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Fourier Series

f(x) = a, + D, (a, coskx + b, sinkx)
k=1

1 p+n

a4 = 5 f(x)dx
a, = % f: f(x) cos kx dx
b, = % fi: f(x) sin kx dx
k=12 3 .. m) one-sided spectrum
only positive frequencies
Young Won Lim
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Trigonometric Identities

cosf cosdp = %(cos(@—q)) + cos(0+ ¢))

1

sin0 sin¢ = 5 (cos(® — ) — cos(0+ ¢))
sin® cosp = %(sin(6+ ¢) + sin(6—¢))
cosOsing = %(sin(6+ ¢) — sin(6—¢))

- >

- >

Assumed integration interval :
Integer multiples of a period

1B CTFS

(1 + cos(0+¢)) (0=0)
(1 — cos(B+¢)) (6=09)

(sin(0+¢)) (0=0)

N~ N~ NI~ N|F~

(sin(6+¢)) (6=0)

Integration Area : zero
positive area = negative area
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Integration of the trigonometric identities

+7 +
J__ cosnxcosmxdx =0 (n # m) f_n cosnx coomx dx = m  (n = m)

+7 tn
J__ sinnxsinmx dx = 0 (n # m) f_n sinnx sinmx dx = n  (n = m)

sinnx cosmx dx = 0 .
n, m : integer

cosnx sinmx dx = 0

cos((n—m)x) +cos((n+m)x)
+cos((n—m)x) sin((n+m)x)
fi: d« =0 (n# m) f:;—dx:rc (n = m)
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Correlation : zero or non-zero

cos0 cos¢ = 5 (cos(0— ¢) + cos(0+ ¢) 51+ cos(o+ ) (6=0)
sin6sing = = (cos(0— ¢) — cos(0+ ¢) (1 = cos(0+ ) (6=0)
sin6 cosp = L (sin(6+ ¢) + sin(6— ) 5 (sin(6+9))  (6=0)
osO sind = %(sin(6+ 0) — sin(0—¢)) %(sin(9+¢)) (6=0)
[7 cosnxcosmxdx =0 (n % m) f: cosnx cosmx dx = m (n = m)
f: sinnxsinmx dx = 0 (n # m) f: sinnx simmx dx = ® (n = m)
[ sinnx cosmx dx = 0 |
n, m : integer
[ cosnxsinmx dx = 0
1B CTES 6 Young Won Lim
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Fourier Series Coefficients a,

0
flx) = a + 2,0, cosmx + b, sinmx

m=1

0
a, ¢ f(x)-coskx = a,-coskx + ). (a, cosmx-coskx + b, sinmx~coskx)

m=1
m =k
f: dx = 0
f(x) = a, + Y. (a, coskx + b, sinkx) ;- 1 (x) d
k=1 2 ¢

a, = %f:f(x) cos kx dx
b, = % f:f(x) sin kx dx

k=1, 2 3, .
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Fourier Series Coefficients b,

0
flx) = a + 2,0, cosmx + b, sinmx

m=1

b, ¢ f(x)-sinkx = a,-sinkx + ). (a, cosmx-sinkx + b, sinmx+sinkx)

m=1
m =k
f: dx = 0
f(x) = a, + D, (a, coskx + b, sinkx) a, = 1 mf(x)dx
k=1 231: -
a, = %f:f(x) cos kx dx
1 p*= :
b, = = f_nf(x) sin kx dx
k =1, 2, 3, .
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Computing Fourier Coefficients

f(x) = a, + D, (a, coskx + b, sinkx) f_n cosnx cosmx dx = ® (n = m)
k=1 T
f:: sinnxsinmxdx = (n = m)
-1 ¢
a, = o _nf(x) dx

n, m : integer

Q
s
I

1 + 7
- f_n f(x) cos kx dx

b, = %f: f(x) sin kx dx

k=1, 2, 3, ..

