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Relation Examples

R
R1€{<1,CI),(2,b),(3,a),-(3,6)} 0%4@

R, €((a,x),(a,y), (b,y), (b,z)] ) Q.

Rétations (4B) £ g’ ‘ Young Won Lim
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Composite Relation Examples

R, €((1,a), (2,b),(3,a), (3,b)]

R,€(a,x),(a,y), (b,y), (b,z)]

R°R, €((Lx), (Ly),(2,y).(22),(3,x),(3,y), (3,2}

Relations (4B) 29 Young Won Lim
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Composite Relation Examples

R, €{(1,a), (2,b), (3,a), (3,b)] R

R,€(a,x),(a,y), (b,y), (b,z)]

X
2 y
O—
3 z
O
1 0 1 0 1 1 0
A =210 1 A, = [é 1 (1)] A A, = |0 1[(1) } 2]: 0 1 1
1 1 1 1 1 2 1

Relations (4B) 30
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Matrix of a Relation

11
R1€{(1,CI), (zsb), (3,(1),(3,b)} Ay =210
211
R, €((a,x), (a,y), (b,y), (b,2)) A, :Z !

RoR, €((Lx), (Ly),(2,y),(2,2), (3,x), (3,y), (3,2)]

AA, =

__ O &

==
_ O

_0
_ o
N = =
_ = O N

Relations (4B) 31
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Composite Relation Properties

X Y V4
Rl RZ
—_— —_—
Al AZ

X

(i,k) € R,oR,

Relations (4B)

32

8 (5

a, of AJ/A, # 0

Young Won Lim
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Composite Relation Examples

1 0 1 0 1 1
o I G R 1 CR R o
1 1 1 1
1L X
2 y
(i,k) € R,oR, | (> a, of AJ/A, # 0 ;
Z

Relations (4R\{ . 33 Young N e



R, = U)M\(w)k) ), (5 h) 5’
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K>::. {(0;>(>} (a. lg\/ (LJ'bJ] (5,&

A =2 A,
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Composite Relation Property Examples

a b
\ / v 111
1 09 1 L0 A=202
A :’-[011] = =01 "3l 1
11 1 2 1
X Yy z
a
211 0
K : A =00 1 J
\ / \ /
abau
i » Bl | i > R
1%
su+tv

su+tv # 0  nonzero(i,k)" element of A, A,

1

1) (su#0) v (tv#0)
1] (s=1Au=1) Vv (t=1Av=1)
1

@) (i,k)€R,oR,

Relations (4B) 34 Young Won Lim
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Sufficient Part

v v a b
1(1 0
1 0 1 1 0
A, =
an =BG ¢ = ol
1 1 1 2 1
X y z
“11 100
- “ A2 = [0 1 1]
\/ \/
a b a g
-, || s R
Su-+tv
su=1 tv=1
iell,23) se€ o, 1] (@, #0) su+tv#0 ) (s=1) (t=1)
kelx,y,z} telo, 1) (u=1) (v=1)
u€ {0, 1] (i,a) € R, (i,b) € R,
velo, 1} (a,k) € R, (b,k) € R,
(.

Relations (4B) 35 Young Won Lim
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Necessary Part

v v a b
10/, 4 o 11 0 A _13 (1’
aas ==l 10 = o fal =20 1
1 1 1 2 1
X Yy z
“11 10
A. =
i‘ ’; 2 7hl0 11
a b a g
i~ BN | i » k'
su+tv
(i,k) € R,°R (i,a) € R, (i,b) € R,
ie(1,2,3) s€0,1 R 5 (a,k) € R, (b,k)€ R,
kelx,y,z} telo, 1)
0, 1 (s=1) (t=1)
UE{,} (u:l) (Vzl)
VG{O,I} su=1 tv=1

su+tv #0  (a, #0)

Relations (4B) 36 Young Won Lim
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Transitivity Test Examples

