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Example B — (1)
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Example B — (2)
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Truth Table
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Truth Table and K-Map
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K-Map and Logic Minimization
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K-Map : Verification

E(_]r+pq

HIANH2AH?3

00 01 11 10

r HINH2AH3

P (g

qr_pq qr+pq

q r g
0 0 0 1

p

0
0
0
0
0
0

0
1

0 0 1 1

0 1 0 0 O

0 11 0 O

0

1 0 0 1

1 0 1 1

0

1

1 1 0 0 O

0

1
1

1

1 1 1 0 O

3/23/18

Young Won Lim

21

Logic (7A)
Resolution



Adding two don’t care conditions
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Adding two don’t care conditions
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K-Map : Verification
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Boolean Algebra

In mathematics and mathematical logic, Boolean algebra is the branch of algebra in which the
values of the variables are the truth values true and false, usually denoted 1 and 0 respectively.
Instead of elementary algebra where the values of the variables are numbers, and the prime
operations are addition and multiplication, the main operations of Boolean algebra are the
conjunction and denoted as A, the disjunction or denoted as v, and the negation not denoted as -.
It is thus a formalism for describing logical relations in the same way that ordinary algebra
describes numeric relations.

https://en.wikipedia.org/wiki/Boolean_algebra
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Operators

T ylxzAy zVy x|z T Yy T Dy T=y
00 0 0 1 00 1 0 1
1 0 0 1 0 1 0 0 1 0
01 0 1 01 1 1 0
1 1 1 1 1 1 1 0 1
https://en.wikipedia.org/wiki/Boolean_algebra
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Laws (1)

Associativity of V: zV(yVz)=(zVy)Vz X+(y+2z) = (X+y)+z
Associativity of A: zAh(yhz)=(xhy) Az X(yz) = (xy)z
Commutativity of V: rVy=yVvz Xty = y+X
Commutativity of A: rANy=yAzx Xy =Yz
Distributivity of A over V: eA(yVz)=(zAy)V(zAz) X(YtZ) =Xy +xz
Identity for \V: xV0=uzx X+0=x

Identity for A: rANl==x X*1=X

Annihilator for A: zN0=0 x*0=0

https://en.wikipedia.org/wiki/Boolean_algebra
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Laws (2)

Annihilator for V:
Idempotence of V:
Idempotence of /\:
Absorption 1:
Absorption 2:

Distributivity of V over A: & V (y A z) = (xVy) Az V 2)

Complementation 1
Complementation 2

De Morgan 1
De Morgan 2

xV1=1
rNr==x
rhNer==x
rh(xVy =z

rV(zhy) =z

Nz =10
vV xr =1

ﬂm;\ﬂy:ﬂ(m\fy)
—m\j—g:—(m,ﬂ\y)

x+1=1

X+X=X

X*X=X

X(X+y)=X
X+XYy=X
X+yz=(x+y)(x+z)

xx=20
x+tx=1
Xy =(x+y)
x+y=(xy)

https://en.wikipedia.org/wiki/Boolean_algebra
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Digital Logic Gates

Digital logic is the application of the Boolean algebra of 0 and 1 to electronic hardware consisting of
logic gates connected to form a circuit diagram. Each gate implements a Boolean operation, and is
depicted schematically by a shape indicating the operation. The shapes associated with the gates
for conjunction (AND-gates), disjunction (OR-gates), and complement (inverters) are as follows.[17!

X X
XA XVy X X
v ,

Figure 3. Logic gates

f=!

The lines on the left of each gate represent input wires or ports. The value of the input is
represented by a voltage on the lead. For so-called "active-high" logic, 0 is represented by a voltage
close to zero or "ground", while 1 is represented by a voltage close to the supply voltage; active-low
reverses this. The line on the right of each gate represents the output port, which normally follows
the same voltage conventions as the input ports.
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NOT Gate

Negation
INPUT OUTPUT
TL - A NOT A
NOT Aor~A
1 0
https://en.wikipedia.org/wiki/Logic_gate
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AND, OR Gates

Conjunction and Disjunction

AND :D—

:&l— A-B

INPUT OUTPUT

A B AANDB
0 O 0
0 1 0
1 0 0
11 1

INPUT OUTPUT
A B AORB

e I s [ SRR TENE
1 0 1
1 1 1
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NAND, NOR Gates

Alternative denial and Joint denial

INPUT OUTPUT
A | B ANANDB
- 1 & _ 0|0 1
NAND P A-BorAT B
— — 0|1 1
1 0 1
11 0
INPUT OUTPUT
A B ANORB
—=1 - 0|0 1
NOR l = A+BorA|B
0|1 0
1 0 0
11 0
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XOR, XNOR Gates

