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Cartesian Product

A2 35y
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Cartesian product A x B
ofthesetsA={x,y,z}
andB={1,2,3}

...........................................................................
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Cartesian Coordinates

VA
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(=+3,1)
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43 -2 1 41 1 ) 3
bofona "
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Cartesian coordinates of

example points
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Cartesian Product

1 2 3 4 5
1 (11 (1,2 (13 (@14 (1,5
2 2,1) (2,2) (2,3) (24) (2,5
3 31 B2 (B3 (34 (3.5
4 (41 42 43) @44 @5
5 (B1) 5,2) (B,3) (B4 (55)
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Cartesian Product

1 (1,1 (1,2) (1,3)
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1R1
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3R1
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3R3

3R4

3R5

4 (4,1) (4,2) (4,3

(4.4)

(4.5)

1R1

4R2
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4R5
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Types of Relations (1)

 Reflexive Relation

X R X : Symmetrc Relatr
XRYy =V RX
XRYy/ANYyRZ=XRzZ

https://en.wikipedia.org/wiki/Reflexive_relation
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Definitions of Relations

Reflexive: for all x in X it holds that xRx.
Symmetric: for all x and y in X it holds that if xRy then yRx.
Antisymmetric: for all x and y in X, if xRy and yRx then x = .

Transitive: for all x, y and z in X it holds that if xRy and yRz then xRz.

https://en.wikipedia.org/wiki/Reflexive_relation
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More Definitions of Relations

A relation R on a set A is called reflexive
if (2, a) € R for every element a2 € A.

Arelation R on a set A is called symmetric
if (b, 2a) € Rwhenever (a2, b) € R, foralla,b &€ A

A relation R on a set A such that for all a, b in R,
if (2, b) € Rand (b, 2) € R, then a = b is called anti-symmetric.

Arelation R on a set A is called transitive

if whenever (2, b) € Rand (b, c) € R,
then (2,c) € R, foralla,b,c € A

https://en.wikipedia.org/wiki/Reflexive_relation

Relations (3A) 9 Youna WO



Relation Examples (1)

X =Y x>y
1 2 3 4 5 1 2 3 4 5
1 (1,1) 1
2 (2,1) (2,2) 2 (2,1)
3 (31 (32 (373) 3 (31) (32
4 (4,1) (4,2) (4,3) (4,4) 4 (4,1) (4,2) (4,3)
5 (51) (52) (53) (5,4) (5,5) 5 (51) (52) (53) (54)

https://en.wikipedia.org/wiki/Cartesian_product

Relations (3A) 10 Youna WO



Relation Examples (2)

X=Yy Xx=y+1
1 2 3 4 5 1 2 3 4 5
1 (1,1 1
2 (2,2) 2 (2,1
3 (3,3) 3 (3,2)
4 (4,4) 4 (4,3)
5 (5,5) 5 (5,4)

https://en.wikipedia.org/wiki/Cartesian_product
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Relation Examples (3)

x+y =4 x+y <4
1 2 3 4 5 1 2 3 4 )
1 (1,3) 1 (11) (1.2) (1,3)
2 (2,2) 2 (21) (2,2
3 (3,1 3 (31
4 4
<) )

https://en.wikipedia.org/wiki/Cartesian_product
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Reflexive Relation Examples

X=%¥% X>¥
12345673@ 123456?@
1@/ ||V ]V 18|/
2| @SNV 2| | BNV
3 @ |||V 3 &N
4 @\ 4 &N
5 @ ||| 5 & .||
6 @ | 6 L eIV
7 @ 7 L1V
3 @ 3 L
Y y
Iiust be true for every member of the set in any Wust be false for every member of the set i
reflexve relation atry irrefelmve relation
Is true for this case (need not be true for .~ 18 true for this case (need not be true for
all cases) all cases)
Reflexive Relation Irreflexive Relation

https://en.wikipedia.org/wiki/Reflexive_relation

Relations (3A) 13 Youna WO



Symmetric Relation Examples

X and ¥ are odd X and ¥ are odd
1 2 3 4 5 6 7 8 x 1 2 3 4 35 6 7 8 x
1] W ] 1
2 2
3@ |V ¥ I 3
4 4
5@ |9 V] ¥ 5
o 6
7@ (& |@ | 7
3 3
Y y

Iz true for this case (need not be true for
all cases)

€ Must be true if the check mark with
the zarne number (2) i true for it to
he a symetric relation

Z» Iz true for this case and requires the
circle with the sarme number (2) to also
he true for it to be a symmetric relation

Symmetric Relation

https://en.wikipedia.org/wiki/Cartesian_product
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Anti-Symmetric Relation Examples