a, € f(x) = q, + Y (a, cosmx + b, sinmx)

m=1

0
a, ¢ f(x)-coskx = a,-coskx + Y (a, cosmx-coskx + b, sinmx~-coskx)
=1

m
00

b, ¢ f(x)-sinkx = a,-sinkx + ) (a, cosmx~sinnx + b, sinmx -sinkx)
m=1

9 Young Won Lim
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Any Period p = 2L

glv) = a, + kZ::l(ak coskv + b, sinkv) 7l = @ i c0s K%y + b sin KT,
k=1
1 + T 1 +L
a, = o[ glv)dv ao:Z—ILf(x)dx
1 + 7 1
a, = Ef_ng(v) cos kv dv a, = ff ) cos dx
1 p+= . 1 T X
b, = Ef_ng(v) sin kv dv b, = ff ) sin dx
k =1, 2, k =1, 2, 3,
v: [—1, +Tm] x: |[-L, +L]
v = D x
L
11
dv = — dx
L
1B CTFS 10 Young Won Lim
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Time and Frequency

f(x) = a, + D |a, cos KT x + b, sin X7 x x(t) = a, + D.|a, s o b, s Al
k=1 L L k=1 T
1 +L 1 T
aozz—fo(x)dx aoz?fox(t)dt
1 2 (T 2mkt
a, = If ) cos d a, = ffox<t) T dt
1 X 2 T 2wkt
b, = ff ) sin dx b, = ?fo (t) sin T dt
= 1, 2, 3, k = 1) 2,
x: [-L, +L] t: [0, T]

I
Iﬂ

E |

Continuous Time Periodic Signal x(t)

L) Y

1B CTFS 11 Young Won Lim
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Harmonic Frequency

x(t) = a, + D.|a, cosz;ckt + b, sin Z;Ekt x(t) = a, + kzl(ak cos(2mk f,t) + b, sin(2mk fot))
k=1 -
LT a, = ifT x(t) dt
a, = ?fo x(t) dt 0 = 7)o
) T
2 T 2kt = = =
a, = ffox(t) q 7; dt a = _fox(t) cos (2nk f,t)dt k =1, 2, ..
_ 2 T . 2wkt b, = g_ﬁx(t)sin(an fot)dt k =1, 2, ..
b, = ?fox(t)sm T dt T
k =1, 2, ..
t: [0, T] t: [0, T]
: 1
resolution frequency fo = T
: 1
n-th harmonic frequency f,=nf, = n
1B CTFS 12 Young Won Lim
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Radial Frequency

x(t) = a, + Z(ak cos(k2m f,t) + b, sin(k2m fot)) x(t) = a, + Z(Gk cos(kayt) + b, sin(k(oot))
a —lfo(t)dt Go=lfTX(t)dt
o = 1 Jo T Jo
T 2 T
a, = %fox(t) cos (k2m fot)dt k =1, 2, .. a, = ?fox(t) cos (kw,t) dt
b, = %fo(t)sin (k2w f t)dt  k =1, 2, .. b, = % Zx(t)sin (ko,t) dt
k =1, 2, ..
t: [0, T] t: [0, T]
linear frequency f
angular (radial) frequency w =2xnf
1B CTFS 13 Young Won Lim
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Complex Fourier Series Coefficients

x(t) = a, + kZ:(ak cos(kw,t) + b, sin(ku)ot)) x(t) = A, + Z(Ak e+ B e
=1 k=1
1 T 1 o7
a, = Tjox(t) dt A, = ?fox(t)dt
2 T
a, = ?fox(t) cos (kw,t) dt A, = %IZX(I) kot g
2 T .
bk = ? Ox(t)sm (k(DOt) dt Bk — %J‘Zx(t) e+jku)0t dt
k =1, 2, ..