R e {(a,a),(b,b), (c,c),(d,d), (b,c), (c,b)] {The Same mw—\bn

RoR €{(a,a), (b,b), (c,c

= O O O

S =R = O
S = = O

N=R=R=R
OO0 O
O R R O
SO R R, O
— O o O
S oo R
O R, O
O R RO
o oo
ON N O
o NN O

_ o O O

===l

Relations (4B) 37 Young Won Lim
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Transitivity Test

1 2 3 4
11 % * % %
A =2|* [*¥ x x
I E
4| % * * *
1 2 3 4 1 2 3 4 1 2 3 4
1% * * *|1|x e * x 1 * * * %
4t o |GBINENE |2 [+ [ o« x| _ o |% [*] *
3% *x *x x|[3|x g *x % 3 | % ok x ok
41*% *x x *x|[4|x h x % 4 | % x % %
nonzero (i, j)" element of A* = nonzero (i, j)" element of A
ae=1 bf=1 cg=1 dh=1

(21)eR | | (2,2)eR | |(23)eR | |(24)eR | [C) (2,2)eR
(1,2) e R (2,2)€R (3,2)€ R (4,2) € R

Relations (4B) 38 Young Won Lim
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Binary Relations and Digraphs

A = 1{0,1,2,3,4,5,6] U’Ml\ 0 l"| I.)

R c AXA ‘
R =((a.b)la=b(mod3)] /@ @ @
| ()

AL

S&

=NNCYE

o o@o o@o @
o@o o@o o @

@O
=€y =B &

B O = &

@o o@o o@@

D

@oo;—\

http://www.math.fsu.edu/~pkirby/mad2104/SlideShow/s7_1.pdf

Relations (4B) 39 Young Won Lim
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Reflexive Relation

A = (0,1,2,3,4,5,6]

R c AXA
R = {(a,b)|a=b (mod 3)}
O 1 2 3 4 5 6
OO0 O 1 0 0 1
1{0 .0 O 1 0 O
20 0 ™™ 0 0 1 O
R=3|1 0 0 %% 0 0 1
410 1 0 0 ™% O O
5|0 0 1 0 0 ™ O
6|1 0 0 1 0 0 ™

Relations (4B) 40 Young e e



Symmetric Relation

A = (0,1,2,3,4,5,6]

R c AXA
R = {(a,b)|a=b (mod 3)]
0 1 2 3 4 5 6 O
i [ 0 1 2
o1 o0 O 1 0 0 1 ®
110 1 0 O 1+ O O
2(0 0 1 O O 1 O
R=3|14 0 0 14 0 0 1
410 1= 0 O 1 O O
5(0 O 1 0 0 1 0
610 0 1 0 0 1 6 5

Relations (4B) 41 Young e e



Transitive Relation

A = [0,1,2,3,4,5,6] 0
R c AXA
R = {(a,b)|a=b (mod 3)]
0 1 2 3 4 5 6 ) °.
0[3 0 0 3 0 0 3
10 2 0 0 2 0 0
20 0 2 0 0 2 0 0 0
RR=3/3 0 0 3 0 0 3 ®
410 2 0 0 2 0 0
50 0 2 0 0 2 0
6|3 0 0 3 0 0 3
| |

Relations (4B) 42 Young Won Lim
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Transitive Relation

Y —

(%02)

r
- D @ = D @ -

Relations (4B) 43

(%i4) R2: R.R
3 0 0

(%04)

0
2
0
0
2
0
0

w e o w o o
o N © © N @
w o o w o o w

(%17) R3:
o

(%07)

o © H © © H ©
oaooaoo?

‘o @ © v o o

ooaoooo?’

