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Cartesian Product

https://en.wikipedia.org/wiki/Cartesian_product

Cartesian product A × B  
of the sets A = { x , y , z } 
and B = { 1 , 2 , 3 } 
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Cartesian Coordinates

https://en.wikipedia.org/wiki/Cartesian_product

Cartesian coordinates of 
example points
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Cartesian Product

https://en.wikipedia.org/wiki/Cartesian_product

(1,1) (1,2) (1,3) (1,4) (1,5)

(2,1) (2,2) (2,3) (2,4) (2,5)
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1 2 3 4 5

(3,1) (3,2) (3,3) (3,4) (3,5)

(4,1) (4,2) (4,3) (4,4) (4,5)
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Cartesian Product

https://en.wikipedia.org/wiki/Cartesian_product

(1,1) (1,2) (1,3) (1,4) (1,5)

(2,1) (2,2) (2,3) (2,4) (2,5)

1

2

3

4

5

1 2 3 4 5

(3,1) (3,2) (3,3) (3,4) (3,5)

(4,1) (4,2) (4,3) (4,4) (4,5)

(5,1) (5,2) (5,3) (5,4) (5,5)

1R1 1R2 1R3 1R4 1R51

2

3

4

5

1 2 3 4 5

2R1 2R2 2R3 2R4 2R5

3R1 3R2 3R3 3R4 3R5

1R1 4R2 4R3 4R4 4R5

5R1 5R2 5R3 5R4 5R5
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Types of Relations (1)

https://en.wikipedia.org/wiki/Reflexive_relation

x R x

x R y y R x

x R y∧ y R z x R z

● Reflexive Relation
● Symmetric Relation
● Transitive Relation
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Definitions of Relations

https://en.wikipedia.org/wiki/Reflexive_relation

Reflexive: for all x in X it holds that xRx. 

Symmetric: for all x and y in X it holds that if xRy then yRx. 

Antisymmetric: for all x and y in X, if xRy and yRx then x = y. 

Transitive: for all x, y and z in X it holds that if xRy and yRz then xRz. 
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More Definitions of Relations

https://en.wikipedia.org/wiki/Reflexive_relation

A relation R on a set A is called reflexive 
if (a, a)  ∈ R for every element a  ∈ A.

A relation R on a set A is called symmetric 
if (b, a)  ∈ R whenever (a, b)  ∈ R, for all a, b  ∈ A

A relation R on a set A such that  for all a, b in R,
if (a, b)  ∈ R and (b, a)  ∈ R, then a = b  is called anti-symmetric.

A relation R on a set A is called transitive 
if whenever (a, b)  ∈ R and (b, c)  ∈ R, 
then (a, c)  ∈ R, for all a, b, c  ∈ A
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Relation Examples (1)

https://en.wikipedia.org/wiki/Cartesian_product

(1,1)

(2,1) (2,2)

1

2

3

4

5

1 2 3 4 5

(3,1) (3,2) (3,3)

(4,1) (4,2) (4,3) (4,4)

(5,1) (5,2) (5,3) (5,4) (5,5)

x ≥ y x > y

(2,1)

1

2

3

4

5

1 2 3 4 5

(3,1) (3,2)

(4,1) (4,2) (4,3)

(5,1) (5,2) (5,3) (5,4)
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Relation Examples (2)

https://en.wikipedia.org/wiki/Cartesian_product

(1,1)

(2,2)

1

2

3

4

5

1 2 3 4 5

(3,3)

(4,4)

(5,5)

x = y x = y+1

(2,1)

1

2

3

4

5

1 2 3 4 5

(3,2)

(4,3)

(5,4)
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Relation Examples (3)

https://en.wikipedia.org/wiki/Cartesian_product

(1,3)

(2,2)

1

2

3

4

5

1 2 3 4 5

(3,1)

x+ y = 4 x+ y ≤ 4

(1,1) (1,2) (1,3)

(2,1) (2,2)

1

2

3

4

5

1 2 3 4 5

(3,1)
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Reflexive Relation Examples

https://en.wikipedia.org/wiki/Reflexive_relation

Reflexive Relation Irreflexive Relation
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Symmetric Relation Examples

https://en.wikipedia.org/wiki/Cartesian_product

Symmetric Relation
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Anti-Symmetric Relation Examples

https://en.wikipedia.org/wiki/Cartesian_product
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Reflexive Relation

∀ x (x , x) ∈ R

All diagonal relations 
must exist
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Symmetric Relation

∀ x ,∀ y [ (x , y) ∈ R → ( y , x) ∈ R ]

no relation is mandatory

but for any relation, 
its symmetric relation must exist
including diagonal relations

  symmetric
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Symmetric Relation Examples