X is even and ¥ is odd X is even and ¥ is odd

1 2 3 45 6 7 8<x 1 2 3 435 6 7 8 x
ST T BT o i
(LRI
%
SIS,
N
3 6 IS N6
9]

LY
LY

"
LY

AN

€

ZNE

LY
LY
Y

V4 Is true for this case (need not be true for
all cases)

@Must he false 1f the check marlk with
the same number {z) 15 true for it to
be an antisymmetnic relation

N N
€ ,
SIS
I B S
-
’

Z- 15 true for thus case and requires the
circle with the same mumber (2) to
he false for it to be a symmetric relation

https://en.wikipedia.org/wiki/Cartesian_product
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Reflexive Relation

Vx (x,x)€ER

All diagonal relations
must exist
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Symmetric Relation

Vx,Vy [ (x, y)ER = (y,x)eR]

= S no relation is mandatory

‘ but for any relation,
‘ its symmetric relation must exist
including diagonal relations

symmetric

Relations (3A) 17 Young Won Lim
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Symmetric Relation Examples

Vx,Vy [ (x, y)ER = (y,x)ER]

symmetric symmetric symmetric
\ N ®
*
. ' \
*
|  J
\ x
| |
: : * :
symmetric symmetric symmetric
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Not Symmetric Relation

-{ Vx,Vy [ (x, y)€R } > [ (y,x)€R ]}

Elely{[( yJER | | (y,x)€R | ]
Ay [ -] (x,y)eR | Vv | (y,x)eR |}
Elely[(xy } —.[ y,xGR]
dx,dy [ (x, y) } A [ (y, x) € R ] counter example
not symmetric not symmetric not symmetric
® ®

Relations (3A) 19 Young Won Lim
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Anti-symmetric Relation

Vx,Vy |[((x,y)ER A (y,x)€ER) > «x=y

x ‘ no relation is mandatory

‘ but for any relation,
‘ its symmetric relation must NOT exist
excluding diagonal relations

Relations (3A) 20 Young Won Lim
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Anti-symmetric Relation Examples

Vx,Vy |[((x,y)ER A (y,x)€ER) > «x=y

anti-symmetric anti-symmetric anti-symmetric

N N\

not
anti-symmetric

anti-symmetric anti-symmetric

Relations (3A) 21 Young Won Lim
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Not Anti-symmetric Relation

-{V x Vy[(x y)€ER A (y,X)ER]‘) x=y ]

dx,3y—| [(x y)ER A (y,x)ER}é [x:y]}
3x,3y-{~ | (x,y)ER A (y,x)eR |V [x=y ]

dx,3y| [(x,y)ER/\ (y, )ER}/\ - x=y |}

3x,Ay{ [ (x,y)ER A (y,x)ER | A [ x#y || counterexample

not anti-symmetric not anti-symmetric not anti-symmetric
* *

Relations (3A) 22 Youna WO



Not Symmetric vs Not Anti-Symmetric Relation

[ Vx,Vy [ (x,y)eR | > [(y,x)eR |}
Ix,3y | (x,y)eR | A | (y,x) &R | not symmetric

~(Vx,Vy [ (x,y)eR A (y,x)€R| > [x=y ]}

Ax,3y( | (x,y)ER A (y,x)€ER | A [ x#y ] not anti-symmetric
neither _ nor |
symmetric anti-symmetric

H
N
®

Relations (3A) 23 Young Won Lim

4/14/18



Reflexive, Symmetric, Anti-symmetric

Vx (x,x)€R
Vx,Vy [ (x,y)€R | > [(y,x)eR ]

Vx,Vy|(x,y)ER A (y,x)eR|> [x=y]

Reflexive
Also, symmetric (no relation for (X, y) where x#y)
Also, anti-symmetric  (no relation for (x, y) where x#y)

Relations (3A) 24 Young Won Lim
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Not Anti-symmetric Relation

-{V x Vy[(x y)€ER A (y,X)ER]‘) x=y ]

dx,3y—| [(x y)ER A (y,x)ER}é [x:y]}
3x,3y-{~ | (x,y)ER A (y,x)eR |V [x=y ]

dx,3y| [(x,y)ER/\ (y, )ER}/\ - x=y |}

3x,Ay{ [ (x,y)ER A (y,x)ER | A [ x#y || counterexample

not anti-symmetric not anti-symmetric not anti-symmetric
* *

Relations (3A) 25 Youna WO



Symmetric vs Anti-Symmetric Relation

Relations (3A)

not symmetric == anti-symmetric

not anti-symmetric &= symmetric

\

~ Anti-
- symmetric

26

Young Won Lim
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Transitive Relation

