk e
+ j (2πN )k n

n = 0, 1, 2, ... , N−1,

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = −M , ... , 0, ... , +M

DTFS

C k ≈ γk =
X [ k ]

N

CTFS   DTFS   DFT
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Approximated Synthesis

x [n] = ∑
k=−M

+M

γk e
+ j (2πN )k n

n = 0, 1, 2, ... , N−1,

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = −M , ... , 0, ... , +M

x (t) = ∑
k=−∞

+∞

Ck e+ jkω0 t

DTFS

xFS (t) = ∑
k=−M

+ M

γ k e+ j kω0 t
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Approximated CTFS and DTFS Synthesis

x ( t ) ≈ ∑
k=−M

+M

Ck e+ j kω0 t N = 2 M + 1

T s = T /N

0−M⋅T s −T s
+ M⋅T s+T s

x [0 ] x [1] x [N ]x [M−1] x [M ] x [M +1]

Ck =
1
T
∫0

T

x(t ) e
− j (2πT )k t

dt

k = −2, −1, 0, +1, +2, .. .

x ( t) = ∑
k=−∞

+∞

Ck e
+ j (2πT )k t

0 ≤ t ≤ T

x [n] = ∑
k=−M

+M

γk e
+ j (2πN )k n

n = 0, 1, 2, ... , N−1,

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = −M , ... , 0, ... , +M

T

x ( t ) ≈ xFS( t ) = ∑
k=−M

+M

γ k e+ j kω0 t
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CTFS, DTFS, and DFT

x ( t ) ≈ ∑
k=−M

+M

γk e+ jkω0 t

CTFS

X [k ] = ∑
n= 0

N − 1

x [n ] e
− j (2πN )k n

x [n] =
1
N
∑
k = 0

N − 1

X [k ] e
+ j( 2π

N )kn

DFT

C k ≈ γk =
X [k ]

N
Approximated 
Coefficients

Approximated 
Synthesis

Ck =
1
T
∫0

T
x(t ) e− j kω0 t dt

k = −2, −1, 0, +1, +2, .. .

x (t) = ∑
k=−∞

+∞

Ck e+ j kω 0 t

0 ≤ t ≤ T

DTFS

x [n] = ∑
k=0

N

γ k e
+ j( 2π

N )k n

n = 0, 1, 2, ... , N−1

γk =
1
N
∑
n=0

N−1

x [n ] e
− j( 2π

N )k n

k = 0, 1, 2, ... , N−1

0 ≤ t ≤ T n = 0, 1, 2, ... , N−1

k = −2, −1, 0, +1, +2, .. . k = 0, 1, 2, ... , N−1
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DTFS and DFT

Discrete Time Fourier Series DTFS

Discrete Fourier Transform

X [k ] = ∑
n= 0

N − 1

x [n] e− j2 /N k n x [n] =
1
N ∑k = 0

N − 1

X [k ] e+ j (2π /N )k n

X [k ] =
1
N ∑n= 0

N − 1

x [n] e− j (2π /N )k n x [n] = ∑
k = 0

N − 1

X [k ] e+ j(2π/N )k n

DTFS (x [n]) =
1
N

DFT (x [n])
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Fourier Analysis Types

Continuous Time Fourier Series

Cn =
1
T
∫0

T
x t  e− j n0 t dt x t  = ∑

n=0

∞

C n e j n0 t

Continuous Time Fourier Transform

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Discrete Time Fourier Transform

X e j 
 = ∑

n =−∞

∞

x [n ] e− j n x [n ] =
1

2 ∫−
pi

X e j  e j n

Discrete Fourier Transform

X [k ] = ∑
n= 0

N − 1

x [n] e− j2 /N k n x [n ] =
1
N ∑k = 0

N − 1

X [k ] e j 2/N k n

CTFS

CTFT

DTFT

DFT
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CTFT and DFT

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

X [k ] = ∑
n = 0

N − 1

x [n] e− j2 /N k n x [n ] =
1
N ∑k = 0

N − 1

X [k ] e j 2/N k n

Discrete Fourier Transform

CTFT

DFT
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CTFT → DFT (1)

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

ω→ωk

ωk =
2π
T s

k
N

t →nT s d t →T s ∫→∑

T s→00 ≤ n < L 0 ≤ ωk <
2π
T s

0 ≤ k < N

T s

0 T s 2Ts
(L−1)T s 0 ω1 ω2

ωN−1

2π
T s

1
N

d ω →
2π
T s

1
N

Time Samples Frequency Samples

∫→∑
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CTFT → DFT (2)

x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

t→ n T s d t→T s ∫ → ∑ 0≤ n < L

ω→ωk d ω →
2π
T s

1
N ∫ → ∑ 0 ≤ k < N k =

2
T s

k
N

x [n] =
1

2
∑
k = 0

N − 1

X  jk e jk n T s 2
T s

1
N

X  j = ∫−∞
∞

x t  e− j t d t

X  j = ∑
n =−∞

∞

x nT s e− jnT s⋅T s x nT s =
1

2
∫
−∞

∞
X  j e j nT s d

X  jk  = T s∑
n = 0

L − 1

x [n] e− jk n T s
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CTFT → DFT (3)