Exclusive or and Biconditional
INPUT OUTPUT
A B | AXORB
0 0 0
XOR Aa B
0 1 1
1| 0 1
1 |1 0
INPUT OUTPUT
A | B AXNORB
I 0 0 1
XNOR A& BorA® B
0 1 0
1| 0 0
1 |1 1
https://en.wikipedia.org/wiki/Logic_gate
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CMOS Logic Gates

vdd Vdd vdd ___mw

o |l

CMOS inverter (NOT logic gate) &

Vss B_ll: : L_] :TI

Vss L
NAND gate in CMOS & et oSy
logic POLY F DIFFUSION
W covrecr NAWELL
https://en.wikipedia.org/wiki/CMOS
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ldentity and Null Element Theorem

x+ 0

A

x-0 =20

x-1

~<I
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Distributive

x-(y+z)=x-y+x-z = X y+ z
\%\/—/

This parenthesis cannot be deleted

x+(i-i/)=(x+y)-(x+z) = x+ y-z

This parenthesis can be deleted

Operator precedence : @> @

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Inclusion

X-(x+ y) = x

X Y
X-(x+y) = x-x+x-y
= X+ Xx-Yy |
|
= x-(1+ y) X+y
— X
X+ Xy = X
X Y
X+ xy = x-1+x-y
= X- (1 + y) \
XYy
- X
https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Inclusion

X-(x+ y) = x

X Y
X-(x+y) = x-x+x-y
= X+ Xx-Yy |
|
= x-(1+ y) X+y
— X
X+ Xy = X
X Y
X+ xy = x-1+x-y
= X- (1 + y) \
XYy
- X
https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Eliminate

X-(Xx+ y) = xy . v
X-(X+y) = x-X+x-y @
= 0+ x-y R
= X'y X+ Yy
X+ Xy = x+Yy . y
X+xy = (x+X)-(x+ y)
= 1-(x+y) |
= X+ Yy X

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Truth Table

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

X —»
y —» ) —» [
zZ —»
Xy zF
00O0|O
0011
010|0
0111
I/0 relationship 1 0 01
1010
110|0
1110
inputs output
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All possible input cases

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

Xy Zz
000 > the case when x=0 and y=0 and z=0
001 > the case when x=0 and y=0 and z=1
010 > the case when x=0 and y=1 and z=0
011 —> the case when x=0 and y=1 and z=1
\ 100 > the case when x=1 and y=0 and z=0
= 101 > the case when x=1 and y=0 and z=1
110 > the case when x=1 and y=1 and z=0
111 =~ the case when x=1 and y=1 and z=1

—

inputs

All possible
combination of inputs

Logic (8B) 4 Young Won Lim
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All possible input cases using minterms

XYy z
000 = when xyz = 1
001 - when xyz =1
010 - when Xxyz =1
011 - when xyz =1
100 - when xyz =1 ‘
= 101 - when Xxyz =1 = 1
110 - when xyz =1 .
111 - when xyz =1
inputs B (x=1
xyz =1 ¢ < y=0
ALl possible =1
combination of inputs
For the output of an and gate to be 1,
all inputs must be 1
Logic (8B) 5 Young Won Lim
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Naming minterms

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

Xy z
© 000 =) the minterm m, = xyz =1
1 001 =) the minterm m = xyz =1
2 010 =) the minterm m, = xyz =1
3011 =) the minterm m, = xyz =1
4< 100 =) the minterm m, = xyz =1

=5 101 = the minterm m;, = xyz =1
6 110 =) the minterm mg = xyz =1
7111 =) the minterm m, = xyz =1

index

00000 00 0000000000000 0000000000000
Logic (8B) 6 Young Won Lim
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Computing minterms

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

minterm m. m=) index 5

:

binary 101

=D

X = P | X
< w4 O
N - PN

O

r

Logic (8B) 7 Young Won Lim
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Truth Table and minterms (1)

Xy Z
000 > the case when x=0 and y=0 and z=0 = Xxyz =1
001 “) the case when x=0 and y=0 and z=1 ®= xyz =1
O10 > the case when x=0 and y=1 and z=0 ®= xyz = 1
) 011 ~> the case when x=0 and y=1 and z=1 ®=® Xxyz = 1
100 ~> the case when x=1 and y=0 and z=0 = xyz = 1
= 101 “> the case when x=1 and y=0 and z=1 ®= xyz =1
110 > the case when x=1 and y=1 and z=0 ®= xyz =1
111 ~> the case when x=1 and y=1 and z=1 ®= xyz =1
\. / xyz =1 @
l1nputs
All possible x=1 — cx=1
combination of inputs y=1 — 1 - - y=0
z=1 — - z=1

For the output of an and gate to be 1,
all inputs must be 1

Logic (8B) 8 Young Won Lim
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Truth Table and minterms (2)

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

Xy Zz
© 000 =)  the case when the minterm m, = xyz =1
1 001 =)  the case when the minterm m = xyz =1
2 010 =) the case when the minterm m, = xyz =1
3011 =) the case when the minterm m, = xyz =1
4 100 =) the case when the minterm m, = xyz =1
=5 101 =) the case when the minterm mg = xyz =1
6 110 =) the case when the minterm mg = xyz =1
7111 =)  the case when the minterm m, = xyz =1
index e
inputs minterm m. = index 5
All possible 1
combination of inputs binary 101 0
<1 v ¥
{5’:1— 1 xyz = 1 bar
z=1—
Logic (8B) 9 Young Won Lim
3/30/18
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Truth Table and MAXterms (1)