~
=
=

t: [0, T]

Real coefficients

one-sided spectrum
a,, a,, b, k =1, 2, ..

only positive frequencies

Complex coefficients two-sided spectrum
A, A, B, k=1, 2, .. Both pos and neg frequencies

1B CTFS 14 Young Won Lim
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Applying the Euler Formula

x( Z(ak cos(kw,t) + b, sin(kwot))
. +jot B
a, cos(kw,t) + b, sin(k w,t) e = Coswt + jsinwt
e /" = cosmt — jsinwt
— & (ejkwot_l_e—jkmot) + ﬁ (ejku)ot_e—jkwot)
2] ejwt_|_e—ju)t
. . coswt = >
. (ak_.]bk) jkogt (ak"'ka) —jk wyt
o 2 € 2 € jwt  —jwt
. e e
sinwt = or
— Ak ejkoo0 + Bk e—jkmot .]

Young Won Lim
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Basis of the Complex Plane

Basis : a set of linear independent spanning vectors

every complex number can be represented by

® o ° . .
N . k,le? + k,le™’

e . . . +j +]
O o, linear combination ofe™” and e’
S which are one set of linear independent
® o ° two vectors
e ’* ‘

every complex number can also be represented by

[, |lcosB +1,j|sSin®
. j sin® et

° ° L ‘
{ ]
[ ] [ ]
° ° ° ‘
L. e (@) O
sin ..
J - [, |lcosO +I, |jsin® >
L :
O O
cosO © o o

cos0

° e_je
Vector Space (BGND.3A) 16 Young e e



Basis : a set of linear independent spanning vectors

Vector Space (BGND.3A)

every complex number can be represented by

ky

+jo6
e]

+ k2 e+j9

C'overR

k,,k,€eR

every complex number can also be represented by

COSO

Ccoso0

17

+1,]

Sin 0

H

jsin®

C'over R

cos0,sinfe R

C'overR

IL,I,eR

Young Won Lim
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Complex Plane Basis

+im

e

+imw

c,e

real number

real number

c,cos(w) + c,sin(w)

real number

imaginary number

+

+

\/Ei-sin(w)

Vector Space (BGND.3A)

Young Won Lim
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Real Coefficients k3 & k4

c,e + c,e "
real number Cq (C3 C4l)/2
real number c, = (C3+C4i)/2
c, € R c, : real
c, € R c, : real
m1e+im + m2 e—io)
ml - (k3_k4l)/2 conjugate
m, = (k3+k41)/2 complex number
m, € C (m,+m,) : real
m, € C i(m,—m,) : real

Vector Space (BGND.3A)

C'over R

R over R

19

+2xreal part

—2*imag part

c,cos(w) + c,sin(w)

C3 = (Cl + Cz)
Cy = i(C1 - Cz)

c, € C
c, € C

real number

imaginary number

. real
: Imag

k,cos(w) + k,sin(w)

real number

g — im; — m2) real number
k, € R k, : real
k, € R k, : real

Young Won Lim
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Subspace : Real Line

+ —-sin(w)

— 1-sin(w)

m,e"” + mye ' k,cos(w) + k,sin(w)
I’)’l1 = (k3—k4l)/2 conjugate Rl over R +2*real part k3 = (ml + m2) real number
m2 — (k3+ k41)/2 complex number —2*imag part k4 =i T'I’l1 — mZ) real number
(100 grio y (1200 i 1-cos(w) + 0-sin(w)
(+21\/_5i)' o (+21\/%i)_e—lw % cos((p) + %-Sin(w)
0-1) griv 4 (041) i 0-cos(w) + 1-sin(w)
S g g cos(o) + esin(o)
(—12—Oi).e+iu) + (—12+Oi).e—iw real line _l.cos(w) + OSln((D)
(w)
(@)
(o)

— —-sin(w)

—
—

>

gv
—
—

HS
3
N
P
w
P
N

Vector Space (BGND.3A) 20 Young Won Lim
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Trigonometric Relationship

m, = (k,—k,i)/2
m, = (ky+k,i)/2

conjugate
complex number

Acos(wt — &)

Rl over R +2*real part
—2*imag part

VIE+K: = A

k

—— = cos(¢)
VIG+I

k

—— = sin(¢)
VI

k,cos(w) + k,sin(w)

real number

real number

k,cos(w) + k,sin(w)

