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Conversion From CTFS to CTFT

T, xp () > x(t)
Periodic Aperiodic
27
we=(—1|0
0 To
w,>dw ,
c.T, -> X(jow)
k W, W Discrete Continuous
Frequency Frequency
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Aperiodic Signal Conversion x(t)

T,=2T

T,=16T

T,

Aperiodic  x(t)
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Limit Values @, dw
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From CTFS to CTFT

X:ro(t> = Z C e’ 1
k=—
= i C, e’ To| [2m
e 2n| | T,
1 O +joykt 27T
- T JOoKL =
2:J-[:k=z—:oo(jk Oe TO
xnlt) = == X €T, e
T, o~ k+0 0
TO—)OO w,= 2—313 -0
TO
w,>dw, ko,”o®
x(t) = ﬁj:xuw) o1 xp (6)2x(t), C.T,»X(jo)
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The Product X (jw)-dw

CkTo_)X<j(U) CiTy
_ 27t _ ER'{CkTo}
TO(DO TO — | =27 . ]
T, S1C Ty
G, T
arg{CkTO}
C, T, o,
area=2m

Ow, 1w, 2w, 3w, 4w, 5w, 6w, 7w,

Tt rFr—r— 11— 11

kw,

X(jo)dw

area=2m
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CTFS and CTFT

Continuous Time Fourier Series

C, = %fo(t)e_jw"kt d @ x(t)= ) C e’

k=—o0
— 1 —jkawyt — +jko,t ) 2_31: S0
C= g [mlgea ()= Zoem 3 g
CkTo = .[XT[)(t) e‘jkwot dt X, (t) — i Z CkTO e+jkw0t.2_7|3
T, 0 23.[: = TO
T,>©, w,?dw %90 , ko,~w0 X:ro(t)‘)x(t), C,T,”>X(jw)
0

Continuous Time Fourier Transform

L + 00

Xjo) = [0 e ar w x() = [ x(0) e do
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(A) A Time Domain Impulse Function

(B) A Frequency Domain Impulse Function
(C) A Sinusoidal Function

(D) An Impulse Train

(E) A Periodic Signal
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(A) A Time Domain Impulse

Continuous Time Fourier Transform  x(t) = AS(t) @ X(jw) = A

X(jw) = [ x(t) e dt X(jo) = [ As(t)e™dt
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(B) A Frequency Domain Impulse

Continuous Time Fourier Transform  X(jw) = 2w §(w) ¢ x(t) = 1

. | 1 -
x(t) = i ;X(J'w)e”‘”tdw x(t) = = [ 28 (w)e" dw
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Time and Impulse Domain Impulse Functions

x(t) = 5(t) X(jo) = :Eé(t)e_j“”dt
N = [ 8(t) e’ dt
; x(t) = 8(¢) X(jo)=1 el
‘ . L= _{oé(t) dt = 1
]- 3 + jowt
x(t) = b J; 2nd(w) e do X(jow) = 27 8(w)
— _fwé(oo) e’ dw } x(t)=1 L X(jo)= 25 8(c)
= f S(w)dw = 1 - | =
2B CTFT 12 Young W. Lim

8/27/16



Frequency Shifted Impulse

x(t) = if 278 (w — w,) e dw

25 2 X(jow) = 2x8(w = o)

= f d(w — w,) e’ dw

+00

= e+jw°tf S(w) dw

—a0

_ 2n
= e+jw°t Po = T—o
= cosw,t + jsinw,t
AR 2718 (0w — w
TN . ( 0)
+jw,t _/ \ %
e S{e+jw°t} > | >
T/\, o
M )
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Euler Formula

+jw,t

— S~ e—jooot
e
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Complex Exponential Functions

N ) 2756((” - (1)0)
> A
A + 0
\/ y
Rie /™ 2mo(m +
/'\ ( 0)
—Jjo,t > %
/\ — Wy
\/ y
(ot nd(w+ @)  wd(w— )
cos (myt
%( +]m0t+ —jwot) /--\ + %
+jnd(w+ w,) —jad(w— w,)
]- +jw,t —Jjw,t A
— (e — e7I™) RN | +
2] \/ —w I
I
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(C) Sinusoidal Functions

cos (W, t) 8w+ w,) 8w — w,)