Xy Z
000 > the case when x=0 and y=0 and z=0 = x+y+z =0
001 “) the case when x=0 and y=0 and z=1 = x+y+z =0
010 > the case when x=0 and y=1 and z=0 @@= x+y+z = 0
011 ~> the case when x=0 and y=1 and z=1 = x+y+z = 0
100 > the case when x=1 and y=0 and z=0 ®=® Xx+y+z =0
= 101 “> the case when x=1 and y=0 and z=1 ®® Xx+y+z =0
110 > the case when x=1 and y=1 and z=0 = Xx+y+z = 0
111 ~> the case when x=1 and y=1 and z=1 ®= x+y+z = 0
. x+y+z = 0 @@=
l1nputs
All possible - x=0 ‘ x=1
combination of inputs -~ y=0 — 0 = ~ y=0
- z=0 cz=1
For the output of an or gate to be O,
all inputs must be 0
Logic (8B Young Won Lim
gic (85) 10 3/30/18
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Truth Table and MAXterms (2)

XYy Z
© 000 =) the case when the MAXterm M, = x+y+z =0
1 001 =) the case when the MAXterm M, = x+y+z =0
2 010 = the case when the MAXterm M, = x+y+z =0
3 011 =) the case when the MAXterm M, = x+y+z =0
4\‘ 100 =) the case when the MAXterm M, = x+y+z =0
=5 101 > the case when the MAXterm @My = x+y+z =10
6 110 =) the case when the MAXterm M, = x+y+z =0
7111 =) the case when the MAXterm M, = x+y+z =0
index \7 /‘
inputs minterm M, s  index 5
All possible 1
combination of inputs b1nary 101 1
>_<:O *
y=0 x+ y+ ~ bar
Z:O
Logic (8B) 11 Young Wg/r;(l)_/ilrg
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Maxterm and minterm Conditions

Xy Xy Xy Xty
0 0|0 1 11 .
1 o01]o0 1 01 0
1 00 0 1[1 .
1 1|1 0 0|0
Xy Xy X Yy Xty
1 1(1 0 0|0
0 0
— 1 1 0|0 011 0
0 1]0 1 01
0 0
A 0 0|0 1 1|1
Logic (8B) 12 Young Won Lim
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Boolean functions defined by a truth table

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

Xy z F

© 00O0]|0

=1 001|1
2 010]0

=3 011|1
= 4 1 00]|1
5 1010

6 11 0|0

7 111|0

index

inputs output

All possible
combination of inputs

Logic (8B) 13 Young Won Lim
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When the output becomes 1

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

XYy z F The output F becomes 1,
for one of the three following cases
© 00O0]|0
=31 001]|1 (the case when x=0 and y=0 and z=1)
2 010]0
= 3 011|1 or (the case when x=0 and y=1 and z=1)
= 4 1 0 0|1 or (the case when x=1 and y=0 and z=0)
5 1010
6 110]|0
7 111(0
index o

inputs output

All possible
combination of inputs

Logic (8B) 14 Young Won Lim
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Function output values and minterms

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

Xy z F The output F becomes 1,
for one of the three following cases
© 00 O0fO0
=1 0011 & m = xyz =1
2 010(0
=3 011]|1 & m, = xyz =1
=4 100]|1 @ m, = xyz =1
5 1010
6 11 0|0
7 111|0
index

inputs output

All possible
combination of inputs

Logic (8B) 15 Young Won Lim
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Mapping Set Diagram

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design

0 Domain Range / Codomain

- 1
2
= 3

- 4

5
6
7

P PR P OOO O|X
P P OOFR PR O O|<
P OFr OFr OFR O|N

|looor +r or o

. N
index Y

inputs output

I
L

Logic (8B) 16 Young Won Lim
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Boolean function definition using minterms

Xy zF The output F becomes 1,
© 00O0|O0 either my=1 ormy=1 orm,=1
=1 0011
2 0100
-3 0111 m, + my + m,=1 — F =1
=4 1 00]|1
5 1010 m, F
6 110]|0 My —
7 111|0 My
index RS For the output of an or gate to be 1,
inputs output at least one must be 1
All possible
combination of inputs - F = m +m,+m,
Logic (8B) 17 Young Wg/r;(l)_/ilrg
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Boolean Function with minterms (1)

XYy z F The output F becomes 1,
for one of the three following cases
© 00O0]|0
=1 0011 (the case when x=0 and y=0 and z=1) = m, = xyz = 1
2 0100
= 3 (01 1|1 or (the case when x=0 and y=1 and z=1) @ m, = xyz = 1
= 4 1 0 0|1 or (the case when x=1 and y=0 and z=0) @ m, = xyz = 1
5 1010
6 1100 Domain Range
7 111(0
index
inputs output
All possible
combination of inputs
Logic (8B) 18 Young Won Lim
3/30/18
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Boolean Function with minterms (2)

