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Example B – (1) 

p → q∨r
p∨¬q
r∨q

¬p∨q∨r
p∨¬q
r∨q

Discrete Mathematics, Johnsonbough

q∨¬q∨r
r∨q

r∨q

q∨¬q∨r = T∨r = T

p → q∨r
p∨¬q
r∨q

¬p∨q∨r
p∨¬q
r∨q

p∨r
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Example B – (2) 

p → q∨r
p∨¬q
r∨q

p → q∨r
¬p → ¬q
q∨r

Discrete Mathematics, Johnsonbough

p → q∨r
q → p
q∨r

p∨r
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p q r ¬p ¬p∨q∨r
T T T F T
T T F F T
T F T F T
T F F F F
F T T T T
F T F T T
F F T T T
F F F T T

p q r ¬q p∨¬q
T T T F T
T T F F T
T F T T T
T F F T T
F T T F F
F T F F F
F F T T T
F F F T T

Truth Table 

p q r q∨r
T T T T
T T F T
T F T T
T F F F
F T T T
F T F T
F F T T
F F F F

p q r ¬p∨q∨r p∨¬q q∨r H 1∧H 2∧H 3 p∨r
T T T T T T T T
T T F T T T T T
T F T T T T T T
T F F F T F F T
F T T T F T F T
F T F T F T F F
F F T T T T T T
F F F T T F F F

H 1 = ¬p∨q∨r
H 2 = p∨¬q
H 3 = q∨r

H 1∧H 2∧H 3 → H 3
H 1∧H 2∧H 3 → H 2
H 1∧H 2∧H 3 → H 1
H 1∧H 2∧H 3 → (p∨r )
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p q r H 1∧H 2∧H 3
T T T T
T T F T
T F T T
T F F F
F T T F
F T F F
F F T T
F F F F

Truth Table  and K-Map

p q r H 1∧H 2∧H 3
1 1 1 1
1 1 0 1
1 0 1 1
1 0 0 0
0 1 1 0
0 1 0 0
0 0 1 1
0 0 0 0

p q r H 1∧H 2∧H 3
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

0 0 0 1 1 1 1 0

0 1 0 0

0 1 1 1

0

1

p q r
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K-Map and Logic Minimization

0 0 0 1 1 1 1 0

0 1 0 0

0 1 1 1

0

1

p q r

0 0 0 1 1 1 1 0

    

    

0

1

p̄ q̄ r

p q̄ r pq r pq r̄

0 0 0 1 1 1 1 0

   

 
 

 

0

1
q̄ r

p q

p̄ q̄ r + p q̄ r = ( p̄ + p)q̄ r = q̄ r

p q r + pq r̄ = pq(r + r̄) = p q
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K-Map : Verification 

0 0 0 1 1 1 1 0

   

 
 

 

0

1
q̄ r

p q
H 1∧H 2∧H 3 ≡ q̄ r + pq

p q r q̄ q̄ r pq q̄ r+ pq
0 0 0 1 0 0 0
0 0 1 1 1 0 1
0 1 0 0 0 0 0
0 1 1 0 0 0 0
1 0 0 1 0 0 0
1 0 1 1 1 0 1
1 1 0 0 0 1 1
1 1 1 0 0 1 1

p q r H 1∧H 2∧H 3
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1
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Adding two don’t care conditions

0 0 0 1 1 1 1 0

0 1 X X

0 1 1 1

0

1

p q r

0 0 0 1 1 1 1 0

 
 

 

  

0

1
r

0 0 0 1 1 1 1 0

 

 
 

0

1
q

0 0 0 1 1 1 1 0

0 1 X X

0 1 1 1

0

1

p q r

 

 

q∨r
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Adding two don’t care conditions

0 0 0 1 1 1 1 0

0 1 0 0

0 1 1 1

0

1

p q r

0 0 0 1 1 1 1 0

 
 

 

  

0

1
r

0 0 0 1 1 1 1 0

 

 

0

1 p

0 0 0 1 1 1 1 0

0 1 X 0

X 1 1 1

0

1

p q r

 

p∨r
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K-Map : Verification 

H 1∧H 2∧H 3 → p∨r

p q r p∨r
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 1

p q r H 1∧H 2∧H 3 p∨r
0 0 0 0 0
0 0 1 1 1
0 1 0 0 0
0 1 1 0 1
1 0 0 0 1
1 0 1 1 1
1 1 0 1 1
1 1 1 1 1