@ O N O O N O
@ N O O N O O
o 90 w o o w

o © » © © » o X
® » © © » O ©
L @ © © © © O,
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(%i11)

(%011)

(%112)

(%012)

(%113)

(%013)

 (%114)

(%014)

(720 @

o 729]

0 729 ©
0 64 © © 64 0 0
6 0 64 0 O 64 0
729 06 © 729 0 0 729
0 64 0O O 64 0 0
6 0 64 0 O 64 0
© 729 ©

729 ©

0 729

27 6 0 27 0 0 27
© 80 0 80 ©

© 068 0 08 ©

27 6 0 27 0 0 27

© 80 0 80 ©

© 068 0 08 ©
27 0 0 27 0 0 27|
81 © 0 81 6 o 81
© 16 © © 16 © ©

© 0 16 © © 16 ©
81l 0 0 81 0 0 81

© 16 © © 16 © ©

© 0 16 © © 16 ©
81 6 0 81 o o 81
243 0 o0 243 0 o 243
@ 32 0 0 32 0 ©
e 0 32 0 0 32 ©
243 0 © 243 © © 243
@ 32 0 0 32 0 ©
e 0 32 0 0 32 ©

0 243 o0

243 ©

0 243




Reflexive and Symmetric Closure

112,345 12/ 3|(4|5 1/2/3|4 5

1 1 1

2 2 2

3 3 3

4 4 4

5 5 5

Not Reflexive R the minimal addition Reflexive Closure of R
12,345 1/2/3 4 5 1/2/3 4|5

1 1 1

2 2 2

3 3 3

4 4 4

5 5 5

Not Symmetric R the minimal addition Symmetric Closure of R

Relations (4B) 44 Yo



Transitive Closure Examples

(%19) A: matrix(
(1,0,1],
(0,1,0],
(1,1,0]

)

101
e 1680
118

(%111) A2: A.A

2 11
e 180
111

(%112) A3: A.A.A

3 22
e 160
2 21

(%113) A+A2+A3

6 3 4
(%013) |6 3 o
4 4 2

(%09)

(%011)

(%012)

(%118) Ad4: A.A.A.A transitie
543 lo § Ly,

(%018) o 1 Cognte
3 3 2

o
010
(%120) AS: A.A.A.A.A [ l @

8 75
e 180
553

(%119) matrix(

e A L s
(1.1,1] 0 30
) 4 4 9

111
e 180
111

(%020)

w W

(%019)

/H/ILMS—-L??'SJ [ ]f[gﬁ}

Relations (4B)

Young Won Lim
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Transitive Closure

U® . R"

RUZIQJ . URY
B ALy v A

n L

AtAH 1A

fhen  Non-ETY —?@
> trane LV cysuye

Relations (4B) 46 Young Won Lim
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Equivalence Relation

Reflexive Relation &

Equivalence Relation <:> Aymmetri Relation &

A = {0,1,2,3,4,5,6,7,8)
R c AXA
R = {(a,b)|a=b (mod 3)]

(1,1)€ R a=1(mod 3)
(1,4)€ R 1=4(mod 3)
(41)e R 4=1(mod 3)
(1,4)€ R 1=4(mod 3)
(4,7)€ R 4=7(mod 3)
(1,7)€ R 1=7 (mod 3)

Relations (4B) 47 Young Won Lim
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Equivalence Relation Examples

2

0 12 3 456 7 8,
0|1 00 100100

10 1. 0 01 0 01 O

{0,1,2,3,4,5,6,7,8}

A =

R c AXA

2(0 0 1.0 0 1 0 0 1
3]11. 0 0 1 0 01 0O
40 1. 0 0 1 0 0 1 O

b (mod 3)]

((a,b)|a

R

RR =

5(0 0 1. 0 01 0 O 1

6(1 0 01 0 0 1 0O

7101 0 01 00 10

g8j0 0 1 0 0 1 0 O 1

Y

Y

N\

A

N\

-

Young Won Lim

3/27/18
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Equivalence Classes

Class #1 Class #2 Class #3

. A y,
0O 3 6 1 4 7 2 5 8
ol1 1 1 11 11 201 1 1
31 1 1 411 1 1 511 1 1
6l1 1 1 711 1 1 g1 1 1
partition P, = {0,3,6} partition P, = {1,4,7} partition P, = {2,5,8}

