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Fourier Series

f(x) = a, + D, (a, coskx + b, sinkx)
k=1

1 pro
a4 = 5 f(x)dx
a, = %fi:f(x) cos kx dx
b, = %fi:f(x) sin kx dx

k=1,2 3, .. m) one-sided spectrum
only positive frequencies
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Fourier series with real coefficients

x(t) = a, + D (a, coskt + b, sinkt) t € [-m, +x]
k=1

x(t) = a, + D |a, cos K¢ 4 b, sink—nt) t € [-L, +L]
k=1 L L

x(t) = a, + X laq, cos%t + b, sinznkt t € [0, +T]
k=1

x(t) = a, + D la, cos(2mkf,t) + b, sin(2mkf,t)] t € [0, +T}]
k=1

x(t) = a, + D, la, cos(kwyt) + b, sin(kw,t)] t € [0, +T]
k=1
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Complex Fourier Series

& . Real coefficients
x(t) = Z(ak cos(kwyt) + b, sin(kwyt)] a,, a, b, k=12, .

es S D Complex coefficients
x(t) = A, + Z(Ak e + B e ") P
= A, A, B, k=1, 2, ..

k=0
+o0 . two-sided spectrum

X(t) — Z Ck e+]km0t B p _
= oth pos and neg frequencies
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Trigonometric Orthogonality
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R
M 1 cycle
cosnx cosmxdx = 0 (n # m) I
sinnxsinmxdx =0 (n # m)
BNV EL
R

+ 7T I
| cosnxcosmxdx = x (n = m)

fin sinnxsinmxdx = (n = m) R

n, m : integer
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sinnx cosmx dx
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cosnx sinmx dx = 0

|
a

The correlation of the following waves are zero
two of these sine waves
two of these cosine waves
these sine and cosine waves
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Fundamental and Harmonic Frequencies

27 — ~_~_—  loyck

k=1

fo : fundamental frequency W 2 cycles

k=2

RN 30
fk=k-fO=k-2—n cycles

~+
(=)
I
\"‘D—‘

=

1 k=3
g 2
k : integer W 4 cycles
; k=4
f : harmonic frequency ¢coo
T
<t P
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Correlation Process

f(x) W 2 cycles

Measure the degree of correlation with
these cosine and sine waves whose
frequencies are the integer multiples of
the fundamental frequency
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Fourier Series Coefficients

a, = %f:f(x) cos 1x dx . |
o 1x), sin(1 1. cycle
b, = %f f(x) sin 1x dx f(X) cos(1x), sin(1x) fo
1 +7
a, = —f_ f(x) cos 2x dx
JI +“ : f(X) Cos(2x), sin(2x) 2:f, 2 cycles
b, = ﬁf_nf(x)sm 2x dx
a3:%fi“f(x)c053xdx ( ) (3 ) .<3 ) y 3 |
+ cos(3x), sin(3x :
b, = %‘[_ f(x) sin 3 x dx f X 0 cycles
1 p*=
a, = —f_ f(x) cos 4x dx
715 +“ f(X) cos(4x), sin(4x)  4fo 4 cycles
b, = = f_ f(x)sin 4x dx

8/9/16

1B CTFS 9 ‘ Young Won Lim



Real & Complex Fourier Coefficients

Z(ak cos(kw,t) + b, sin(kmot)) _ i(A koot g ikt
a, = A, A, = q,
1 :
a = (Ak+Bk) Ak = E (ak_ka)
bk — J(Ak Bk) Bk — E(ak+ka)
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Orthogonality

x(t) = kz C, &t kot C, = % [ox(t) e ™ di
k =..,-2—-1,0,+1,+2, ...

1 27

fundamental frequency fo = T w, = 2nf, = D
. . 21Tn
n-th harmonic frequency f, =nf, w, = 2nf, = T
: . T i . 0 (m T n)
<ejm(u0t, ejnu)ot> — fo + j(m )wotdt —
LT (m=n) m, n : integer
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Inner Product Examples

T fo = 1T w, = 27/T

|l >‘
-
I

. . T R .
<e]1(u0t, e]1m0t> — J'O e+1(1—1)m0tdt — T _ M - e]lU)Ot
I
jlogt j-logty (T +j(1+ 1ot _ R j=lw,t
(™™, e = _foe dt = 0 (m ; m e
ilogt  j2mgt T v j(1-2)w,t E - Jj2o,t
(e °,e°>:f0e dt =0 (= ; e
. . T, sl R .
I
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