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Vector Space

V: non-empty set of objects

defined operations:

{ u+ v addition
ku  scalar multiplication

if the following axioms are satisfied
for all object u, v, w and all scalar k, m

C> V: vector space
objects in V: vectors
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Vector Space Axioms

if the following axioms are satisfied :> \V: vector space
for all object u, v, w and all scalar kK, m objects in V: vectors

1. ifuand v are objects in V, thenu +visinV
2.u+v=v+u

.u+t(v+w)=(u+v)+w

4.0+ u=u+ 0=u(zero vector)
5u+(-u)=(-u)+u)=0

6. if kK is any scalar and u is objects in V, then ku is in V
7. k(u +v) =ku + kv

8. (k + mu = ku + mu

9. k{(mu) = (km)u

10. Z(u) = u
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Test for a Vector Space

1. Identify the set V of objects
2. ldentify the addition and scalar multiplication on V
3. Verifyu +visinVand kuisinV

closure under addition and scalar multiplication

4. Confirm other axioms.
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Vector Space over a Field

A vector space V over F :
A set V of objects
with the operations
vector addition VXV -V

scalar multiplication FxV - V

u,vev u+vey
ke F kuev
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Complex Vector Space

A complex vector space : Avector space C over C
A real vector space : Avector space R over R

A complex euclidean space :An n-space C" over C
Areal euclidean space : An n-space R" over R

complex vector space

1 ~2 o~ L e~ not closed for scalar
C overC R over C_ R overC. multiplication

C'overR R? over R R! over R

real vector space

real euclidean space R? real euclidean space R*
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Vector Space C!

C'over R crl+c,yi =0 0 ¢;,=¢c,=0
{1, i} linearly independent c;€ER
C'over C cirl+c,i =0 &= c,=—-1,¢c,=1

{1, i} linearlyindependent c,€C
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Vector Space R?

not closed for scalar
R*overC Cl(ul’ u2) + C2(v1, Vz) multiplication
c,u+c,v c,eC
R? over R C1(u1, uz) + Cz(V1, Vz)
c,u+c,v C;ER
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Basis of the Complex Plane

Basis : a set of linear independent spanning vectors

every complex number can be represented by

o o ¢ ) kl e+je + kz e+je
. e+j9 : . . . +j0 +j0
o . linear combination ofe™™ ande
S which are one set of linear independent
® o ° fwo vectors
e i° ¢
every complex number can also be represented by
[, |lcos6 + 1, j|sin®
Jjsin® o [, |[cosO HI, |jsin®
cos © }; C
Y Won Li
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Basis of the Complex Plane

Basis : a set of linear independent spanning vectors

e’ e’ k,|e® 4 k, let® C'over R
ki,k,eR

every complex number can also be represented by
I, Lj [, cos6|+ 1, j|sin® C'overR

cosO,sinf € R

cosf jsin® [, lcos® +H1, |jsin® C'over R
IL,I,eR
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Complex Exponentials

Cle—aeﬂm + Cze—ce—lw — e—ot(cl e+ioo + Cze—iw)

) I =e “[c,(cos(w) + isin(w)) + c,(cos(w)—isin(w))]
(c,+¢,)=c, rea =e °[(c, + c,)cos(w) + i(c,— c,)sin(w)]

i(c,—c,)=c, imag
ler—e)=ec, = c,e “cos(w) + c,e “sin(w)

c,,c,€ER c,, c, €C c,(real), c,(imag) C'over R
c,e “cos(w) + c,e “sin(w) =c,e (e +e )2 + c,e (e —e ")/2i
. =c e—o(e+iw+e—iw)/2 + C e—o(_ie+im+l-e—i(u)/2
2 -1 _ (Cg_c41)e—o +io (C3+C41)e—ae—im
(cy,+c,i) 2 2
- 5~ C2 real —0 _+iw —ot _—iw
2 =c,e e + c,e e
c,,c,€C c,,C,€ER c,(real), c,(imag) C'over R

Young Won Lim
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Complex Exponentials

c,e e’ + c,e e’ c,e “cos(w) + c,e “sin(w)
C'overR C'over R
c,, C, €ER (C1+C2):C3 c,,c, €C
i(lc,—c,)=c,
c, : real
c, :imag
c,e®e’” + c,e e’ c,e “cos(w) + c,e ’sin(w)
C'over R C'over R
c, = (c;—c,i)l2
c,, C, €ER ¢, = (cy+e,i)l2 c,,c,€C
c, : real
c, :imag
Vect S BGND.3A Young Won Lim
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Complex Plane Basis

+im

e

+imw

c,e

real number

real number

o wl-
o

c,cos(w) + c,sin(w)

real number

imaginary number

+

+

\/Ei-sin(w)
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Real Coefficients d1 & d2

c,cos(w) + c,sin(w)