0 0 0 1 1 1 1 0

 
 

 

  

0

1
r

0 0 0 1 1 1 1 0

 

 

0

1 p
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Argument



Logic (8A)
Boolean Algebra 4 Young Won Lim

3/30/18

Boolean Algebra

https://en.wikipedia.org/wiki/Boolean_algebra
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Operators

https://en.wikipedia.org/wiki/Boolean_algebra
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Laws (1)

https://en.wikipedia.org/wiki/Boolean_algebra

x+(y+z) = (x+y)+z
x(yz) = (xy)z
x+y = y+x
xy = yz
x(y+z) = xy + xz
x+0=x
x*1=x
x*0=0
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Laws (2)

https://en.wikipedia.org/wiki/Boolean_algebra

x+1=1

x+x=x

x*x=x

x(x+y)=x

x+xy=x

x+yz=(x+y)(x+z)

x x̄ = 0
x+ x̄ = 1

x̄ ȳ =(x+ y)

x̄+ ȳ = (x y)
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Digital Logic Gates

https://en.wikipedia.org/wiki/Boolean_algebra
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NOT Gate

https://en.wikipedia.org/wiki/Logic_gate
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AND, OR Gates

https://en.wikipedia.org/wiki/Logic_gate
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NAND, NOR Gates

https://en.wikipedia.org/wiki/Logic_gate
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XOR, XNOR Gates

https://en.wikipedia.org/wiki/Logic_gate
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CMOS Logic Gates

https://en.wikipedia.org/wiki/CMOS
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Identity and Null Element Theorem

0 1

0 1

0 1

x

x

x

x

x

x

x

x

x

x

0

1

x⋅0 = 0 x⋅1 = x

x+ 0 = x x+ 1 = 1

x+ 0 = x x+ 1 = x̄

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Distributive 

x⋅( y + z) = x⋅ y + x⋅z

x + ( y⋅ z) = (x + y)⋅(x + z)

≠ x⋅ y + z

= x + y⋅ z

This parenthesis cannot be deleted 

This parenthesis can be deleted 

Operator precedence : ⋅ > +

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Inclusion

x⋅(x + y ) = x

= x⋅(1 + y )

= x

x y

x + y

x + xy = x

x + xy = x⋅1 + x⋅ y

= x⋅(1 + y )

= x

x y

x y

x⋅(x + y ) = x⋅ x + x⋅ y

= x + x⋅ y

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Inclusion

x⋅(x + y ) = x

= x⋅(1 + y )

= x

x y

x + y

x + xy = x

x + xy = x⋅1 + x⋅ y

= x⋅(1 + y )

= x

x y

x y

x⋅(x + y ) = x⋅ x + x⋅ y

= x + x⋅ y

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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`

Eliminate

x⋅(x + y ) = x y

= x⋅ y

x y

x + y

x + x y = x + y

= 1⋅(x + y )

= x + y

x y

x y

x⋅(x + y ) = x⋅ x + x⋅ y

= 0 + x⋅ y

x + x y = (x + x )⋅(x + y)

https://en.wikiversity.org/wiki/Discrete_Mathematics_in_plain_view#Algorithms
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Truth Table 

x

y

z
?

1

0

1

0

0

0

0

1

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

x y z F

F

I/O relationship

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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All possible input cases 

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the case when x=0 and y=1 and z=1

the case when x=0 and y=1 and z=0

the case when x=0 and y=0 and z=0

the case when x=0 and y=0 and z=1

the case when x=1 and y=1 and z=1

the case when x=1 and y=1 and z=0

the case when x=1 and y=0 and z=0

the case when x=1 and y=0 and z=1

inputs

All possible 
combination of inputs

x y z

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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All possible input cases using minterms