Xy zF The output F becomes 1,
© 00O0|O0 either my=1 ormy=1 orm,=1
=1 0011 _ E— _
> o010lo m,+m;+m,=1 — F =1
=3 011|1 - =
=4 1 00]|1
5 101|0
6 110]|0 my
7 111|0 m; —
index 0 i
inputs output
All possible
combination of inputs
For the output of an or gate to be 1,
at least one must be 1
Logic (8B) 19 Young Wg/r;(l)_/ilrg
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Boolean Function with minterms (3)

Xy zF The output F becomes 1,
© 00O0|O0 either my=1 ormy=1 orm,=1
=1 0011 P 1 — ”
m, +m,+m,= —> -
2 010]|0 S <
-
3 Oldle & F =m+my+m,
=4 100]|1
5 1010
6 11 0l0 The output F becomes 0,
7 111lo either my=1 orm,=1 orm;=1 ormy,=1 or m,=1
index —v— my+m,+m-+mg+m,=1 2 F =0
inputs output
All possible - F = my+m,+ms+mgs+m,

combination of inputs

For the output of an or gate to be 1,
at least one must be 1

Logic (8B) 20 Young Won Lim
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Boolean Function with Maxterms (1)

The output F becomes 0,

Xy z F for one of the five following cases
=0 00O0]|0 (the case when x=0 and y=0 and z=0) @@= x+y+z = 0
1 001|1
m 2 0 10|0 or (the case when x=0 and y=1 and z=0) @ x+y+z =0
3 011]|1
4 10 0|1
=5 10 1[0 or (the case when x=1 and y=0 and z=1) ®= Xx+y+z =0
=6 11 0|0 or (the case when x=1 and y=1 and z=0) = Xx+y+z =0
m 7 1 1 1|0 or (the case when x=1 and y=1 and z=1) @& x+y+z = 0

I
s

index x
inputs output

—_

=N y \\\
\ 1 \ Range

\ | \
\ |

\

|

|

z=zzEzzx

w

All possible 5
combination of inputs |

B~

=

N

(<))

Domain

~

Logic (8B) 21 Young Won Lim
Boolean Functions 3/30/18



Boolean Function with Maxterms (2)

The output F becomes 0,
either M,=0 orM,=0 or M.=0 orM =0 orM,=0

M,-M,M.MgM,=0

~—F

M,-M,-M.-M,M,

Xy z F

=0 000O0]0

1 001|1

=2 010]|0
3 011|1 - F

4 100]|1
=5 1010 M,_
=6 110(0 %2_
=7 111]0 Mz:
I M; —

index |
inputs output

All possible
combination of inputs

Logic (8B)
Boolean Functions

M ,—
M,—
M, —

For the output of an and gate to be 0,
at least one input must be 0
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Boolean Function with Maxterms (2)

xyzF The output F becomes 0,
=0 0000 either MOZO orMZ:O OFM5=O OrM(;:O orM7:O
1 001|1 —
=2 010|0 MyM, MgMgM,=0 <=F =0
3 0111 - F = MM, MMM,
4 100]|1
=5 1010
=65 1 10|0 The output F becomes 1,
-7 1110 either M;=0 orM,=0 or M,=0
index v M,-M,-M,=0 2F =1

inputs output

ALl possible = F =M -M;-M,

combination of inputs

For the output of an and gate to be 0,
at least one input must be 0

Logic (8B) 23 Young Won Lim
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SOP and POS

AND —p
AND
AND >

AND —p

=

DOU

¥

AND —p
AND —p
AND g

AND —w——p

VAVAY

V

Logic (8B)
Boolean Functions

Sum of Product

POS

It

Product of Sum

24

OR

\

Young Won Lim
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Boolean Function with minterms

Xy z F Xy z F

© 00 0[O =0 00o0[od)?!

-1 001)/1F)*! 1 00 1|1

2 010|0 D_l =2 010[0])" D_l
- 3 0111;[}1 F 3 0111 F
-4 100[1)" 4 1001

s 101[0 =5 101[0F )

6 110|0 =6 110[07 )

7 1110 =7 1110 )
Logic (8B) Young Won Lim

Boolean Functions

25
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Boolean Function with Maxterms

R P P PO O O OfX
R P O O FP kP O O
R O L, OF O Fr O|N

-,

Xy z F

=0 000[0)>° 0

1 0011 - ]
=2 010[{0)>° 0 2

3 01 1|1 jF - 3

4 100|121 - 4
=5 1010D0 5
= 6 1100}}2 6
=7 111|0) > 7
Logic (8B) 26

Boolean Functions
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Boolean Function with Maxterms

https://en.wikiversity.org/wiki/The _necessities_in_Digital _Design
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K-Map 3 variables (1)

index minterms
X Z
© 000 xyz S
_ \ y
1 001 xy:z \* 00 01 11 10
2 010 xyz 0 1 3 2
3 011 xy:z 0
4 100 «xyz A : s .
5 101 xyz .
6 110 xyz
7 111 xyz
y:@ y:l
z=0 z=1 z=0
0 1 3
X
l
(©)
4 5 7 6
0
=
Logic (8C) 4 Young Won Lim
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K-Map 3 variables (2)