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

1
T s

X̂ ( jωk ) = ∑
n = 0

L − 1

x[n ] e
− j( 2π

N ) k n

x [n ] =
1
N
∑
k = 0

N − 1
1
T s

X̂ ( jωk) e
+ j( 2π

N ) k n

ωk T s →
2π
N

k k =
2
T s

k
N

k =
2
T s

k
N

X  jk  = T s∑
n = 0

L − 1

x [n] e− jk n T s x [n ] =
1

2π
∑
k = 0

N − 1

X̂ ( jωk) e+ jωk nT s 2π
T s

1
N

ω→ωkt →nT s d t →T s ∫→∑ d ω →
2π
T s

1
N ∫→∑

Time Samples Frequency Samples

ωk nT s →
2π
N

k n
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CTFT → DFT (4)

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

1
T s

X̂ ( jωk ) = ∑
n = 0

L − 1

x[n ] e
− j( 2π

N ) k n

x [n ] =
1
N
∑
k = 0

N − 1
1
T s

X̂ ( jωk) e
+ j( 2π

N ) k n

ω→ωkt →nT s d t →T s ∫→∑ d ω →
2π
T s

1
N ∫→∑

Time Samples Frequency Samples

ωk T s →
2π
N

k ωk =
2π
T s

k
N

ωk nT s →
2π
N

k n
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CTFT → DFT (5)

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

Continuous Time Fourier Transform

1
T s

X̂ ( jωk ) = ∑
n = 0

L − 1

x[n ] e
− j( 2π

N ) k n

x [n ] =
1
N
∑
k = 0

N − 1
1
T s

X̂ ( jωk) e
+ j( 2π

N ) k n

X [k ] = ∑
n = 0

N − 1

x [n] e− j2 /N k n x [n ] =
1
N ∑k = 0

N − 1

X [k ] e j 2/N k n

Discrete Fourier Transform L = N
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CTFT of a Sampled Signal 

xs t  = xc t  ∑
k =−∞

∞ 1
T s

e j k s t

s =
2
T s

X s( jω) =
1

T s
∑

k =−∞

+ ∞

X c ( j (ω − k ωs))

ωs =
2π
T s

X s( jω) = ∑
n =−∞

+∞

xc (nT s) e− jωnT s

X s( jω) = ∑
n =−∞

+∞

x [n ] e− jω nT s

xs(t) = xc (t) ∑
n =−∞

+∞

δ(t − nT s)

xs(t) = ∑
n =−∞

+∞

xc (nT s)δ(t − n T s)

= =

Continuous Time Fourier Transform

x t  =
1

2 ∫−∞
∞

X  j e jt d X  j = ∫−∞
∞

x t  e− jt d t

CTFS DTFT

CTFT

CTFT
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DTFT and CTFT

Continuous Time Fourier Transform

Discrete Time Fourier Transform

CTFT

DTFT

X  j = ∫−∞
∞

x t  e− j t d t x t  =
1

2 ∫−∞
∞

X  j e j t d

X e j 
 = ∑

n =−∞

∞

x [n ] e− j n x [n] =
1

2π
∫−π
+ π

X (e j ω̂
) e+ j ω̂n

X s( jω) = ∑
n =−∞

+∞

xc (nT s) e− jω nT s

X s( jω) = ∑
n =−∞

+∞

x [n] e− jωnT s

X s( jω) =
1
T s
∑

k =−∞

+ ∞

X c ( j (ω − k ωs))

ωs =
2π
T s

=



3B DTFS 24 Young Won Lim
8/20/16

DTFT and CTFT

X e j 
 = ∑

n=−∞

∞

x [n] e− j n DTFT of a sampled signal

X e j 

 = T s

= X e jT s =
1
T s
∑

k =−∞

∞

X c j  − ks

=
1
T s
∑

k =−∞

∞

X c j  −
2 k

T s



CTFT of a sampled signal

X s( jω) = ∑
n =−∞

+∞

xc (nT s) e− jω nT s

X s( jω) = ∑
n =−∞

+∞

x [n ] e− jωnT s

X s( jω) =
1
T s
∑

k =−∞

+ ∞

X c ( j (ω − k ωs))