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs

All possible 
combination of inputs

x y z

x̄ ȳ z̄ = 1

x̄ ȳ z = 1

x̄ y z̄ = 1

x̄ y z = 1

x ȳ z̄ = 1

x ȳ z = 1

x y z̄ = 1

x y z = 1

x ȳ z = 1

For the output of an and gate to be 1, 
all inputs must be 1

x=1
ȳ=1

z=1

x=1
y=0

z=1

1

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design

when

when

when

when

when

when

when

when
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Naming minterms 

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the minterm  

the minterm  

the minterm  

the minterm  

the minterm  

the minterm  

the minterm  

the minterm  

x y z

x̄ ȳ z̄ = 1

x̄ ȳ z = 1

x̄ y z̄ = 1

x̄ y z = 1

x ȳ z̄ = 1

x ȳ z = 1

x y z̄ = 1

x y z = 1

3

2

0

1

7

6

4

5

index

m0 =

m1 =

m2 =

m3 =

m4 =

m5 =

m6 =

m7 =

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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Computing minterms 

m5minterm index 5

binary 101

x ȳ z = 1

0

bar

x=1
ȳ=1

z=1

1

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design

x y z

1 0 1

x ȳ z

m5 = x ȳ z
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Truth Table and minterms (1)

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the case when x=0 and y=1 and z=1

the case when x=0 and y=1 and z=0

the case when x=0 and y=0 and z=0

the case when x=0 and y=0 and z=1

the case when x=1 and y=1 and z=1

the case when x=1 and y=1 and z=0

the case when x=1 and y=0 and z=0

the case when x=1 and y=0 and z=1

inputs

All possible 
combination of inputs

x y z

x̄ ȳ z̄ = 1

x̄ ȳ z = 1

x̄ y z̄ = 1

x̄ y z = 1

x ȳ z̄ = 1

x ȳ z = 1

x y z̄ = 1

x y z = 1

x ȳ z = 1

For the output of an and gate to be 1, 
all inputs must be 1

x=1
ȳ=1

z=1

x=1
y=0

z=1
1

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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Truth Table and minterms (2)

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the case when the minterm  

the case when the minterm  

the case when the minterm  

the case when the minterm  

the case when the minterm  

the case when the minterm  

the case when the minterm  

the case when the minterm  

inputs

All possible 
combination of inputs

x y z

x̄ ȳ z̄ = 1

x̄ ȳ z = 1

x̄ y z̄ = 1

x̄ y z = 1

x ȳ z̄ = 1

x ȳ z = 1

x y z̄ = 1

x y z = 1

3

2

0

1

7

6

4

5

index

m0 =

m1 =

m2 =

m3 =

m4 =

m5 =

m6 =

m7 =

m5minterm index 5

binary 101

x ȳ z = 1

0

bar

x=1
ȳ=1

z=1

1

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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Truth Table and MAXterms (1)

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the case when x=0 and y=1 and z=1

the case when x=0 and y=1 and z=0

the case when x=0 and y=0 and z=0

the case when x=0 and y=0 and z=1

the case when x=1 and y=1 and z=1

the case when x=1 and y=1 and z=0

the case when x=1 and y=0 and z=0

the case when x=1 and y=0 and z=1

inputs

All possible 
combination of inputs

x y z

x+ y+ z = 0

x+ y+ z̄ = 0

x+ ȳ+ z = 0

x+ ȳ+ z̄ = 0

x̄+ y+ z = 0

x̄+ y+ z̄ = 0

x̄+ ȳ+ z = 0

x̄+ ȳ+ z̄ = 0

For the output of an or gate to be 0, 
all inputs must be 0

x̄=0
y=0

z̄=0

x̄+ y+ z̄ = 0

x=1
y=0

z=1
0

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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Truth Table and MAXterms (2)

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

the case when the MAXterm  

inputs

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

M 0 =

M 1 =

M 2 =

M 3 =

M 4 =

M 5 =

M 6 =

M 7 =

M 5minterm index 5

binary 101 1

bar

x+ y+ z = 0

x+ y+ z̄ = 0

x+ ȳ+ z = 0

x+ ȳ+ z̄ = 0

x̄+ y+ z = 0

x̄+ y+ z̄ = 0

x̄+ ȳ+ z = 0

x̄+ ȳ+ z̄ = 0

x̄+ y+ z̄

x̄=0
y=0

z̄=0
0

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

0

0

xy

Maxterm and minterm Conditions

1 1

1 0

0 1

0 0

x y

1

1

1

0

x+y

1 1

1 0

0 1

0 0

x y

0

0

0

1

xy

0 0

0 1

1 0

1 1

x y

0

1

1

1

x+y

0 0

0 1

1 0

1 1

x y

1

01

0
1

1

1

1

0

0

0

0

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

Boolean functions defined by a truth table

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

F

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

When the output becomes 1

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

F The output F becomes 1, 
for one of the three following cases

(the case when x=0 and y=1 and z=1)