Vx,Vy,Vz [((x,y)ER A(y,z)ER) > (x,z)€R ]

J k k
J oik)#o J
I H'(1 ])?50 ‘ I o
(i,k)#0
(iRj) A (JRK) (1R k)

Relations (3A) 27 Young Won Lim
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Not Transitive Relation

-(Vx,Vy,Vz [((x,y)€R A (y,2)€R) & (x,2z)€R ||
Ax,3y,3z -|((x, y)€R A (y,z)€R) » (x,z)ER |
dx,dy,3dz —I[ﬂ((x,y)ER A (y,z)€R) V ((x, z) €R) }
dx,dy,3dz [(x,y)ER A (y,z)€R A ((x,2)€R) }

J k k
; S J
(] k);éO
i = (i,j)#0 - i .
(i,k)=0
(iRj) A (FRK) (1)K k)

Relations (3A) 28 Young Won Lim
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Relation Examples

R, €{(La),(2,b),(3,a), (3,b)}

R, €((a,x),(a,y), (b,y), (b,z)]

Relations (3A) 29 Young Won Lim
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Composite Relation Examples

R, €((1,a), (2,b),(3,a), (3,b)}

R,€{(a,x),(a,y), (b,y), (b,z)]

Ry°R, €((Lx), (Ly), (2,y).(2,2),(3,x), (3,y), (3,2)}

Relations (3A) 30 Young Won Lim
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Composite Relation Examples

Relations (3A) 31 Young Won Lim
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Matrix of a Relation

a b
111 0
R, €{(1,a), (2,b), (3,a), (3,b)] A =210 1
301 1
X Yy Z
411100
R,€(a,x),(a,y), (b,y), (b,2) A= lo 1)
R,°R, €((L,x), (Ly),(2,y),(22), (3,x), (3,y), (3,2))]
X 'y z
1 0 1M1 1 0
AlA, = |0 1[3 } 2]:20 1 1
1 1 31 2 1

Relations (3A) 32 Young o s



Composite Relation Properties

X Y Z
Rl RZ
—_— —_—
Al AZ
X Z

R,°R,

A A,

(i,k) € R,oR,

Relations (3A)

33

>

a, 70 of A/ A,

Young Won Lim
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Composite Relation Examples

R, €((1,a),(2,b),(3,a), (3,b)]
R,€{(a,x),(a,y),(b,y), (b,z)]
R,eR, €((L,x), (Ly),(2,y),(22), (3,x), (3,y), (3,2)]
10 1 0 1 10
N S IR | A
11 1 1 1 2 1
1 X
2
(i,k) € R,oR, a, #0 of A/ A, ; Z

Relations (3A) 34 Young Won Lim
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Composite Relation Property Examples

v
1 0 ‘ 1 1 O Lo
1 10 A =20 1
AA, = =210 1 [011] =»2|0 1 1 1 3l 1
1 1 1 2 1
X Yy z
1 1 0
A. =
v v
e B
2 v 2 7\'
su+tv
ie(1,2 3] s€ {0, 1) nonzero(i, k)" element of A,A, 4y (i, k)€ R,°R,
kel y.7) celo) I
u €0, 1] (su%0) Vv (tv=0)
ve|o, 1]

(s=1Au=1) v (t=1Av=1)
(2,a)A(a,y) v (2,b)A(b,y) (2,y)

Relations (3A) 35 Young Won Lim
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Sufficient Part

‘ ‘ a b
a b X y z
] S Y e A =50 1
AlA, =+2-b011] =»200 1 1 . -
301 1 21 2 1
X Yy zZ
Y1110
“ : A2 =100 1 1]
v v
|
1 > . 1 > w
su+tv
su=1 tv=1
iell,23) se€ 0, 1] (@, #0) su+tv#0 (s5=1) (t=1)
kelx,y,zl  tel0,1} (u=1) (v=1)
u€ {0, 1] (i,a) € R, (i,b) € R,
ve(o, 1] (a,k) € R, (b,k) € R,
(

Relations (3A) 36 Young Won Lim
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Necessary Part

v v a b
a b X YV z
gl poaa X
At :*2-b011] T L
X y z
I O
' ' A2 =000 11
v .
e ]
1 > v i > 7w
Ssu+tv
(0, 1] (i,k)eRoR, ~—  (LaJeR, (i,b) €R,
€1, 2, 3 S ; (a,k) € R, (b,k)E€R,
kelx,y,z)  telo 1} ) -
ue (0,1} u=1) o)
velo, 1] I -
suttv # 0 (a, #0)
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Transitivity Test Examples (1)

ae ca a b c d

b_\ - a1 0 0 0

= A =D[0 1T 10
Ce o C —

cif0 1 1 0

d ~d 40 0 0 1]

R°R €{(a,a), (b,b), (c,c), (d,d), (b,c), (c,b)]

a b ¢ d.