index minterms

™

o
o
|

N |

Xy xyz + xyz = xy(z+z) = xy

x|

|
<l < < < <
NI N

Xy a group of 2 minterms

x|
N

<
NI

x
<
N

Xy

N OO O A WN P o

< X
< <
NN

z=0 z=1 z=0

<

=
i

Q=X

X

N
—_
T

Logic (8C) 5 Young Won Lim
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K-Map 3 variables (3)

index minterms

o
o
|

N |

|
NI
> |
<
N
+
> |
<
N
[
>
N
<
+
=
[
>
N

x|
N

x|
N

a group of 2 minterms

o

o

I x|
<l < < < <

NI

N

NI

XZ

XZ

[HEN
=
>

<
N

b
<
N

N OO O A WN P o
<

1 1l xyz

Logic (8C) 6 Young Won Lim
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K-Map 3 variables (4)

index

N OO O A WN P o

minterms

a group of 2 minterms

Xy z Lo
g
2' Lo
Logic (8C) 7 Young Wg/r;2l_/i1rg
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K-Map 3 variables (5)

index minterms
B
o 0 Xyz
1 001 xyz
. X
2 0 XyZz
3 Oﬁ_ Xyz a group of 4 minterms
<
4 Xyz
5 Xyz X
6 Xyz
7
xye )  y=0 y=1 |
‘ z=0 z=1 z=0 ‘
00 01 11 10
0] 1 3 2
X _
x X X i X
2° I
|
Logic (8C) 8 Young Won Lim
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K-Map 3 variables (5)

index minterms

N OO O A WN P o

00 01
0 1
Xy X Eo -
Y
4 4 s
2 B
Logic (8C) 9 Young Won Lim
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K-Map 3 variables (5)

index minterms

o
|
NI
N

o
>XIoxl x|
<l < < < <
NI N
N

a group of 4 minterms

NI N

x
<
N

N o U W NP o
o o
X
|

< X
< <
NN

X
X

N
No
I=

Logic (8C) 10 Young Won Lim
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K-Map, minterms, and Maxterms

index minterms

< |
NI

x|
N

>l >l
<l < < < <
NI

N

N

x
<
N

N o U AW N FH O

R PP OOOO

P OO®RFrRPEFr OO

R OPFr OFrr OFr O
X

x X
< <
N N

Each rectangle is associated with a
minterm or a maxterm which represents a
particular input variable conditions.

In this table, output function value 1is
overlaid

Logic (8C)
K-Map

X y z
; 00 01 11 10
0 1 3 2
0 m, m, m; - | m,
4 5 7 6
1 m, m. m; - | Mg }-
X y z
Loy
\ 00 01
v

V..
VAV

11
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Boolean Function with minterms

00 01 11 10
XxyzF 0 1 3 2
o 0o0ofo 0 m} m} my % | m,
- m
ol 1 5 5 [
1 m m m m
=3 01119’ D_F } } UL
-4 100[1F)"
5 10 1|0 B
6 110 O F=1 when xz =1
7 11110 an overlaid table vy
Al
0 1 y 3 2
- (B
a simplified function
F = Xxz+ xyz 4 5 7 6
‘
F=1 when xyz = i/ z
Logic (8C) 12 Young Won Lim
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Boolean Function with Maxterms

Xy zF 0 1 3 2
=0 000[0) > JH M- I ) -
1 0011 4 5 7 6
=2 010[0)>° 0 @—%
3 0111 >F
4 10 0|1
=5 101]/0)>°
=6 110 OD‘O F=0 when x+z=0
0 laid tabl
= 7 1110D— an overlai ei e /3( \
| 0 1 3 2\
I 0 | 0 | |
a simplified function \ \
N 4 5 7 6
F = (x+z)ly+z)(x+z
(x+2)(y+ z)(x+ z) (@ ]|
\4 /kﬁ)
F=0 when X+7=0 F=0 when y+z=0
Logic (8C) Young Won Lim
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K-Map 4 variables (1)

index minterms
© 0000 xyzw
1 0001 xyzw
3 0011 xyzw w=0  w=l w=0
¢ DILIOIO) xyzw 0 o1 11 10
6 0110 Xxyzw i1 0000 | 0001 0011 | 0010
7 0111 Xxyzw
8 1000 xyzw N 9y ¢ . ! 0
o 1001 xyzw m 0100 = 0101 0111 0110
106 1010 xyzw 11 12 13 15 14
11 1011 xyzw x 1100 1101 1111 1110
12 11100 xyzw - 0 . 9 o
_ 1 11 1
13 1 1 2 ; xyzw I 1000 1001 1011 1010
14 Xyzw
15 1111 xyzw
Logic (8C) 15 Young Won Lim
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K-Map 4 variables (2)

index minterms
© 0000 xyzw
1 0001 xyzw
2 0010 xyzw
3 0011 xyzw
4 0100 Xxyzw - - ——
Xyzw =0, ozl
5 0101 xyzw 1 3 2
6 0110 xyzw 0000 | 0001 | 0011 | 0010 |f
70111 xyzw x 1 T ™
8 1000 xyzw © 4 5 7 - ﬁ <
_ 0100 0101 111— 0110
9 1001 xyzw =) 0 N
- _ = v A
16 1010 xyzw 12 13 15 14 e,
11 1011 xyzw 1100 | 1101 | 1111 1110 | f
13 1101 xyzw T <
i} 1000 | 1001 | 1011 | 1010 | I
14 1110 xyzw
15 1111 xyzw w=0 w=1 w=0
Logic (8C) 16 Young Won Lim
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Power Set