A-[cos(d)cos(w) + sin(¢)sin(w)]

Vector Space (BGND.3A)

21

Young Won Lim
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Linear combination of cos(wt), sin(wt)

(k,—k,i)/2

k3cos((o) + k4SiD((D) m (k +k41)/
2 4

+2x*real part

k
—2x*imag part k

Acos(wt — ¢ )

conjugate

complex number

real number

real number

Cs

\/c§+cf1

Cy

\/c§+ci

R' over R

cos(¢)

sin(¢)

COS , Sln M

1B CTFS 22
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Real & Complex Fourier Coefficients

Z(ak COS kmo + b, sin(kooot)) x(t) = A, + i(Ak okt B, oIkt

zero freq a, = A, zero freq A, = a,
pos freq a = (A, +B,) pos freq A, = 1 (a, — jb,)
(+ k w,) (+ kw,) 2
pos freq b, = j(A, — B,) neg freq B, = l(ak+jbk)
(+ka,) (k) 2
a,, b, real number A, B, complex conjugate

1B CTFS 23 Youra on L



Real & Complex Fourier Coefficients

_ 1 (T
a = ffox(t)dt A, = %f(fx(t)dt
_ 2 (T N .
a, = — fox(t)cos (k w,t) dt /\ A, = %f(::x(t)e_Jku)ot dt
b, = = [ x(t) sin (ko) dt @
k= 1 o 0 Bk:?fox(t)e”"’tdt
k=1, 2, ..
A, = lfo(t) e " dt  pos freq (+k
k= T Y0 p q (+ (Do)
1 i + jkw,t
B, = ?fox(t) e gt neg freq (—ko,)
A, = q,
Ak:l(ak jby) L " 2
2 A, = ?J'Ox(t)(cos(kwot)—]sm(kmot))dt
1 : 1 (7 ..
B, = 5 (ak+]bk) B, = ?J‘Ox(t)(cos(kmot)+ jsin (kw,t)) dt

18 CTFS 24 rona v 7



Complex Fourier Series A,, B,

x(t) = a, + Z(ak cos(kwyt) + b, sin(kmot)) x(t) = A, + ;(Ak gtikod 4 g gikut
k=1 =
1 pT
do = 7 _[0 x(t) dt
= 2 JIT () (k )d c + jkw,t kw,t
T o e d dt) = 2[4 &P 4 B,
k=0
b, = % Zx(t)sin (k wyt) dt
H k=12 .
3 ' j — S + jkw, kw,
0= e Slae s per = Ela e pen
k=1
— l T Jkwyt
Ay = %IZX(t)dt RS = , x(t) dt
k = 05 1: 2’
A = l J«Tx(t) e—jkwot dt
k T 0 B . 1 J‘Tx(t) +jkw,t dt
1 d +jkow,t k — ? 0
B, = — JR®,
k T-[ox<t)e dt k=12
Young Won Li
1B TS 25 o



Complex Fourier Series C,

000
1
o

1B CTFS
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Complex Fourier Series

x(t) = a, + Z(ak cos(kwyt) + b, sin(kmot)) x(t) = Z(Ak ko 4 p = tka
k=1 k=0
1 1 n
a, = ?fox(t) dt A, = % Zx(t)e kot g
2 k=0 1,2
a, = — J, x(t) cos (kayt) dt
1 T + jka,
by = % Zx(t)SiH (kyt) dt B, = Tfox(t) Tt dt
(2 | k=1, 2 4 k =1, 2
x(t) = A, + Z(Ak L B, o J koot x(t) = Z C, + jko,t
k=1 k=—o0
AO — ao Ck — % (:: (t) e—jk(uot dt
Ay = %(Gk jby) k = —2, —1, 0, +1, +2,
]‘ . /AO (k:()) aO
B = 5 lac+ jby) C,= A, (k>0) =(a,—jb)
k =1, 2 B (k<0) %(Clk+ jbk)
1B CTFS 27 Young Won Lim