C"\ ﬂ\\ a 211 0 0 O

be > . » b > b0 1 1 O
A° =

C.4><)€4><$.C clo1 10

. d y 70 0 0 1

Relations (3A) 38 Young o s



Transitivity Test Examples (2)

R e {(a,a),(b,b),(c,c), (d,d), (b,c), (c,b)]

R°R €{(a,a), (b,b), (c,c), (d,d), (b,c), (c,b)]

1 0 0 O 1 0 0 Oy|l1 0 0 O 1 0 0 O
A:()llO AA=0110011020220

0O 1 1 O O 1 1 0{]l0 1 1 O 0O 2 2 0

.0001. lOOOlﬂOOOll .0001.
?

1 000 set non-zero element to 1
A220110

O 1 1 O

000 1

Relations (3A) 39 Young Won Lim
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Transitivity Test Examples (3)

" (%i8)

(%08)

" (%i9) A2 :

(%09)

Al:matrix(
[1,0,0,0],

1
8
8

@ MR @D

" (%110)

(%010)

" (%il1)

(%011)

A3 : AZ2.A1
(1 0 0 o]

B 4 4 @8
B 4 4 0

B 8 68 1

Ad : A3 Al
1 0 0 o]

B 8 &8 0
B 8 8 0

8 6 60 1

(%112) A5

(%012)

(%113) A6

(%013)

1

1

: Ad

16 16

l6 16

A5

32 32

32 32

LAl

LAl

1

Relations (3A)

40
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Transitivity Test Examples (4)

9

a

Relations (3A)

&/

41

—

a,a)ER

M M M M
~e B> v I~ v~

a o0 o o o o o o

L s &8s
M MMM
D N W

(d,d)€R

Young Won Lim
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Transitivity Test

Y Z
R R
— —
A A
Z

>

>

o)
o)
>

>l\.)
>

|
>
3

transitive relation R

]
>I\.)
|

A

Relations (3A) 42 Young Won Lim
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Transitivity Condition

1 2 3 4
11la b ¢ d .
a2l flg k| Tg#0
3li j k1
4lm n o p|
?
12 3 4 _ 1 2 3 4
1% * x x|1|%x % Cc * 1
42 _o |EONFNGENR |2 |+ + g | _ o
3% * % x|3[x x k % 3
41 *x x *x|[4|%x % o % 4

nonzero (i, j)" element of A° = nonzero (i, j)" element of A

Relations (3A) 43 Youna WO



A non-zero element of A?

2 3 4 1 2 3 4 1 2 3 4
11 * *x % |1l [%x % C * 1 | * * k%
42 _o [EONPRNGE |2+ o+ g x| _ o |BEEN <R . oA
3% * % x|3[*x x k % 3 [ * k  k %
Alx *x % % |4|x *x o % 4 | % * k%
ae=1 VvV bf=1 V cg=1 Vv dh=1  ae+bf+cg+dh#0
(2,1)€R (2,2)€R (2,3)€R (2,4) € R
(1,3)eR  (23)eR  (33)eR  (43)eR = Z et

Vx,Vy,Vz|((x,y)€R A (y,z)€R) » (x,z)€ER |

Relations (3A) 44 Young Won Lim
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Binary Relations and Digraphs

A = (0,1,2,3,4,5,6]

R c AXA
R = {(a,b)|a=b (mod 3)]
0 1 2 3 4 5 6 Q
) [ 0 1 2
o1 o0 O 1 0 0 1
110 1 O O 1 O O
2({0 0 1 O O 1 O
R=3|1 0 0 1 0 0 1
410 1 O O 1 O o0
5(0 0 1 O O 1 o0 -
6l1 0 0o 1 0 0 1 6 5

http://www.math.fsu.edu/~pkirby/mad2104/SlideShow/s7_1.pdf

Relations (3A) 45 Youna WO



Reflexive Relation

A = (0,1,2,3,4,5,6]

R c AXA

Q
oy

b

R = {(a,b)|a=Db(mod 3)]

0O 1 2 3 4 5 6 O
Ol% 0 0 1 0 0 1 . - 2
10 ™ 0 0 1 0 0
210 0 M 0 0 1 0O

R=3|1 0 0 ™ 0 0 1

410 1 0 0 ™ 0 O

5|10 0 1 0 0 N O >

6|1 0 0 1 0 0™ 6‘\/® 5

Relations (3A) 46 Youna WO



Symmetric Relation

A = (0,1,2,3,4,5,6]