Relations (4B) 49 Young e e



Equivalence Class

A =2Zz"={0,1,234,56, )
R c AXA
R = {(a,b)|a=b (mod 3)]

(0,3,6,9, (0] [33]
(1, 4, 7,10, - | [1] [331]
(2,5,8, 11, - | 2] (3332]

https://www.cse.iitb.ac.in/~nutan/courses/cs207-12/notes/lec?.pdf

Relations (4B) 50 Yo
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Functions and Ranges

S

© [e2x+1 |

Al — 035]
XZ // 6 (,)(L) A2 — O, 100
< . A, =[0,500
1
The Growth of 3 Young Won Lim
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Small Range Al

All are distinguishable

40
3s - X°+2x+1
30+
2
25 X
20 S
15
10 | 2X
5+
_ — 1
0
0 1 2 3 s g |:> Zoom Out
X
for x>—0.5 xX°<x*+2x+1
The Growth of 4 Young Won Lim
4/4/18
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Medium Range A2

similar
12000
x“+2x+1  10000+201
10000 | { ' 10000
8000 |-
6000
4000
2000
J 2X
°s @ ) Zoom Out More
X
for x>—0.5 xX°<x*+2x+1
The Growth of 5 Young Won Lim
4/4/18
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Large Range A3

Indistinguishable

250000 . ' . r
s ,
> X’ @ 250000+1001
200000 | 1 i { X 250000
150000 |- .
100000 |- -
50000 |- .
o 1 L A
0 100 200 300 400 500
X
for x>—0.5 xX°<x*+2x+1
The Growth of 6 Young Won Lim
4/4/18
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Functions and Ranges

Co2.x°

< X2+2X+1

2 X

|

The Growth of
Functions (2A)

0,5]

0,100

0,500

Young Won Lim
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Small Range, 2x°

Bl

distinguishable

2x° 50
——

X+2x+1  25+11

2X

1

for x>2.414

for x>k

; . @ > Zoom Out

X’+2x+1<2x

f(n)<Cg(n)

The Growth of
Functions (2A)

8 Young Won Lim
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Medium Range, 2x° B2

distinguishable

20000 T T Y xz-:z.x"l 2X2 20000

2*x2

2"

1
15000 |- x°+2 x+1 10000+201
10000 /
2X

5000 - -

1
| 4 i pa
’ 0 20 40 60 80 @ |:> Zoom Out

for x>2.414 X +2x+41<2x
for x>k f(n)<Cg(n)
The Growth of 9 Young Won Lim
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Large Range, 2x? B3

distinguishable

2 x° 500000
2+2 x+1 25000041001
2X
1
> Zoom Out
for x>2.414 X +2x+41<2x
for x>k f(n)<Cg(n)
The Growth of 10 Young Won Lim
4/4/18
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Functions and Ranges

10X C,=10,5]
< X +2x+1 C,= :O’ 100:
C,=1[0,500
2 X
v 1
The Growth of 11 Young Won Lim
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Small Range, 10x? Cl

distinguishable
250 Y T T x2+'2'x+1 10 X2 250
200
150 |-
100 |-
0 X°+2x+1 25+11
B 2X
0 . 1
0 1 2 3 4 @ |:> Zoom Out
x
for x > 0.462 X+2x+1<10x°
for x >k f(n)<Cg(n)
The Growth of 12 Young Won Lim
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Medium Range, 10x? C2

distinguishable

100000 10 x° 100000
80000 |-
60000 |-
40000 |
20000 |-
x*+2 x+1 10000+201
°F 20 40 60 80 100 :> Zoom Out
for x > 0.462 X+2x+1<10x°
for x>k f(n)<Cg(n)
The Growth of 13 Young Won Lim
4/418
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Large Range, 10x? C3

distinguishable
2.5x10° T T T T 2
W2+ 2%%+1 10 x 2500000
10*x?
2*x
2x10° - !
1.5x10° |-
1x10° -
500000 [-
x4+2 x+1 250000+1001
0 " —
0 100
for x > 0.462 X+2x+1<10x°
for x>k f(n)<Cg(n)
The Growth of 14 Young Won Lim
4/4/18
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Functions and Ranges

