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Fourier Series

f (x) = a0 + ∑
k=1

∞

(a k cos kx + bk sin kx)

a0 =
1

2π
∫−π

+ π

f (x) dx

a k =
1
π
∫−π

+ π

f (x) cos kx dx

bk =
1
π
∫−π

+ π

f (x) sin kx dx

k = 1, 2, 3, ... one-sided spectrum
only positive frequencies
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Fourier series with real coefficients

x (t) = a0 + ∑
k=1

∞

(ak cos
2 π k

T
t + bk sin

2π k
T

t)

x (t) = a0 + ∑
k=1

∞

(ak cos
k π

L
t + bk sin

k π

L
t)

x (t) = a0 + ∑
k=1

∞

(ak cos k t + bk sin k t)

x (t) = a0 + ∑
k=1

∞

(ak cos(2 π k f 0 t ) + bk sin (2 π k f 0 t ))

x (t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t ))

t ∈ [−π , +π]

t ∈ [−L, +L ]

t ∈ [0, +T ]

t ∈ [0, +T ]

t ∈ [0, +T ]
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Complex Fourier Series

x (t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin(k ω0 t ))

x (t) = A 0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )

x (t) = ∑
k=0

∞

( Ak e+ j k ω0 t
+ Bk e− j k ω 0 t )

x (t) = ∑
k=−∞

+∞

C k e+ j k ω0 t

a0 , a k , bk , k = 1, 2, ...
Real coefficients

Complex coefficients
A0 , Ak , Bk , k = 1, 2, ...

two-sided spectrum
Both pos and neg frequencies
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Trigonometric Orthogonality

∫
−π

+ π

sin n x cos m x dx = 0

∫
−π

+ π

cos n x sin m x dx = 0

∫
−π

+ π

cos n x cos m x dx = 0 (n ≠ m)

∫
−π

+ π

sin n x sin m x dx = 0 (n ≠ m)

∫
−π

+ π

cos n x cos m x dx = π (n = m)

∫
−π

+ π

sin n x sin m x dx = π (n = m)

n, m : integer

R

I

R

I

R

I

R

1 cycle

2 cycles

3 cycles

4 cycles

The correlation of the following waves are zero
two of these sine waves
two of these cosine waves
these sine and cosine waves

I
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Fundamental and Harmonic Frequencies

1 cycle

2 cycles

3 cycles

4 cycles

f 0 =
2π

T

f 0 : fundamental frequency

f k = k⋅f 0 = k⋅
2π

T

f k : harmonic frequency

k : integer

T

k=1

k=2

k=3

k=4

1
f 1

1
f 2

1
f 3

1
f 4
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Correlation Process

1 cycle

2 cycles

3 cycles

4 cycles

Measure the degree of correlation with 
these cosine and sine waves whose 
frequencies are the integer multiples of 
the fundamental frequency

f (x )
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Fourier Series Coefficients

1 cycle

2 cycles

3 cycles

4 cycles

f (x)
a1 =

1
π ∫−π

+π

f (x) cos 1 x dx

b1 =
1
π ∫−π

+π

f (x) sin 1 x dx
cos(1 x) , sin(1 x )

cos(2 x) , sin(2 x)

cos(3 x ) , sin(3 x )

cos(4 x ) , sin (4 x )

f (x)

f (x)

f (x)

a2 =
1
π ∫−π

+π

f (x) cos 2 x dx

b2 =
1
π ∫

−π

+π

f (x) sin 2 x dx

a3 =
1
π ∫−π

+π

f (x) cos 3 x dx

b3 =
1
π ∫

−π

+π

f (x) sin 3 x dx

a4 =
1
π ∫−π

+π

f ( x) cos 4 x dx

b4 =
1
π ∫

−π

+π

f ( x) sin 4 x dx

1⋅f 0

2⋅f 0

3⋅f 0

4⋅f 0
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Real & Complex Fourier Coefficients

A 0 = a0

A k =
1
2

(ak − j bk )

Bk =
1
2

(ak + j bk)

a0 = A0

ak = (A k + Bk)

bk = j( A k − Bk)

x ( t) = a0 + ∑
k=1

∞

(ak cos(k ω0 t) + bk sin (k ω0 t )) x (t ) = A 0 + ∑
k=1

∞

( Ak e j k ω0 t
+ Bk e− j k ω0 t )
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Orthogonality

f 0 =
1
T

fundamental frequency

n-th harmonic frequency

x( t) = ∑
k=−∞

+ ∞

Ck e+ j kω0 t Ck =
1
T ∫0

T
x (t ) e

− j k ω0 t
dt

k = ... , −2,−1, 0, + 1, + 2, ...

〈e j mω0 t , e j nω0 t
〉 = ∫0

T
e+ j (m−n)ω0t d t =

0 (m ≠ n)

T (m = n) m, n : integer

f n = n f 0

ω0 = 2π f 0 =
2π

T

ωn = 2π f n =
2πn

T
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Inner Product Examples

R

I

R

I

R

I

R

I

R

I

f 0 = 1 /T ω0 = 2π/TT

〈e j 1ω0 t , e j1ω0 t
〉 = ∫0

T
e+ j (1−1)ω0 t d t = T

e j 1ω0t

e j 1ω0t

e j−1ω0t

e j 2ω0 t

e j−2ω0 t

〈e
j 1ω0 t

, e
j−1ω0 t

〉 = ∫0

T

e
+ j (1+ 1)ω0 t

d t = 0

〈e
j 1ω0 t

, e
j 2ω 0 t

〉 = ∫
0

T

e
+ j (1−2)ω0 t

d t = 0

〈e
j 1ω0 t

, e
j−2ω0 t

〉 = ∫0

T

e
+ j (1+ 2)ω0 t

d t = 0
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