In mathematics, the power set (or powerset) of any set §
is the set of all subsets of S, including the empty set and §
itself, variously denoted as #(S), #AS), p(S) (using the
"Weierstrass p"), P(S), IP(§), or, identifying the powerset of
S with the set of all functions from S to a given set of two
elements, 2°. In axiomatic set theory (as developed, for
example, in the ZFC axioms), the existence of the power set
of any set is postulated by the axiom of power set.[1!

Any subset of #S) is called a family of sets over S.
The elements of the power set of &

the set {x, y, z} ordered with respect
to inclusion.

https://en.wikipedia.org/wiki/Power_set

Set Operations (1A) 14 Young e



Power Set Example

If §'is the set {x, v, z}, then the subsets of § are

+ {} (also denoted & or (), the empty set or the null set)
o {x}

« {y}

o {2}

« {x. ¥}

o {x. 2}

« {y. 2}

o {x,¥. 7}

and hence the power set of Sis {{}. {x}. {v}. {z}. {x. v}, {x. 2}, {v. 2}, {x v, 2} )12

https://en.wikipedia.org/wiki/Power_set

Set Operations (1A) 15 Young Won Lim
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Gauss-Jordan Elimination

g \( \ ( \ g \/( \ ( \
+2 +1 -1 X, =| +8 1 0 0 X, . &
-3 -1 +2 X, | =| —11 ‘ 0 1 0 X, | = *
—2 3l w2 X; | = =3 0O O 1 X, | = *

L J\ / ) L J\ / L )

‘ i —‘

https://en.wikiversity.org/wiki/Linear_Algebra_in_plain_view
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Gauss-Jordan Elimination - Step 1

t2x,+ X, —Xx; = 8 (L) ’ @ +1 -1 +8 )
—3x, — X, + 2x, = —11 (L,) 3 -1 +2 | -1
22X, + X, + 2Xx, = —3 (L) -2 +1 +2 | -3
+1x,+ 2X,— 2X, = 4 (5 %L, +2/2 +1/2 112 +8/2
+1x,+ 3% 3% = 4 (3XL)) G 412 —12 | 44
—3x,— X, + 2x, = —11 (L,) 3 -1 +2 | -1
—2x,+ x,+ 2x, = —3 (L3) -2 +1 +2 -3
https://en.wikiversity.org/wiki/Linear_Algebra_in_plain_view
Determinant (3A) 19 Young Won Lim



Gauss-Jordan Elimination - Step 2

Xt gx,—3x, = +4 (L) 41 412 12 | +4
—3x,—x,+2x, = —11 (L,) -3 -1 +2 | -11
—2x,+ X, + 2x; = —3 (L) \ —2| +1 +2 | 3 )

+3X,+ 2x,— 2x, = +12 3X L, +3 +3/2 -3/2 +12
3x,—x,+ 2x, = —11 (L)) -3 -1 +2 -U

+2X,+ 2x,—5x, = +8 2 X L, +2 +2/2 -2/2 +8
—2x, + x,+ 2x, = —3 (L) 2 Loz =2

+IX + X, —5x; = +4 (L) (41 412 12 | +4
Ox,+ 3Xx,+ 3x, = +1 3XLJ+ L,) 0 |+1/2 +1/2 | +1
Ox,+ 2x,+ 1x, = +5 2 X L+ L, 0| +2 +1 | +5

Determinant (3A) 20 Yo o018



Gauss-Jordan Elimination - Step 3

Flxg+ X, = 5%, = +4 (L) (41 412 <12 | +4
OX, + 3X,+ 3X; = +1 (L,) 0 +1/2 | +1
O0x,+ 2x,+ 1x, = +5 (L) 0 +2 +1 | +5
Ox, + 1x,+ 1x, = +2 (2% L,) 0 +1 +1 +2

+Ix+ 37X, = 5% = +4 (L)) 41 412 12| +4
Ox, + 1x,+ 1x, = +2 (2% L,) 0 +1 +2
O0x,+ 2x,+ 1x, = +5 (L,) 0 +2 +1 | +5

https://en.wikiversity.org/wiki/Linear_Algebra_in_plain_view
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Gauss-Jordan Elimination - Step 4

+1X 45X, —5X, = +4 (L) 41 +12 12 | +4
0X1+ 1X2+ 1X3 = +2 (LZ) O +1 +1 _|_2
O0x,+ 2x,+ 1x, = +5 (L) 0 |[+2| +1 | +5
Ox, —2x, —2x, = —4 —2 X L, 0O -2 -2 _4
Ox, + 2x,+ 1x; = +5 (L,) 0 +2 +1 +5
X+ 3%, — 35X, = +4 (L,) 41 +12 12 | +4
Ox,+ 1x,+ 1x; = +2 (L,) 0O +1 +1 +2
Ox,+ 0x,—1x;, = +1 —2X L, L) O |0] -1 +1