~10- _
. Dl — 035]
< X +2x+1 D, = :O’ 100:
D, =[0,500
XZ
v 1
The Growth of 15 Young vvog/ 4L/ilrg

Functions (2A)



Small Range, 10x D1

10 x

X“+2x+1
distinguishable

' Zoom out

for 0.127 <x<7.873 x*+2x+1<10x

The Growth of 16 Young Won Lim
Functions (2A) 4/4/18



Medium Range, 10x

D2

12000 T . T
x2+2'x¢% )
5 | l X +2x+1 indistinguishable
10000 | 2
X
8000 |-
6000 |
4000
2000 |
10 x
0
b 20 40 60 80 100 |:> Zoom Out
for x>7.873 10x < x°+2 x+1
for x>k Cg(n)<f(n)
The Growth of 17 Young Won Lim
4/4/18
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Large Range, 10x

for x>7.873

for x>k

The Growth of
Functions (2A)

10x < x*+2 x+1

Cg(n)<f(n)

18

xX“+2 x+1

2
X

10 x

D3

indistinguishable

Young Won Lim
4/4/18



Big-O Definition

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.

We say f(x) is O(g(x)) “f(x) is big-oh of g(x)”
If there are constants C and k such that

[f(X)| = Clo(x)] whenever x > k.

|

g(x) : upper bound of f(x)

The Growth of 19 Young Won Lim
Functions (2A) 4/4/18



Big-Q Definition

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.
We say f(x) is Q(g(x)) “f(x) is big-omega of g(x)”
If there are constants C and k such that

Cla()] = [f(X)] whenever x > K.

|

g(x) : lower bound of f(x)

The Growth of 20 Young Won Lim
Functions (2A) 4/4/18



Big-O Definition

g(x) : upper bound of f(x)

g(x) has a simpler form than f(x)
IS usually a single term

The Growth of 21 Young Won Lim
Functions (2A) 4/4/18



Big-Q Definition

A
for k <x
f(x)
f(x)=Clg(x]
(x)
f(x) is Q(g(x)) .
X
x=k
g(x) : lower bound of f(x)
g(x) has a simpler form than f(x)
IS usually a single term
The Growth of 22 Young Won Lim

Functions (2A) 4/4/18



Big-© definition

for k <x

f(x)<Clg(x) e= f(x)is O(g(x))

Clg(x)| < f(x) = f(x) is Q(g(x))

Clo(x) < Flx) < Colalx| w= f(x) is ©(g(x)

Q Wu)@ 0 (‘Wu)

The Growth of 23 Young Won Lim
Functions (2A) 4/4/18




Big-© = Big-Q n Big-O

for k<x 0105 < A tael < Jox’

0(g(x) @;—7 ()& @

Clo(x) < f(x) < Glg(x)| «= flx) is ®(g(x))

Q(g(x))
Q(g(x)) A Og(x)) = O (g(x))
The Growth of 24 Young Won Lim

Functions (2A) 4/4/18




and O(1)

% ) )
for 0<k<x JS,XOF“K’/ chlc),.@@)

HHSCX = ﬂ@)ﬂ&ﬁa’
Sx <M flx) is\@
) =

|

~
b
%

flx) <C1 ¢

C-1<f(x) =

Cllﬁf(x)sczl h
The Growth of .
25 Young WO‘TMI-_/I{?}

Functions (2A)