∀ x ,∀ y [ (x , y) ∈ R → ( y , x) ∈ R ]

  symmetric  symmetric  symmetric

  symmetric  symmetric  symmetric
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Not Symmetric Relation

¬{ ∀ x ,∀ y [ (x , y ) ∈ R ] → [ ( y , x ) ∈ R ] }

∃ x ,∃ y ¬{ [ (x , y) ∈ R ] → [ ( y , x ) ∈ R ] }

∃ x ,∃ y ¬{ ¬[ (x , y ) ∈ R ] ∨ [ ( y , x) ∈ R ] }

∃ x ,∃ y [ (x , y) ∈ R ] ∧ ¬[ ( y , x) ∈ R ]

∃ x ,∃ y [ (x , y ) ∈ R ] ∧ [ ( y , x) ∉ R ]

not  symmetric

counter example

not  symmetricnot  symmetric
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Anti-symmetric Relation

∀ x ,∀ y [( (x , y) ∈ R ∧ ( y , x) ∈ R ) → x = y ]

no relation is mandatory

but for any relation, 
its symmetric relation must NOT exist
excluding diagonal relations
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Anti-symmetric Relation Examples

∀ x ,∀ y [( (x , y) ∈ R ∧ ( y , x) ∈ R ) → x = y ]

not  
anti-symmetric

anti-symmetric anti-symmetric anti-symmetric

anti-symmetric anti-symmetric
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Not Anti-symmetric Relation

∃ x ,∃ y¬{ [ (x , y) ∈ R ∧ ( y , x) ∈ R ] → [ x = y ]}

∃x ,∃ y¬{¬ [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∨ [ x = y ]}

∃ x ,∃ y { [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∧ ¬[ x = y ]}

∃ x ,∃ y { [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∧ [ x ≠ y ]} counter example

not  anti-symmetric not  anti-symmetric not  anti-symmetric

¬{∀ x ,∀ y [ (x , y) ∈ R ∧ ( y , x) ∈ R ] → [ x = y ]}
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Not Symmetric vs Not Anti-Symmetric Relation

nor  
anti-symmetric

neither  
symmetric

¬{ ∀ x ,∀ y [ (x , y) ∈ R ] → [ ( y , x) ∈ R ] }

∃ x ,∃ y [ (x , y) ∈ R ] ∧ [ ( y , x) ∉ R ] not symmetric

¬{∀ x ,∀ y [ (x , y) ∈ R ∧ ( y , x) ∈ R ] → [ x = y ]}

∃ x ,∃ y { [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∧ [ x ≠ y ]} not anti-symmetric
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Reflexive, Symmetric, Anti-symmetric

∀ x (x , x ) ∈ R

∀ x ,∀ y [ (x , y ) ∈ R ] → [ ( y , x) ∈ R ]

∀ x ,∀ y [ (x , y ) ∈ R ∧ ( y , x ) ∈ R ] → [ x = y ]

Reflexive
Also, symmetric (no relation for (x, y) where x≠y)
Also, anti-symmetric (no relation for (x, y) where x≠y)
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Not Anti-symmetric Relation

∃ x ,∃ y¬{ [ (x , y) ∈ R ∧ ( y , x) ∈ R ] → [ x = y ]}

∃x ,∃ y¬{¬ [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∨ [ x = y ]}

∃ x ,∃ y { [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∧ ¬[ x = y ]}

∃ x ,∃ y { [ (x , y) ∈ R ∧ ( y , x) ∈ R ] ∧ [ x ≠ y ]} counter example

not  anti-symmetric not  anti-symmetric not  anti-symmetric

¬{∀ x ,∀ y [ (x , y) ∈ R ∧ ( y , x) ∈ R ] → [ x = y ]}
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Symmetric vs Anti-Symmetric Relation

not symmetric anti-symmetric

not anti-symmetric symmetric

Anti-
symmetric

symmetric



Relations (3A) 27 Young Won Lim
4/14/18

Transitive Relation 

i (i , j)≠0

j

j
( j , k)≠0

k

(i , k)≠0

i

k

(iRj) ∧ (jRk) (i R k)

∀ x ,∀ y ,∀ z [((x , y) ∈ R ∧ ( y , z) ∈ R) → (x , z) ∈ R ]
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Not Transitive Relation 

i (i , j)≠0

j

j
( j , k)≠0

k

(i , k)=0

i

k

(iRj) ∧ (jRk) (i R k)