A
A ‘ + o,
7 . |
° \/
sin (w,t) +jndlw+w,) —jadlow— w,)
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Sum of Cosine Functions : Impulse Train

T,
A A
cos (o, t) /\/\/\ —L)O + L)O
il +
L)
cos (2 w,t) \/\/\/\/\/\/ —2w, +2m,
il +

cos (3w,t) /\/\/\/\/\/\/\/\/\ —3|(u0 +3|000

~T, +T, —3w, — W, + Wy + 3w,
Time Domain Frequency Domain
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Integer Multiples of a Fundamental Frequency

T,

Period T1 < T2
# of integer multiples in T1 < # of integer muiples in T2

Amplitude Al < A2

The # of integer multiples is proportional to the period
(the # of 1's to be added)
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Value 1 is added at 0, £T,, =2T,, ...

+T, nd(w+ w,) nd(w— w,)
e+ ju)ot_l_ e—jwot % *
cos(w,t) =
2 — W, + W,
nd(w+ 2m,) nd(w — 2w,)
+ j2w,t —Jj2w,t A A
cos (2w, t) = re | |
2 —2w, + +2wm,
d(w+ 3m,) nd(w — 3w,)
+ j3w,t —j3w,t A A
cos (3w, t) = -'2- € | |
I I —3w, + 3w,
A= E A=mn
2
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Infinite sum of complex exponentials

e 4 eI cos(1w,t) nd(w+1w,) +nd(w— 1w,
cos(w,t) = ;
Yoot 4 o 200t 2m,t td(w+2w,) +mdlw—2w
COS(Z(DOt>: e ;e COS( W, ) ( 0) ( O)
tjdogt =30t 3wt no(w+3w, +mo(w—3w
COS(B(DOt) — ;e COS( W, ) ( O) ( O)
Time Domain Time Domain Frequency Domain

Scostko) =3 X e 2] 3 sle-nr) %5 oo ko)
k=—o0 n

k=0 k=—o0
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CTFT of Complex Exponential Sum

Time Shift CTFT . s

ie)
=
[
=]
' ™M
8
(@)
.
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N
N
(S
g
I
Tt
(Dk.
3
~

plt) = 3 e )y Pli0) = 2 27 (-~ ko,
n=-—o TS k:—OO TS
T,
? - = Z e]ﬂu)t
TS +00 TS 0
= > > 8(t— nT,) 7]3(]00) = Z nd(w— kow,)
n=—o k=—c0

Z:: s(kw,t) % D et (E) i 5(t —nT,) ™ 2, dw—ko,)

k=—0

2B CTFT 21 Young W. Lim
8/27/16



Exponential Sum and Impulse Train Relations

Time Shift CTFT o

P(jo) = 2, "
k=—o
R CTFS 1 2 1t
p(t) = n:Z_:OO 6(t—l’lTs> _>Ck = T—S (DS — TS
p(t) — iejnmst SyntheSiS
ne—w 1
F Shift CTFT s
e P(jo) = 3 |2E|s(0-ka,)
k=—o S
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CTFT pairs of different forms

Impulse train
p(t) = Z 5(t —nT,) Z Tiejnoost », = ZTJ'IZ

l CTFT l CTFT

+ oo o0

P(jo) = 2, " P(jo) = 2. 00— ko)

k=—o0 k=—o0

o)
—
~
~——
I

Impulse train
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CTFT pairs of similar forms

Impulse train Infinite sum of
complex exponentials

nw,t
_ + 0 — _ + 00 1 inw,t B It
l CTFT l CTFT
P(jw) = Z 080 —kw,) = P(jo) = Z L
k=—o0 —
kT,
Impulse train Infinite sum of
complex exponentials
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Conversion of an Impulse Train