Big-0O, Big-Q, Big-© Examples

for x>—0.5 1x° < X’ +2x+1 xX*+2x+1 is )
| \

lower bound 5 )
> X +2x+1 is
upper bound
|
for x>2.414 X +2x+1<2x X*+2x+1 is @ /
upper bound
| ¥
for x > 0.462 X’+2x+1<10x° X’+2x+1 is O(x")
for x >7.873 10x < X +2 x+1 xX*+2x+1 is Q(x)
| }
lower bound
The Growth of 26 Young Won Lim
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Many Larger Upper Bounds

700

‘x2+2'x+];
2*x 2 .
s L :: X +2x+1 is O
xX*+2x+1 is O
i x*+2x+1 is O(x’)
400 |- [ J
[ J
[ J
3(!) -
¥
200 X << X
$ T 21
0 b———
1 15 2 25 3 35 4
X
the least upper bound?
The Growth of 27 Young Won Lim
4/4/18
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Many Smaller Lower Bound4

Y Y 'x2+25x+£ l ’ @
X ' X +2x+1 2 ;
as sqri(x) X +2x+1 is
log(x)

X’+2x+1 is Q(x)
X+2x+1 is Q(Vx)
X’+2x+1 is Q(logx)

v ooVl
oy [x2 k>

the greatest lower bound?
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Many Upper and Lower Bounds

X’+2x+1 < Cx° upper bound @
X’+2x+1 < Cx’ upper bound
X+2x+1 < Cx* upper bound
[ J
[ ] [ J
[ ] [ J
Jpt!
2 ; 2 2 2 upfer bound the greatest
x“+2x+1 is O(x) X+2x+1 > Cx ?{
X°+2x+1 is Q(x) X+2x+1 = Cx Wrbound
X’+2x+1 is Q(Vx) X*+2x+1 = Cix lower bound
x*+2x+1 is Q(logx) xX’+2x+1 = Clogx lower bound

The Growth of 29 Young Won Lim
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Simultaneously being lower and upper bound

(x) = X2+2X+a M e(r\u)

The Growth of 30 Young Won Lim
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Big-© Examples (1)

Y 2 2 .
200 ' ' 2420 +1 " 2§ ) X +2x+1 is \O
2 ﬂ

X°+2x+1 is ’

2 .
X +2x+1 is @

150

100

,

> Zoom Out
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Big-© Examples (2)

20000 2-x
15000
2
+2%x+1
* X X*+2x+1 is O(x’)
10000 |- 1-x°
5000 - 0.5‘X2
0
0
X
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Big-© Examples (3)

7x10° T T Y T
P 6‘!3’2.12*3
3 3 3 T*x
X < m < 7 o3
sacsf X _G@ = 7 o

sx10fF _____—— O (,x}) 1 (5} x°
S ) f/—\/:\\\
4x10° - / y 4 A
2x +4 is (k)

3x10° b /// o iI
”‘°5" T @ ‘- 60)
1x10° - _

0 N __——"dé_; 1 \ 4

0 20 40 60 80 100
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Tight bound Implications

f(x) is ®(g(x))
f(x) is ©(g(x))

\h
>
_
®
o
x

The Growth of
Functions (2A)
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Common Growth Functions

1 Vx
log x

The Growth of 35 Young Won Lim
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Upper bounds

((x) 15 €os) b 0(5%) = O(x] = Olxiogs] = o[’
v

The Growth of 36 Young Won Lim
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Lower bounds

1 Vx
1 logx

The Growth of 37 Young Won Lim
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Example 3

log(n) : O(logn) » O
P | logln) : @logn) X O[1

A ~llde A

l
Ot = ocl)

|
> -
Ry ()
— —
The Growth of 40 Young Won Lim

Functions (2A) 4/4/18



‘:(_V\\ ’y("h \
o) —= 0Cl) | )

/

/
"\ VA—
— lll llll l'['T/

— SUW) N

L«()cl

0 (1)
/




Example 4

®(n> —- O(n) upper bound  tight ) O(,"‘B)
O(n’) m————- O)(pn®)  upperbound O (') nY)
O(]1) m—m—m—m—-O(n)  upper bound @