ωs =
2π
T s

=
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DTFT and DFT

X e j 
 = ∑

n=−∞

∞

x [n] e− j n

DTFT of a sampled signal

 = T s

X e j k  = ∑
n = 0

L− 1

x [n ] e− j k n
ω̂k = ( 2π

N ) k

 k 0 ≤ k  2 0≤ k  N 0≤ n  L

X [k ] = = ∑
n = 0

L− 1

x [n ] e− j 2/N k n
X e j 2/N k



DTFT sampled in frequency

DFT of a sampled signal

Frequency Samples
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CTFT and DFT

X [k ] = ∑
n = 0

L− 1

x [n ] e− j 2/N k n
= X e j 2/N k



DTFT sampled in frequency

DFT of a sampled signal

X e jT s CTFT evaluated at  =
2 k
N T s

 =
2 k
N T s

 =
2 k
N T s

=
1
T s
∑

l =−∞

∞

X c  j − ls

=
1
T s
∑

l =−∞

∞

X c  j  − l
2
T s



 =
2 k
N T s
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From DTFT to DFT (1)

X e j 
 = ∑

n=−∞

∞

x [n] e− j n

DTFT of a sampled signal

 = T s

X e j k  = ∑
n = 0

L− 1

x [n ] e− j k n
ω̂k = ( 2π

N ) k

 k 0 ≤ k  2 0≤ k  N 0≤ n  L

X [k ] = = ∑
n = 0

L− 1

x [n ] e− j 2/N k n
X e j 2/N k



DTFT sampled in frequency

DFT of a sampled signal

Frequency Samples
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From FT to DFT (1)

x k  = f t  t− k w t 

X  = ∫−∞
∞

x t  e− j t d t

k = 2 f k

X k = ∑
n=0

N−1

x n e− j 2 f k n

f 0 =
1
T
=

1
N 

=
f s

N

f k = k⋅
1
T
= k⋅

1
N 

= k⋅
f s

N
e− j 2 f k n = e

− j 2 k  1
N  n

X k = ∑
n=0

N−1

x n e
− j

2
N

k n

sampling time 

window function 0 ≤ t ≤ T

Fourier Transform

f  t 

discrete time t ⇒ k 
discrete freq  ⇒

fundamental frequency

k-th harmonics
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From FT to DFT (2)

X k = ∑
n=0

N−1

x n e
− j

2
N

k n

f k = k⋅
f s

N

X [k ] = ∑
n=0

N−1

x [n] e
− j

2
N

k n
Discrete Fourier Transform

x k  = f t  t− k w t 

X  = ∫−∞
∞

x t  e− j t d t

k = 2 f k

sampling time 

window function 0 ≤ t ≤ T

Fourier Transform

f  t 

discrete time t ⇒ k 
discrete freq  ⇒

f 0 =
1
T
=

1
N 

=
f s

N

f k = k⋅
1
T
= k⋅

1
N 

= k⋅
f s

N

fundamental frequency

k-th harmonics
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FT → DFT Example (1)

f  t  = cos 2⋅1⋅t  −
1
3

cos2⋅3⋅t  
1
5

cos2⋅5⋅t 

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

-1.5

-1

-0.5

0

0.5

1

1.5

F  f 

1 2 3

1
2
⋅1

1
2
⋅

1
3

1
2
⋅

1
5
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FT → DFT Example (2)

p t  = ∑
n=−∞

∞

t − n

p t  = ∑
k=−∞

∞

ak e j ks t

ak =
1

∫
− /2

 /2

t  e− j ks t dt

=
1

∫
−/2

/2

t  e− j k s 0 dt

 2 3−−2−3

1 1 1111 1

Fourier Series Expansion of Impulse Train

Fourier Series Coefficients

=
1

∫
−/2

/2

t  dt =
1
T s

f s 2 f s 3 f s−f s−2f s−3 f s

1


s =
2


f s =
1


1


1


1


1


1


1

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FT → DFT Example (3)

S (ω) = ∫
0

T

e− jω t d t = [ e− j t

− j ]
0

T

=
e− j T

− 1
− j

=
e− j T /2

e− jT /2
− e j T /2



− j

=
sin (ωT /2)
ωT /2

⋅e− jωT /2

T
2

−
T
2

1 T

T

2π
T

4π
T

−
2π
T

−
4π
T

2π
T

s( t)

∣W (ω)∣ = ∣S (ω)∣

T

1

w( t) = s (t − T
2 )

=
sin(ωT /2)
ωT /2

⋅e− jωT

W (ω) = e− jωT /2
⋅S (ω)
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From DTFT to DFT (4)



T

f

f

f

f

f s=
1
τ

− f s

+ f s− f s
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From DTFT to DFT (5)

f+ f s− f s

f

f+ f s− f s
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