Continuous Time Fourier Series

G, = 7 x(t)e ™ dr —jfi Je " dt
1 +T/2 1
?f_w 5(t)dt = —
X)) = Y c, e ple) = 2 Coe™
n=0 n: 0 1 .
— Z _— inogt Fourier Series
ne—w 1 Expansion
1 1 1 1 1 1
A A A A A A +00 +o0 1
| | | | | | ~ p(t) = D, &(t—nT,) = D, —e"!
-3T, 2T, -T, ‘ T, 2T, 3T, n=-—oo n=—oo Ts
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CTFT of the CTFS synthesis

Continuous Time Fourier Transform

p(t) = f 3(t—nT,) @ P(jo)

n=-—aoo

el om0t gy

— n;@ if: 5(w—nw,)

p(t) = ﬁ > ZTTC S(w—no,)e’'do = ), 1 | 8(w—nw,) e’ dw
+00 1 - +00 " .
= Z ?ej .- Z 6(1‘ — nTs) X(t) — L " X(](D) et d s
n=—w < g n=—o 210 Y
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Impulse train p(t), P(jw)

s Time Shift &
p(t) = 2 &8(t—nT,) Pljo) = el 1
n=-—w k=—w
A
1 1
o
T T T T T T Time Shift I I I I I [
-3T, —-2T, -T, \ T Zi“s 3':rs . —30, —20, —w; ;Ds 2'005 3;(1)5 E
Ts . 27
-~ Os =T
s F
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p(t), impulse train P(jw)

P Freq Shift e [

4 Jnogt — .
plt) = ¥ e - Pljo) = 3 | FF oo~ ko
1 27
T, T,

Ts _27[3
-~ s =T
-~
1 2n
T, T
I I I I [ [ Freq Shift T T T T T T
aT, -ar, -1, | T. 21, 3T, 30, “20,—w, O, 20, 3w,
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(D) An Impulse Train - (1)

voo Time Shift CTFT tm oo
p(t) = 2 o(t—nT) o)) Pljo) = 2 e
n=-—w k=—w
1 Freq Shift CTFT e [
p(t) = 2 —e"f )y Pli0) = 2 5(0 — ko)
n=-oo TS k=— TS
A
1 1
@
T T T T T T Time Shift I I I I I [
-3T, -2T, -T, \ T Zi“s 3':rs - —30; =20, —o, ;Ds 2'005 3;(1)5 g
1 2
T T
I I I I [ [ Freq Shift T T T T T T
aT, -ar, -1, | T. 21, 3T, 30, “20,—w, O, 20, 3w,
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(D) An Impulse Train - (2)

p(t):nz_:wé(t nT,) Pljo) = i —né‘)(oo—koos)
z E T
- ||
p(t) = X L P(jo) = X &7
n=—w S k=—o
2n
1 T
A A A A A A A A A A A A
] + R ] + I
-3T, —-2T, -T, 3T, —3w, —2005—005‘ O, 2w, 3w

\J

_3T _2T _T ‘ Ts 2TS 3Ts _3(DS _20)5 _U)s (Ds 2(1)5 3(1)5
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(D) An Impulse Train - (3)

oo Time Shift T
p(t) = X 8(t—nT,) Pljo) = e’ 1
n=—o k=—o
e 1 Freq Shift e
_ L Jnogt : — &t _
p(t) = n;w Tse ” P(jo) k;w T, d(w — ko)

“an equation that relates the Fourier series coefficients of
the periodic summation of a function to values of the
function's continuous Fourier transform.

Consequently, the periodic summation of a function is
completely defined by discrete samples of the original
function's Fourier transform.

And conversely, the periodic summation of a function's
Fourier transform is completely defined by discrete
samples of the original function.”
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CTFS Coefficients and an Impulse Train

A general formula for the CTFT of any periodic function for which a CTFS exists

Its energy is not finite but its power is finite : Power Signals

Discrete Coefficients Weighted Impulse Train
C, Y 2aC,8(0 - ko,
k=-—o
Fourier Series Expansion Fourier Transform
oo | CTFT .
x(t) = ), C e > X(jo) = Y, 22C,8(w - ko)

k=—o0 k=—o

1 crrs

Fourier Series Coefficients
+T /2

C, = ~ [ x(t) e " de

TS—LQ
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CTFT of a CTFS Synthesis Signal