(n +> O s IPPET bound  wromy /@) (n n

N —- (O(21) upperbound tight O—@-Lﬁ_. O(n)
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Example 5

tight upper bound
tight upper bound

tight lower bound

tight lower bound

tight lower bound

tight lower bound

tight lower bound

The Growth of 42
Functions (2A)
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Complexity Analysis

* to compare algorithms at the idea level
ignoring the low level details

* To measure how fast a program is

* To explain how an algorithm behaves

as the input grows larger
The Complexity of 3 Young Won Lim
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Counting Instructions

« Assigning a value to a variable x= 100;
» Accessing a value of a particular array element Ali]
« Comparing two values (X >vy)
* Incrementing a value I++
« Basic arithmetic operations +, = %/
« Branching is not counted if else
The Complexity of 4 Young Won Lim
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Asymptotic Behavior

avoiding tedious instruction counting

eliminate all the minor details

focusing how algorithms behaves when treated badly

drop all the terms that grow slowly

only keep the ones that grow fast as n becomes larger

The Complexity of 5 Young Won Lim
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Finding the Maximum

M = A[O]; // M is set to the 1% element

for (i=0; i<n; ++i) {
if (Ali] >= M) { /I if the (i+1)th element is greater than M,

M = A[i]; /Il M is set to that element (new maximum value)

int A[n]; I/l n element integer array A
int M; // the current maximum value found so far
/I set to the 1% element, initially

The Complexity of 6 Young Won Lim
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Worst and Best Cases

int A[4]; Case 1. Case 2:
Worst Case Best Case
=0 | A[O] A[0]=1 | =» M=1 A[0]=4 | =» M=4
i=1 | A[1] A[l]=2 | =» M=2 All]=
=2 | A[Z] A[2]=3 | = M=3 Al2]=
=3 | A[3] A[3]=4 | = M=4 A[3]=1

for (i=0; i<n; ++i) {
if (A[i] >=M) { /[ always n comparisons
M = A[i; // the updating of M depends on the data
} // minimum 1 update, maximum n updates

The Complexity of 7 Young Won Lim
Algorithms (3A) 4/6/18



Assignment

M = AJO]; /Il 2 instructions
for (i=0; i<n; ++i) {
if (A[i] >=M) {
M = A[i;

A[O] — 1 instruction
M= — 1 instruction

https://discrete.gr/complexity/

The Complexity of 8 Young Won Lim
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Loop Instructions

I
for (i=0;|i<n] [++1) {
if (A[i] >=M) {
M = A[];
}
Initialization * 1 Loop body * n
=0 . 1 instruction Ali] . 1 instruction
| e TEOT b aways
I<n - 1 Instruction >=M : 1 Instruction
Update * n
++i : 1 instruction Ali] : 1 instruction } 1 - depending on the
i<n - 1 instruction M= - 1 instruction comparison
The Complexity of 9 Young Won Lim
4/6/18
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Worst case examples

i=0 I=1 for (i=0; i<n; ++i) {
= |Al0]=1| >= M=1 Al0]=1 if (A[i] >= M) {
A[1]=2 M=1 = | A[l]=2 | >= M=1) M = AT
A[2]=3 Al2]=3 M=2 = Al
A[3]=4 A[3]=4 }
=2 =3
| AO=1 | A1 2n + 2n =4n
A[1]=2 A[1]=2 Instructions
= | A[2]=3 | >= M=2 A[2]=3
A[3]=4 M=3 = |A[B]F4 | >= MZZD n comparisons
M=3
n updates
The Complexity of 10 Young Won Lim
4/6/18

Algorithms (3A)



Best case examples

=0 =1
= | A[0]=4 | >= M=4 A[0]=4
A[1]=3 M=4 = | A[1]=3 | < M=4
Al2]=2 A[2]=2
AlB]=1 A[3]=1
=2 =3
A[0]=4 A[0]=4
A[1]=3 A[1]=3
= | A2]=2| < M=4 A[2]=2
A[3]=1 = | A[3]=1| < M=4