Determinant (3A) 22 Yo oa/o018



Gauss-Jordan Elimination - Step 5

Flx,+ ix,—ix, = +4 (L)) (41 412 —12 | +4
0X1+ 1X2+ 1X3 = +2 (L2) 0 +1 +1 +2
Ox,+ 0x,— 1x, = +1 (L) 0 0 (| +
Ox, —0x,+ 1x, = —1 (-1 x L,) O 0 +1 -1

+1X1+ %Xz_%XL?, = +4 (Ll) (+1 +1/2 -1/2 +4 )

Ox,+ 1x,+ 1x; = +2 (L,) 0 +1 +1 | +2
Ox, + Ox,+ 1x, = —1 (-1 xL,) 0 0 ()| -1

https://en.wikiversity.org/wiki/Linear_Algebra_in_plain_view
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Forward Phase

(62 +1 -1 | +8 D) 2 12| +a | [ 41 412 —22 | +4
-3 -1 +2 | -11 -3 -1 +2 | -11 0 |+1/2 +1/2 | +1
2 41 2 | 3 2 41 2 | 3 0] +2 +1 | +5
(41 412 12| +4 (41 12 12| 44 (UHl +12 <12 | +4 )
0) +1 +2 0O +1 +1 +2 0O +1 +1 +2
0 #2 +1 | +5 | |0 [0] -1 | 41 0 0 @D -1

Forward Phase - Gaussian Elimination

Determinant (3A) 24 Yo oa/o018




Gauss-Jordan Elimination - Step 6

1 1

X+ 3x, = 7x; = +4 (L) +1 +1/2 [F172] | +4
Ox,+ 1x,+ 1x; = +2 (L,) 0 +1 [+1]]| +2
Ox,+ Ox,+ 1x, = —1 (L,) O 0 +1 -1
Ox,+ 0x,+ 3x, = —5 += X L, 0O 0 +1/2 -1/2
Hix+ 5= 5%, = +4 (L) F1 412 -2 +4
Ox,+ 0x,—1x;, = +1 —1 XL, O 0 -1 +1
Ox,+ 1x,+ 1x; = +2 (L,) 0 +1 +1  +2
#lx, +1x, +0x, = +2 (+2xL,+L,) [ +1 +12 [0]|+72)
Ox,+ 1x,+ 0x, = +3 (-1 XLy + L,) o +1 |0 +3
Ox,+ Ox,+ 1x, = —1 (L) 0 0 +1 | -1
1 Y Won Li
Determinant (3A) 25 o o1,




Gauss-Jordan Elimination - Step 7

1
+1x, +5x, +0x,

Ox,+ 1x,+ Ox,

Ox,+ Ox,+ 1x,

1
Ox, —3x,+ 0x,

+1x,+ 0x,—0x; =

+1x,+ 0x, — 0x,
Ox,+ 1x,+ Ox,

Ox,+ Ox,+ 1x,

Determinant (3A)

+1/2

+1

-1/2 0O
+1 +1/2 O

+7/2
+3

—3/2
+7/2

Young Won Lim
03/22/2018



Backward Phase

+1 +1/2 [=1/2 | +4 +1 +1/2 LQ || +7/2 +2
0 +1 [+1]| +2 - 0 +1 LO +3 +3
o 0 +1 | -1 ] 0 0 +1 | -1 -1
https://en.wikiversity.org/wiki/Linear_Algebra_in_plain_view
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Gauss-Jordan Elimination

Forward Phase — Gaussian Elimination

@ +1 -1 +8 @ +1/2 -1/2 | +4 +1 +1/2 -12 | +4

3 -1 42 - 3 -1 +2 - 0 | +1/2 +12| +1
11 11

2 +1 +2 | -3 2 +1 +2 | -3 0| +2 +1 +5

+1 +1/2 -1/2 | +4 1 +12 —1/2 | +a (1 412 12 | +4 ]

0 @ +1 +2 0 +1 +1 +2 0 +1 +1 +2

0 +2 +1 | 45 0o Lo -1 +1 0 0 @ -1

Backward Phase — Guass-Jordan Elimination

+1 +12la2 | +4 +1 +1/2 Lo | +72 +1 [ald o | +2
0 +1 | +1 +2 0O +1 LO +3 o +1 O +3
0 0o +1|-1) | o o +1| 1] | 0o 0o |-

Determinant (3A) 28 Yo o018
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Functions and Ranges

X +2x+1 A, =10,5]
X A, =[0,100
A, =10,500
2 X SR
1
The Growth of 3 Young Won Lim
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Small Range Al