R c AXA

Q
oy

b

R = {(a,b)|a=Db(mod 3)]

0 1 2 3 4 5 6 @
o/t 0 0.1 0 0 1 . . -
10 1.0 0 1+ 0 0
2/0 00 1 0.0 1 0

R=3[1 0 0 1 0 0.1
4lo 1707 071 0 o0
50 00 170 0 1 0
6170 0 1 0 0 1 6‘\/® 5

Relations (3A) A7 Youna WO



Transitive Relation

A = [0,1,2,3,4,5,6] 0
R c AXA
R = {(a,b)|a=b (mod 3)]
0 1 2 3 4 5 6 : o
0[3 0 0 3 0 0 3
10 2 0 0 2 0 0
2|0 0 2 0 0 2 0 0 0
RR=3/3 0 0 3 0 0 3 ®
410 2 0 0 2 0 0
50 0 2 0 0 2 0
6|3 0 0 3 0 0 3
| |

Relations (3A) 48 Young Won Lim
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Transitive Relation

(%1i2) R:matrix

(%02) (1 ©

R = R? " transitive

Relations (3A)

49

(%14)

(%04)

(%17)

(%07)

R2: R.R
3 0 0 3
8 20 0
8 0 2 0
300 3
8 20 0
80 2 0
300 3
R3: R.R.
(0 6 0 9
8 40 0
8 0 4 0
90 0 9
8 40 0
8 0 4 0
9 0 0 9

@ @D MM @D @ M@

o @ A @ @ B @ H

o R @ @ B @

Ww @ @ W @ @ W

wo @ @D O @D @ o

Young Won Lim
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Reflexive and Symmetric Closure

12345 12 3 45 12 3 45

1 1 1

2 2 2

3 3 3

4 4 4

5 5 5

Not Reflexive R the minimal addition Reflexive Closure of R
12345 12 3 45 12 3 45

1 1 1

2 2 2

3 3 3

4 4 4

5 5 5

Not Symmetric R the minimal addition Symmetric Closure of R

Relations (3A) 50 Young o s



Transitive Closure

i A R" = U _R"

RUR’U --- UR"

AV A’V - VA"

set non-zero element to 1

Relations (3A) 51 Young Won Lim
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Transitive Closure Example 1

(%19) A: matrix(
[1,0,1], (%118) Ad4: A.A.A.A
[0,1,0], 5 4 3
}[1’1’31 (%018) |@ 1 @
101 33 2
(%09) [ 1 ©
(%120) A5: A.A.A.A.A
110
8 7 5
(%111) A2: A.A (%020) |8 1 @
2<:)1 5 5 3
(%011) @ 1 @
(%119) matrix(
P (1,1,11,
[0,1,0],
(%112) A3: A.A.A [1,1,1]
3<:)2 )
(%012) (@ 1 @ 1<:>1 N
5 21 (%019) |e 1 o transitive closure of A
111
(%113) A+A2+A3
° 2 A # A
(%013) |@ 2 @ ..
442 A # tc(A) ' nottransitive
Relations (3A) 52 Young Won Lim
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Transitive Closure Example 2-a

O
S

T —

— O

o O

o O
O O

) v

O v

AV o

o O

o o

o O

O O

) v

O v

AV o

o O
o O

o O

O 0O

Young Won Lim

4/14/18
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Transitive Closure Example 2-b

1 1 1
A = 0O 0 1 A = A’
0O 0 O
But the transitive closure
fAI | to A
11 of Ais equal to
A>=110 0 0 .
@ 00 0 - transitive
a L d
eotf i ] e
00 0 A = tc(A) ~ transitive
b
¢ 11 1

>
*
I
o
o
_

Relations (3A) 54 Young Won Lim
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Transitive Closure Example 3

1 0
A = 0O 0 1 A £ A?
0 0 0
And the transitive closure
- - of Ais not equal to A
Lty
A° = 0O 0 O "
@ 00 0 ~ not transitive
a L .
1 1 1] )
A # A
A>=110 0 0

~ not transitive

<
(@x
=

>

*

I
oo
oo
o R

Relations (3A) 55 Young Won Lim
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Transitive Closure Example 4

A # A’
] A # tc(A)

~ > not transitive

Relations (3A) 56 Young Won Lim
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Transitivity Test

‘A = A° ~ Transitive

AN

2
A+ A
(AV AV --- VA" = A  Transitive
(Av A’V -+ VA" = A NotTransitive

Relations (3A) 57 Young Won Lim
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