The Complexity of
Algorithms (3A)

for (i=0; i<n; ++i) {

if (A[i] >=M) {
M = Ali;
}
2n + 2
Instructions

n comparisons
1 update

https://discrete.gr/complexity/
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Asymptotic behavior

M = A[O]; 2 instructions
for (I=0; i<n; ++i) { 2 + 2n instructions (init + update)

if (A[i] >=M) { 2n instructions

M = A[i]; 2 ~2n instructions

}

}
_ [6n+4  instructions for the worst case
fm) = {4n+6 instruction for the best case

f(n) = O(n)
f(n) = Q(n)
f(n) = ©(n)

The Complexity of 12 Young Won Lim
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O(n) codes

// Here c is a positive integer constant
for(i=1;i<=n;i+=c¢){
// some O(1) expressions

for(inti=n;i>0;i-=c){
// some O(1) expressions

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm

The Complexity of 13 Young Won Lim
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O(n?) codes

for(i=1;i<=n;i+=¢){
for(j=1;j<=n;j+=c¢){

}
}

for(i=n;i>0;i+=¢c){

ﬁ

ﬁ

ﬁ

ﬁ

- —
// some O(1) expressions —_—
ﬁ

——>

—>

—

for (j=i+1;j<=n;j+=c){ —
>

// some O(1) expressions

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm

The Complexity of 14 Young Won Lim
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O(log n) codes

for (inti=1;i<=n;i*=c¢c){ ]
// some O(1) expressions [L]
} [T TT]

for (inti=n;i>0;i/=c){ HEEEERERE
/I some O(1) expressions HEEEEEEEEEREEEEN

}

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm
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O(n) vs. O(log n)

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm

The Complexity of 16 Young Won Lim
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O(log n) codes

I/l Here c is a constant greater than 1

for (inti=2;i<=n;i=pow(, c)) { Il =i"c i=i,i=1i
// some O(1) expressions

}

/[Here fun is sqrt or cuberoot or any other constant root

for (inti=n;i>0;i="fun(i)) { /1 =1"(1/c)
// some O(1) expressions

}

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm
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O(log log n) codes

I/l Here c is a constant greater than 1

for (inti=2;i<=n;i=pow(, c)){ Ili=irc i=i (2,2°,2%,2°,2%,--)
// some O(1) expressions

}

/[Here fun is sqrt or cuberoot or any other constant root

for (inti=n;i>0;i="fun(i)) { /1 =1"(1/c) i= i (n,n%’n%,n‘é,n%,...)
// some O(1) expressions

}

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm
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O(log log n) codes

I/l Here c is a constant greater than 1

for (inti=2;i<=n;i=pow(, c)){ Ili=irc i=i (2,2°,2%,2°,2%,--)
// some O(1) expressions

}

/[Here fun is sqrt or cuberoot or any other constant root

for (inti=n;i>0;i="fun(i)) { /1 =1"(1/c) i= i (n,n%’n%,n‘é,n%,...)
// some O(1) expressions

}

https://stackoverflow.com/questions/11032015/how-to-find-time-complexity-of-an-algorithm
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Some Algorithm Complexities and Examples (1)

O(1) - Constant Time
not affected by the input size n.

O(n) - Linear Time
Proportional to the input size n.

O(log n) - Logarithmic Time
recursive subdivisions of a problem
binary search algorithm

O(n log n) - Linearithmic Time
Recursive subdivisions of a problem and then merge them
merge sort algorithm.

The Complexity of 20 Young Won Lim
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Some Algorithm Complexities and Examples (2)

O(n2) - Quadratic Time
bubble sort algorithm

O(n3) — Cubic Time
straight forward matrix multiplication

O(2/"n) — Exponential Time
Tower of Hanoi

O(n!) - Factorial Time
Travel Salesman Problem (TSP)

The Complexity of 21 Young Won Lim
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