All are distinguishable

s, L |
x2 2
35 oy ——— X +2x+1
1
30 |- i
2
25 | X
20 F
15
wl 2Xx
5 L
1
0 =
0 ~ Zoom Out
for x>—0.5 xX*<x*+2x+1
The Growth of 4 Young Won Lim
3/29/18
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Medium Range A2

similar
12000
X°“+2x+1  10000+201
10000 [ { ' 10000
2000
/000
4000
2000
2X
o ~ Zoom Out More
for x>—0.5 xX*<x*+2x+1
The Growth of 5 Young Won Lim
3/29/18
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Large Range A3

Indistinguishable

250000 T T T T
x2+2*)<+%
- — x§+2 x+1  250000+1001
200000 - 1 | { X 250000
150000 |- .
100000 | :
50000 - i
0 | | | |
0 100 200 300 400 500
X
for x>—0.5 xX*<x*+2x+1
The Growth of 6 Young Won Lim
3/29/18
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Functions and Ranges

/ 2
- 2:X

X +2x+1

2 X

The Growth of
Functions (2A)

0,5]

0,100

0,500

Young Won Lim
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Small Range, 2x? Bl

distinguishable

2x° 50

X+2x+1  25+11

2 X
1
- Zoom Out
for x>2.414 X +2x+41<2x
for x>k f(n)<Cg(n)
The Growth of 8 Young Won Lim
3/29/18
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Medium Range, 2x° B2

distinguishable

o 2x° 20000
15000 - 2+2 x+1 10000+201
10000
2X
m -
1
o ~ Zoom Out
for x>2.414 X +2x+41<2x
for x>k f(n)<Cg(n)
The Growth of 9 Young Won Lim
3/29/18
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Large Range, 2x? B3

450000 |-
350000 |-
250000 [

150000 -

100000 |+

The Growth of
Functions (2A)

distinguishable

2x° 500000

2+2 x+1 25000041001

2X

1

- Zoom Out

for x>2.414 X +2x+41<2x

for x>k f(n)<Cg(n)

10 Young Won Lim
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Functions and Ranges

©10-x°

X +2x+1

2 X

The Growth of
Functions (2A)

11

0,5]

0,100

0,500

Young Won Lim
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Small Range, 10x? Cl

distinguishable
=0 10 x° 250
zm -
150
100
T X+2 x+1 25+11
2X
0 1
0 ~ Zoom Out
or x> 0.462 X+2x+1<10x°
or x>k f(n)<Cg(n)
The Growth of 12 Young Won Lim
3/29/18
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Medium Range, 10x? C2

distinguishable

100000 ' ' ' i — 10X 100000
10"x2
2%

80000 | 1

60000

40000

20000 |
x2+2 x+1 10000+201
"5 2 ~ Zoom Out
for x > 0.462 X +2x+1<10x°
for x>k f(n)<Cg(n)
The Growth of 13 Young Won Lim
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Large Range, 10x? C3

distinguishable
2 5x108 T T T T 2
X2+ 2%+1 10 x 2500000
10*x?
2*%
2x10° | !
1.5x10° |-
1x108
500000 |
X°+2 x+1 250000+1001
ﬂ |
0 100
for x > 0.462 X +2x+1<10x°
for x>k f(n)<Cg(n)
The Growth of 14 Young Won Lim
3/29/18

Functions (2A)



Functions and Ranges

- 10-x I)1 — 0,5]
/ 4D x4+ 1 D, = :O, 10():
D, =[0,500
XZ
]
The Growth of 15 Young Wg/r; 9L/i1rg
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Small Range, 10x D1

10 x

distinguishable

x“+2 x+1

1C> Zoom Out

for 0.127 <x<7.873 x*+2x+1<10x

The Growth of 16 Young Won Lim
Functions (2A) 3/29/18



Medium Range, 10x D2

12000 T T T T
x2+2*)<+% ”
x X +2x+1 distinguishable
10000 |- 2
X
8000
6000 [
4000
2000
10 x
° 0 20 40 60 80 100 C> Zoom Out
X
for x>7.873 10x < x°+2 x+1
for x>k Cg(n)<f(n)
The Growth of 17 Young Won Lim
3/29/18
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Large Range, 10x D3

X*+2x+1
250000 X2
distinguishable
200000
150000
100000
50000
10 x
0
0
X
for x>7.873 10x < x°+2 x+1
for x>k Cg(n)<f(n)
The Growth of 18 Young Won Lim
3/29/18
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Big-O

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.

We say f(x) is O(g(x)) “f(x) is big-oh of g(x)”
If there are constants C and k such that

[f(X)| = Clo(x)] whenever x > K.

|

g(x) : upper bound of f(x)
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Big-Q

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.
We say f(x) is Q(g(x)) “f(x) is big-omega of g(x)”
If there are constants C and k such that

Cla()] = [f(X)] whenever x > K.

|

g(x) : lower bound of f(x)
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Functions (2A) 3/29/18



g(x) : upper bound of f(x)

g(x) has a simpler form than f(x)
usually a single term

The Growth of 21
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A
for k <x
f(x)
f(x)=Clg(x]
Cglx)
° /—’/
f(x) is Q(g(x)) .
X
x=k
g(x) : lower bound of f(x)
g(x) has a simpler form than f(x)
usually a single term
The Growth of 22 Young Won Lim
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