8/12/16



Phasor Representation X, via g,, ¢,

a

x(t) = a, + kZ:(ak cos(kwyt) + b, sin(kwot)) x(t) = g, + kz:gk cos(k w,t + ¢,)
=1 =1
_ 1T g, = a
a, = T Jlo x(t) dt 0 0
2 T dx = \/ai"' bi
a, = o fox(t) cos (k w,t) dt "
¢, = tan | ——=
b, = % " x(t) sin (kw,t) dt " a,
k=1, 2 k=12
x(t) = g, + ;gk cos(kw,t + ¢, x(t) = X, + Z m{X,{e*"k"’“}
k=1
_ N +jkayt +,
x(t) = 9o t ;gkm{ej ) X, = ¢,
X, = gk’e”q)
x(t) = g, + Y. Rigoe® e k=102
k=1
1B CTFS 28 Young Won Lim
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Phasor Representation C, via g,, ¢,

x(t) = 2, Cpelt x(t) = g, + ng cos(kwyt + ¢)
k=—o0 k=1
C, = %g+k e (k>0) 9o = %
1 " gk = \/Cli+ bi
Cy = Eg—ke k (k<0) | b,
k= =2, —1, 0, +1, +2 e
k =1, 2,
l N +] kmt+¢k)+ _j(k(”ot"'q)k)
o) = g 15 g : b w
, x(t) = X, + 2, R{Xe7")
= g+ Y lgk ot gtikout lgk o i gk out k=1
k=112 2
Xy = 9o
Xy = gu e""
k =1, 2,
Young Won Lim
1B CTFS 29 8/12/16



Single-Sided Spectrum

x(t) = a, + Z(ak cos(kwyt) + b, sin(kwot)) x(t) = g, + X, g, cos(kwyt+ ¢,)
k=1 k=1
1 T _
a = = Io x(t) dt 9o = f/’o
2 2
g, = Va,+b>b
a, = %‘f:(:x(t) cos (kw,t) dt ' ' kb
¢, = tan ' —
b, = %fzx(t)sm (K, t) dt " a,
k = +1,+2, .. k = +1,+2, ..
cos(o+ ) = cos(a) cos(P) = sin(a) sin(p) a, = g cos(¢,)
~b, = g, sin(¢,)
g, cos(kwyt+ ¢,) = g, cos(¢,) cos(kw,t) — g, sin(¢,) sin(k w,t) . ,
ag+ b = g
a, cos(kw,t) + b, sin(k w,t) b _ tan (¢,)
ay
1B CTFS 30 Young Won Lim
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Two-Sided Spectrum

Z C +kao

Z C +kao

Power Spectrum  Two-Sided Periodogram One-Sided
|Ck|2 = |C—k|2 = |gk|2 = ak+b) 2/C,| = |gk| = \/Gi'* bi
1B CTFS 31 Young Won Lim
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CTFS of Impulse Train (1)

i 5(t —nT,)

n=-—oo

Fourier Series Expansion of Impulse Train

+
Z + jkot
a e
k=—o
Fourier Series Coefficients

+T,/2

_f(g

s -T,/2

—Jku)t

a,

+T./2

:_fa

s —-T,/2

—]ku)O

+T./2

—fa 1

s -T2 T

1B CTFS 32

1 1 1 1 1 1
RRSEER
T, —2T,-T, | T, 2T, 3T, ¢
® 27
TS
1+ 1 41 1 1 1
TS TS TS TS TS TS TS
LT
3w, —2m, —o, ools 2(.0 303: ®

Young Won Lim
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CTFS of Impulse Train (2)