(the case when x=0 and y=0 and z=1)

(the case when x=1 and y=0 and z=0)

or

or

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

Function output values and minterms 

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

F The output F becomes 1, 
for one of the three following cases

x̄ ȳ z = 1

x̄ y z = 1

x ȳ z̄ = 1

m1 =

m3 =

m4 =

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

Mapping Set Diagram 

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

x y z

3

2

0

1

7

6

4

5

index

F
Domain Range / Codomain

m1

m3

m4

m0

m2

m5

m6

m7

1

0

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

Boolean function definition using minterms 

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

F

F = m1 + m3 + m4

The output F becomes 1, 
 m1=1either m3=1 m4=1or or

For the output of an or gate to be 1, 
at least one must be 1

m1 + m3 + m4=1 F = 1

m1

m3

m4

F

https://en.wikiversity.org/wiki/The_necessities_in_Digital_Design
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1

0

1

0

0

0

0

1

Boolean Function with minterms (1)

0 1 1

0 1 0

0 0 1

0 0 0

1 1 1

1 1 0

1 0 1

1 0 0

inputs output

All possible 
combination of inputs

x y z

3

2

0

1

7

6

4

5

index

F The output F becomes 1, 
for one of the three following cases

(the case when x=0 and y=1 and z=1)

(the case when x=0 and y=0 and z=1)

(the case when x=1 and y=0 and z=0)

or

or

x̄ ȳ z = 1

x̄ y z = 1

x ȳ z̄ = 1

m1 =

m3 =

m4 =

Domain Range

m1

m3

m4

m0

m2

m5

m6

m7

1

0
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K-Map 3 variables (2) 
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K-Map 3 variables (3) 
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K-Map 3 variables (5) 
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x ȳ z

x y z̄

x y z

z̄

z

2310

6754

y=1y=0

z=1z=0 z=0

x
=
0

x
=
1

10110100

0

1 z̄ z

index minterms

x y z

22

a group of 4 minterms



Logic (8C)
K-Map 11 Young Won Lim

3/22/18

K-Map, minterms, and Maxterms
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Power Set Example
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Gauss-Jordan Elimination
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Gauss-Jordan Elimination – Step 1
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Gauss-Jordan Elimination – Step 2
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Gauss-Jordan Elimination – Step 3
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Gauss-Jordan Elimination – Step 4
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Gauss-Jordan Elimination – Step 5
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Gauss-Jordan Elimination – Step 6
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Gauss-Jordan Elimination – Step 7
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Gauss-Jordan Elimination 
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Functions and Ranges 
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Functions and Ranges 
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Small Range, 2x2
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Functions and Ranges 
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Small Range, 10x

Zoom Out

 distinguishable 
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Medium Range, 10x

Zoom Out

distinguishable x2
+2 x+1

x2

D2

10 x

for x > 7.873 10 x < x2
+2 x+1

for x > k C g(n) < f (n)



The Growth of 
Functions (2A) 18 Young Won Lim

3/29/18

Large Range, 10x

distinguishable 

D3
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x2

10 x

for x > 7.873 10 x < x2
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Big-O

Let f and g be functions   (Z→R or R→R)
from the set of integers or 

the set of real numbers
to the set of real numbers.    

We say f(x) is O(g(x))    “f(x) is big-oh of g(x)”

If there are constants C and k such that

|f(x)| ≤ C|g(x)| whenever x > k.

g(x) : upper bound of f(x) 
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Big-Ω

Let f and g be functions   (Z→R or R→R)
from the set of integers or 

the set of real numbers
to the set of real numbers.    

We say f(x) is Ω(g(x))    “f(x) is big-omega of g(x)”

If there are constants C and k such that

C|g(x)| ≤ |f(x)|  whenever x > k.

g(x) : lower bound of f(x) 
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Big-O

f (x) ≤ C|g(x)|

f (x) is O(g(x))

for k < x

x=k

f (n)

C g(n)

x

g(x) has a simpler form than f(x)

usually a single term 

g(x) : upper bound of f(x) 
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Big-Ω

for k < x

f (x)
f (x) ≥ C|g(x)|

f (x) is Ω(g(x))

C g(x)

g(x) : lower bound of f(x) 

x=k
x

g(x) has a simpler form than f(x)

usually a single term 



Young Won Lim
3/29/18

References

[1] http://en.wikipedia.org/
[2] 