¬{∀ x ,∀ y ,∀ z [((x , y) ∈ R ∧ ( y , z) ∈ R) → (x , z) ∈ R ]}

∃ x ,∃ y ,∃ z ¬[((x , y) ∈ R ∧ ( y , z) ∈ R ) → (x , z ) ∈ R ]
∃ x ,∃ y ,∃ z ¬[¬((x , y ) ∈ R ∧ ( y , z) ∈ R) ∨ ((x , z) ∈ R) ]
∃ x ,∃ y ,∃ z [(x , y) ∈ R ∧ ( y , z) ∈ R ∧ ((x , z ) ∉ R) ]
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Relation Examples 

R1 ∈ {(1,a) , (2,b) , (3,a) , (3,b)}

R2 ∈ {(a , x) , (a , y) , (b , y), (b , z)}

1

2

3

x

y

z

a

b
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Composite Relation Examples 

R1 ∈ {(1,a) , (2,b) , (3,a) , (3,b)}

R2 ∈ {(a , x) , (a , y) , (b , y) , (b , z)}

1

2

3

x

y

z

a

b

R2∘R1 ∈ {(1, x) , (1, y ) , (2, y ) , (2, z) , (3, x ), (3, y) , (3, z)}

1

2

3

x

y

z

R1 R2
R2∘R1
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Composite Relation Examples 

R1 ∈ {(1,a) , (2,b) , (3,a) , (3,b)}
R2 ∈ {(a , x) , (a , y) , (b , y) , (b , z)}

1

2

3

x

y

z

a

b

R2∘R1 ∈

{(1, x) , (1, y ) , (2, y) , (2, z) , (3, x) , (3, y) , (3, z)}

1

2

3

x

y

z

A1 = [
1 0
0 1
1 1]

1

2
3

a b

a

b

x y z

A1 A2 = [
1 0
0 1
1 1][1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

1

2
3

x y z

A 2 = [1 1 0
0 1 1]

R1 R2
R2∘R1
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Matrix of a Relation

R1 ∈ {(1,a) , (2,b) , (3,a) , (3,b)}

R2 ∈ {(a , x) , (a , y) , (b , y) , (b , z)}

A1 = [
1 0
0 1
1 1]

1

2
3

a b

a

b

x y z

A1 A2 = [
1 0
0 1
1 1][1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

1

2
3

x y z

R2∘R1 ∈ {(1, x) , (1, y ) , (2, y ) , (2, z) , (3, x ), (3, y) , (3, z)}

A 2 = [1 1 0
0 1 1]
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Composite Relation Properties

R1 R2

A1 A2

R2∘R1

(i , k ) ∈ R2∘R1 aik ≠ 0 of A1 A2

A1 A 2

X Y Z

X Z

i k

i kj
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Composite Relation Examples

R1 ∈ {(1,a) , (2,b) , (3,a) , (3,b)}

R2 ∈ {(a , x) , (a , y) , (b , y) , (b , z)}

A1 = [
1 0
0 1
1 1]

1

2
3

a b

a

b

x y z

A1 A2 = [
1 0
0 1
1 1][1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

1

2
3

x y z

R2∘R1 ∈ {(1, x) , (1, y ) , (2, y ) , (2, z) , (3, x ), (3, y) , (3, z)}

A 2 = [1 1 0
0 1 1]

(i , k) ∈ R2∘R1 aik≠ 0 of A1 A2

1

2

3

x

y

z
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Composite Relation Property Examples

A1 A2 = [
1 0
0 1
1 1] [1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

2

3

2

3

s t
u
v

su+tv

s ∈ {0, 1}

t ∈ {0, 1}

u ∈ {0, 1}

v ∈ {0, 1}

A1 = [
1 0
0 1
1 1]

A 2 = [1 1 0
0 1 1]

1

2
3

a b

a

b

x y z

i ∈ {1, 2, 3}
k ∈ {x , y , z}

(i , k) ∈ R2∘R1

su+tv ≠ 0

nonzero (i , k )th element of A1 A2

(su≠0) ∨ (tv≠0)

(s=1∧u=1) ∨ (t=1∧v=1)

1

2
3

a b

a

b

x y z
1

2
3

x y z

(2,a)∧(a , y) ∨ (2,b)∧(b , y) (2, y)
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Sufficient Part

s ∈ {0, 1}

t ∈ {0, 1}

u ∈ {0, 1}

v ∈ {0, 1}

su+tv ≠ 0

su= 1

(s = 1)
(u = 1)

(t = 1)
(v = 1)

tv = 1

A1 = [
1 0
0 1
1 1]

A 2 = [1 1 0
0 1 1]