27C,
C 0 C 2nC_, 2nC,
-1 1
C_, C, 2nC_, A A 2nC,
o T T C, 27C_, A ‘ A 2nC,
¢ T 1. A | A
—3w, —2m,; —o, 0w, 20, 30, —3w, —2m,; —, w, 20, 3w,
Fourier Series Coefficients Fourier Transform
1 +T./2 s}
Co= — [ x(t)e ™ de X(jo) = ) 2aC, 8w -ka,)
TS —T,/2 k=—ow
Fourier Series Expansion
+ 00 ot
+
x(t) = ), ¢ e’
k=-—
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CTFT of any periodic signal

A general formula for the CTFT 2

nC,
of any periodic function for which 2nC_, ‘ 2nC,
a CTFS exists 2nC, 2nC
2nC ., A A A ’ 2nC,
Period A | ‘ | A
27 | ' ' -
T, m o, = T 3w, —2m, —w, W, 2w, 30,

N

Fourier Series Expansion Fourier Transform

X(t) _ Z Ck e+jk0)st X(j(D) — Z Ckf e]kwst e IO gt
k=—o k=—o —©
Fourier Series Coefficients = Z Ck_f g1kt gy
] +T,/2 k=—co ”
_'kws 0
S L = 5 276800 ko)

Periodic Time Signal ‘ CTFS ‘ CTFT ‘ Sampled in Frequency
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CTFES & CTFT

Continuous Time

Discrete Frequency

Continuous Time C,
Fourier Series | \ \ \ \ _ ‘ ‘
CTFS a au e Al || AETTTO R
T
P +T./2
x(t) = >, ¢ e c, = L+ [ x(t) e " de
k=—o0 Ts —T,/2
x(t) = >, ¢ e X(jo) = Y, 2aC,8(0 - ka,)
k=—w k=—w
2nC,
. ) Continuous Time Continuous Frequency
Continuous Time M
Fourier Transform | \ \ \ \ N {
CTET VARV mran - et ! | ARETTR N
MTH
Fourier Analysis 3 5 Young Won Lim
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Dirichlet Condition

Sufficient Condition for Fourier Transform Pair

1. On any finite interval
a. f(t) is bounded

b. f(t) has a finite number of maxima and minima Fourier Transform
c. f(t) has a finite number of discontinuities exists F(j(o)

2. f(t) is a absolutely integrable _u[o|f(t)| dt < o

Energy signals The voltage across a 1 Ohm resistor

+o0

E= [|f(¢)f dt < p(t) =If () /R = (c)

—0o0

There are functions that does not meet Dirichlet condition
but still have Fourier Transform Pair

1. Unit Step function

2. Periodic functions

2B CTFT 30 Young W. Lim
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Power Condition

Less stringent requirement for Fourier Transform Pair

1. On any finite interval
a. f(t) is bounded

b. f(t) has a finite number of maxima and minima Fourier Transform
c. f(t) has a finite number of discontinuities exists F(j(o)

A finite amount of power Power Signals
1 +T/2
o 2 2 2
P=lim— [ |f(c)f de <o p(0) = (c)f /R =1f (¢)
T30 £ _71/2

1. The unit step function
2. Periodic functions
3. The signum function
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Other Convention (1)

T

Continuous Time Fourier Transform {unitary, angular frequency}

Continuous Time Fourier Transform {non-unitary, angular frequency}

(jo) = 1- fm Je /'dt =
x(t) = =— [ X(jo) e dw
27T 7%
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Other Convention (2)

Continuous Time Fourier Transform {unitary, frequency}

X(f) = fi:x(t) e /¥t dt -

= [ox(f)erdg

Continuous Time Fourier Transform {non-unitary, angular frequency}

X(jw) = 1- J‘J_r: e /'dt =
1 +oo +]wt (DZZJ'Ef
x(t) = e _X(jw)e"™Mdw do=2ndf

2B CTFT 39 Young W. Lim
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Impulse Response

input output
x(t) h(t) — (1)
= h(t)*x(t)
= [ " h(t)x(t — ) d<
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Freqguency Response

input output

H(jw) = [ h(x)e’™ dv

x(t)=Ae e’

= e' e'
y(t)= H(jw)Ae'*
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