1 + o0 1 + oo
—_ + Jk O‘)st J— >~
PO =+ 3 a e = LY (coskwyt— jsinko,
s k=—w sk=—w
cos2m-1-t sin2m-1-t
1 7 1
/ \ / \ / \ /
05 | /T 05
0 0
05 - | o5 1
‘ /" /"
1 ‘ 1
2 15 1 0.5 0 0.5 1 1.5 2 2 1.5 1 0.5 0 0.5 1 15 2
40 T 30 7
30 | / H H . 2T
10 |-
20 | | | 7 .l
10 | H u 1 ol
‘4\1““' N I M !_’M!‘H‘\m\.! M | ” NU
210 ! -30
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -15 -1 -0.5 0 0.5 1 15 2
40 40
> cos(2m-k-t) > sin(2m-k-t)
k=1 k=1

1B CTFS 33 roung i L



CTFS of Impulse Train (3)

p(t) = TL D> a, et = TL > (coskw,t — jsinkw,t)
s k=—oo

s k=—w

cos2m-1-t sin2m-1-t
1 1
05 - a 05 -
0 ;‘s \\ 0
05 F \ / 4 05 L
\ \/ \ \/ os
. \/ | .
2 1.5 1 0.5 0 0.5 1 15 2 2 15 1 0.5 0.5 1 15 2
100 T T T T T T T le-13
80 - } ‘ ‘ ,
5e-14
60 ‘ H H 1
40 - \ H H 1 0 - — —
20 I I I :
I, i i (1 . Se-14
o I i I o
_20 | | | | | | | ‘19‘13
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0.5 1 15 2
40 40
D cos(2mk-t) Y sin(2m-k-t)
k=-40 k=—-40

1B CTFS 34
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Inner Product Space

Hilbert Space  real / complex inner product space

(o) = J Fle)glt)de

complex conjugate Norm

y,x) = (x,y) IxIl = V(x, %)

linear Cauchy-Schwartz Inequality
{ax;+ bx, y) = alx, y)+ b(x, y) [, ol = [xHIy

positive semidefinite

(x,x) =0

1B CTFS 35 Young Won Lim
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Cauchy-Schwartz Inequality

For all vectors x and y of an inner product space
2
ol = x- (v y)

[y = Dl Dl

The equality holds if and only if x and y are linearly dependent =  maximum

IA

| xoxtde 1] yylde

Inner product is maximum
when y = k x

1B CTFS 36 Young Won Lim
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Complex Orthogonality

<ejm(oot’ ejnw0t> — fo e+j(m—n)(notdt — )

<ej(+1)000t

b

<ej(+1)0)ot

b

<ej(+1)w0t

b

<ej(+1)030t

b

1B CTFS

ej(+1)(”ot>

ej(_1>000t>

ej(+2)wot> —

ej(_z)wot> —

. e_j(l)mot dt

. e+j(2)(o0t dt

. e_j(z)(”ot dt

37

m, n : integer

T .
+j(1-1)m,t
fo e dt

T

[ e

0

T

["e

0

T

[

0

+j(1+1) o, t dt

+j(1-2)w,t dt

+j(1+2)0‘)0t dt

Young Won Lim



Inner Product Examples

T fo = 1T w, = 27/T

1B CTFS 38 Young Won Lim
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Complex Fourier Coefficients and Inner Product

X(t) _ k; C. e+jkw0t C, = %f;‘: X(t) e—jkwot dt
k =..,-2—-1,0,+1,+2, ...

fundamental frequency fo = % w, = 2nf, = ZTTE

n-th harmonic frequency f, =nf, w, = 2xf, = 27;1"

T - _ ]_ —jk(l)ot
(f.g) = [, f(t)g(t)de C, = 7 (x(t), e7*™)
k =..,-2-1,0,+1,+2, ..
1B CTFS 39 Young Won Lim
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Finding Complex Fourier Coefficients

T fo = 1T w, = 27/T

NN T~ Lx(o), e =
ERNANAN DNV 7N LT
NN RN e e
NN et = e,

1B CTFS 40 Young Won Lim
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Spectral Leakage

r ‘ fo = UT w, = 2n/T
-
R\/\\/\\/\

1B CTFS 41 Young Won Lim
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