1

2
3

a b

a

b

x y z

i ∈ {1, 2, 3}
k ∈ {x , y , z}

(i , a) ∈ R1

(a , k) ∈ R2

(i , b) ∈ R1

(b , k) ∈ R2

(i , k) ∈ R2∘R1 (i , k) ∈ R2∘R1

(aik ≠ 0)

A1 A2 = [
1 0
0 1
1 1] [1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

i

k

i

k

s t
u
v

su+tv

1

2
3

a b

a

b

x y z
1

2
3

x y z
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Necessary Part

s ∈ {0, 1}

t ∈ {0, 1}

u ∈ {0, 1}

v ∈ {0, 1}

su+tv ≠ 0

su= 1

(s = 1)
(u = 1)

(t = 1)
(v = 1)

tv = 1

A1 = [
1 0
0 1
1 1]

A 2 = [1 1 0
0 1 1]

1

2
3

a b

a

b

x y z

i ∈ {1, 2, 3}
k ∈ {x , y , z}

(i , a) ∈ R1

(a , k) ∈ R2

(i , b) ∈ R1

(b , k) ∈ R2

(i , k) ∈ R2∘R1

(aik ≠ 0)

A1 A2 = [
1 0
0 1
1 1] [1 1 0

0 1 1] = [
1 1 0
0 1 1
1 2 1]

i

k

i

k

s t
u
v

su+tv

1

2
3

a b

a

b

x y z
1

2
3

x y z
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Transitivity Test Examples (1)

R ∈ {(a ,a) , (b ,b) , (c , c ) , (d ,d) , (b , c) , (c , b)}

A = [
1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

]
a

b
c

a b c d

d

a

b

c

d

a

b

c

d

a

b

c

d

a

b

c

d

a

b

c

d

R ∘R ∈ {(a ,a) , (b ,b) , (c , c) , (d ,d), (b , c) , (c , b)}

A 2
= [

1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

]
a

b
c

a b c d

d
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Transitivity Test Examples (2)

R ∈ {(a ,a) , (b ,b) , (c , c ) , (d ,d) , (b , c) , (c , b)}

A = [
1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

]
a

b
c

a b

A A = [
1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

][
1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

] = [
1 0 0 0
0 2 2 0
0 2 2 0
0 0 0 1

]

R ∘R ∈ {(a ,a) , (b ,b) , (c , c) , (d ,d) , (b , c) , (c , b)}

c d

d

a

b
c

a b c d

d

A 2
= [

1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

]
a

b
c

a b c d

d

set non-zero element to 1

?
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Transitivity Test Examples (3)
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Transitivity Test Examples (4)

a aa

b

b

c

d dd

c

b

c

b

c

b

c

(a ,a)∈R

(b ,b)∈R
(b , c)∈R
(c , b)∈R
(c , c)∈R

(b ,b)∈R
(b , c)∈R
(c , b)∈R
(c , c)∈R

(d ,d)∈R
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Transitivity Test 

R

A 2

R ∘R

A = A2 transitive relation R

A

X Y Z

X Z

i k

i kj

R

A

A = A2
→

A = A3 →

A = An
→

⋯

⋯
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Transitivity Condition

A = [
a b c d
e f g h
i j k l
m n o p

]
1

2
3

1 2 3

4

4

A 2
= [

∗ ∗ ∗ ∗
e f g h
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

]
1

2
3

1 2 3

4

4

[
∗ ∗ c ∗
∗ ∗ g ∗
∗ ∗ k ∗
∗ ∗ o ∗

]
1

2
3

1 2 3

4

4

= [
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

]
1

2
3

1 2 3

4

4

nonzero (i , j)th element of Anonzero (i , j)th element of A2
⇒

e⋅c + f⋅g + g⋅k + h⋅o ≠ 0g ≠ 0

?



Relations (3A) 44 Young Won Lim
4/14/18

A non-zero element of A2

a e= 1

(2,1) ∈ R
(1,3) ∈ R

b f = 1 c g = 1 d h = 1

(2,2) ∈ R
(2,3) ∈ R

(2,3) ∈ R
(3,3) ∈ R

(2,4) ∈ R
(4,3) ∈ R

(2,3) ∈ R

a⋅e + b⋅f + c⋅g + d⋅h ≠ 0∨ ∨ ∨

A 2
= [

∗ ∗ ∗ ∗
e f g h
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

]
1

2
3

1 2 3

4

4

[
∗ ∗ c ∗
∗ ∗ g ∗
∗ ∗ k ∗
∗ ∗ o ∗

]
1

2
3

1 2 3

4

4

= [
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

]
1

2
3

1 2 3

4

4

∀ x ,∀ y ,∀ z [((x , y) ∈ R ∧ ( y , z) ∈ R) → (x , z) ∈ R ]