C'over R

Cle+1m + C2e—io)
real number Cq (C3 C4l)/2
real number c, = (C3+C4i)/2
Cle+1m + Cze—iw
1 = (d3+d4)/2 real number
> = (d3—d4)/2 real number

Cy — (Cl + CZ) real number

Cy — i (Cl - CZ) imaginary number

d,cos(w) + d,isin(w)

C'over R

d3 = (Cl + CZ) real number
d

4 = (Cl - C2) real number
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Complex Plane Basis cos(w), isin(w)

c,e” + c,e’’ d,cos(w) + d,isin(w)

1 — (d3+d4)/2 real number C]_ over R d3 — (Cl + C2) real number

¢, = (dg—d4)/2 real number d4 = (Cl - C2) real number
(c), c,)

1.9 4+ 0.e© 1-cos(w) + 1li-sin(w)
Lot 4 Lol V2-cos(w) + 0i-sin(w)
0-et® 4+ 1.e7i® 1-cos(w) — 1li-sin(w)
—é et & %.e—iw 0-cos(w) — \/Ei-sin(w)
.ot 4 0. —1-cos(w) — 1i-sin(w)
Lt 4 Lo } —+/2-cos(w) — 0i-sin(w)
0-e*® _ 1.e7® - > —1-cos(w) + 1i-sin(w)
Logtio 4 Lo 0-cos(w) + V2i-sin(w)
y
o A
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Real Coefficients k3 & k4

Cle+l(1) + Cze_l(l)
real number Cq (C3—C4i)/2
real number c, = (C3+C4i)/2
c, € R c, : real
c, € R c, : real
m1e+im + m2 e—lU)
ml - (k3_k41)/2 conjugate
m, = (k3+k41)/2 complex number
m, € C (m,+m,) : real
m, € C i(m,—m,) : real

Vector Space (BGND.3A)
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+2xreal part

—2*imag part

c,cos(w) + c,sin(w)

C3 = (Cl + Cz)
¢, =i(c, — ¢

c, € C
c, € C

real number

imaginary number

. real
: Imag

k,cos(w) + k,sin(w)

real number

g — im; — mz) real number
k, € R k, : real
k, € R k, : real
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Subspace : Real Line

conjugate

complex number

m, e’ + mye'®
m, = (k,—k,i)/2
m, = (k,+k,i)/2
(+1;01). o (+1;0i), —iw
(+21\/—Ei) tio (J;IE)-e_'w
(0;1') oo (O;-i).e—iw
(—21\/—51'). tioo (—Zléi), —io
(—12—01') vio (—12+0i) —iw
(—2;\/;). tio o L (—21\51'),6—160
(0;). tio (0;’).6—1@
(;/tzi)' tio (+21\/—§i)_e—lw

R over R

real line

+2xreal part

—2*imag part

k,cos(w) + k,sin(w)

real number

real number

(w) + 0-sin(w)
(w) + 5sin(w)
(w) + 1-sin(w)
—-cos(w) + —-sin(w)
(w) + 0-sin(w)
(w) + —-sin(w)
(w) — 1-sin(o)
(o)

— —-sin(w)

—
—

=
w

=
IN
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Trigonometric Relationship

m, e’ + mye ' k,cos(w) + k,sin(w)
m, = (k3—k4l)/2 conjugate R1 over R +2xreal part k3 = (ml + m2) real number
m, = (k3+ k4l)/2 complex number —2+*imag part k4 = il m, — mz) real number
Acos(wt — @) k,cos(w) + k,sin(w)
VIE+K: = A
k
—— = cos(q)
VKS+ K
k
24 - = sin(q)
K+
Vector Space (BGND.3A) 19 Young Won Lim
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Signhal Spaces and Phasors

c,e’" + e c,cos(wt) + c,sin(wt)
Cl = (CB—C4i)/2 conjugate +2*real part @: (Cl =+ CZ) real number
Cc, = (C3+ C4l)/2 complex number —2*imag part : i(Cl - Cz) real number
R 2 sin(wt) L
cos(mt)
Young Won Lim
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Complex Exponentials

Functions [ edit]

Let K be the set C of all complex numbers, and let V be the set Cc(R) of all continuous
functions from the real line R to the complex plane C. Consider the vectors (functions) fand
g defined by f(t) := et and g(t) := e~ L. (Here, e is the base of the natural logarithm, about
2.71828..., and i is the imaginary unit, a square root of —1.) Some linear combinations of f
and g are:
ccost =L 4 Le7"

e 2sint = (—i)e" + (i)e .
On the other hand, the constant function 3 is not a linear combination of fand g. To see this,
suppose that 3 could be written as a linear combination of et and e~'t. This means that
there would exist complex scalars a and b such that ae't + be~t = 3 for all real numbers t.
Settingt = 0 and t = ngives the equationsa + b =3 and a + b = -3, and clearly this
cannot happen. See Euler's identity.

https://en.wikipedia.org/wiki/Linear_combination
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