⇒ A
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Binary Relations and Digraphs

A = {0,1,2, 3,4, 5,6}

0 1 2 3

R = [
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1

]
4 5 6

0
1
2
3
4
5
6

R ⊂ A×A

0

36 4

1 2

5

R = {(a ,b) ∣a ≡ b (mod 3)}

http://www.math.fsu.edu/~pkirby/mad2104/SlideShow/s7_1.pdf
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Reflexive Relation

0 1 2 3

R = [
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1

]
4 5 6

0
1
2
3
4
5
6

0

36 4

1 2

5

A = {0,1,2, 3,4, 5,6}

R ⊂ A×A

R = {(a ,b) ∣a ≡ b (mod 3)}
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Symmetric Relation

0 1 2 3

R = [
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1
0 1 0 0 1 0 0
0 0 1 0 0 1 0
1 0 0 1 0 0 1

]
4 5 6

0
1
2
3
4
5
6

0

36 4

1 2

5

A = {0,1,2, 3,4, 5,6}

R ⊂ A×A

R = {(a ,b) ∣a ≡ b (mod 3)}
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Transitive Relation

0 1 2 3

RR = [
3 0 0 3 0 0 3
0 2 0 0 2 0 0
0 0 2 0 0 2 0
3 0 0 3 0 0 3
0 2 0 0 2 0 0
0 0 2 0 0 2 0
3 0 0 3 0 0 3

]
4 5 6

0
1
2
3
4
5
6

0

36

0

36

0

36

A = {0,1,2, 3,4, 5,6}

R ⊂ A×A

R = {(a ,b) ∣a ≡ b (mod 3)}
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Transitive Relation

transitive R = R2
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Reflexive and Symmetric Closure

1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5

Not Reflexive R Reflexive Closure of Rthe minimal addition 

1
2
3
4
5

1 2 3 4 5

1
2
3
4
5

1 2 3 4 5
1
2
3
4
5

1 2 3 4 5

Not Symmetric R Symmetric Closure of Rthe minimal addition 

1
2
3
4
5

1 2 3 4 5
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Transitive Closure 

 R

n

n

A R∗ = ∪ n=1
∞ Rn

= R∪R2
∪ ⋯ ∪Rn

A ∨ A2
∨ ⋯ ∨ An

set non-zero element to 1
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Transitive Closure Example 1 

not transitive 

A ≠ A2

transitive closure of A

A ≠ tc (A)
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Transitive Closure Example 2-a 

RX

a

b

c

X

a

b

c
A = [

1 1 1
0 0 1
0 0 0]

a

b
c

a b c

RX

a

b

c

X

a

b

c

R X

a

b

c

R ∘RX

a

b

c

X

a

b

c

A 2
= [

1 1 1
0 0 0
0 0 0]

a

b
c

a b c

R X

a

b

c

A 3 = [
1 1 1
0 0 0
0 0 0]

a

b
c

a b c
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Transitive Closure Example 2-b 

RX

a

b

c

X

a

b

c

a

bc

A = [
1 1 1
0 0 1
0 0 0]

a

b
c

a b c

A 2 = [
1 1 1
0 0 0
0 0 0]

a

b
c

a b c

A 3
= [

1 1 1
0 0 0
0 0 0]

a

b
c

a b c

A∗
= [

1 1 1
0 0 1
0 0 0]

a

b
c

a b c

But the transitive closure 
of A is equal to A

A ≠ A2

transitive 

A ≠ A2

A = tc (A) transitive 
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Transitive Closure Example 3

RX

a

b

c

X

a

b

c

a

bc

A = [
1 1 0
0 0 1
0 0 0]

a

b
c

a b c

A 2 = [
1 1 1
0 0 0
0 0 0]

a

b
c

a b c

A 3
= [

1 1 1
0 0 0
0 0 0]

a

b
c

a b c

A∗
= [

1 1 1
0 0 1
0 0 0]

a

b
c

a b c

And the transitive closure 
of A is not equal to A

A ≠ A2

not transitive 

A ≠ A2

A ≠ tc (A)

not transitive 
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Transitive Closure Example 4

RX

a

b

X

a

b

ba

A = [1 1
1 0]a

b

a b

A 2
= [2 1

1 1]a

b

a b

A ≠ A2

A ≠ tc (A)

not transitive 

A∗
= [1 1

1 1]a

b

a b
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Transitivity Test 

A = A2
Transitive

A ≠ A2

(A ∨ A2
∨ ⋯ ∨ An

) = A Transitive

(A ∨ A2
∨ ⋯ ∨ An

) ≠ A Not Transitive
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