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Cartesian Product
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Cartesian Coordinates

VA
i (IJ.,S)
(=+3,1)
. & 1
(0,0) X
T >
43 -2 1 41 1 ) 3
bofona "
(=1.5,=2.5) ] 4
Cartesian coordinates of

example points

https://en.wikipedia.org/wiki/Cartesian_product

Relations (4B) 4 Young e e



Cartesian Product
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Cartesian Product
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Types of Relations (1)

 Reflexive Relation

X R X : Symmetrc Relatr
XRYy =V RX
XRYy/ANYyRZ=XRzZ

https://en.wikipedia.org/wiki/Reflexive_relation

Relations (4B) 7 Young e e



Definitions of Relations

Reflexive: for all x in X it holds that xRx.
Symmetric: for all x and y in X it holds that if xRy then yRx.
Antisymmetric: for all x and y in X, if xRy and yRx then x = .

Transitive: for all x, y and z in X it holds that if xRy and yRz then xRz.

https://en.wikipedia.org/wiki/Reflexive_relation
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More Definitions of Relations

A relation R on a set A is called reflexive
if (2, a) € R for every element a2 € A.

Arelation R on a set A is called symmetric
if (b, 2a) € Rwhenever (a2, b) € R, foralla,b &€ A

A relation R on a set A such that for all a, b in R,
if (2, b) € Rand (b, 2) € R, then a = b is called anti-symmetric.

Arelation R on a set A is called transitive

if whenever (2, b) € Rand (b, c) € R,
then (2,c) € R, foralla,b,c € A

https://en.wikipedia.org/wiki/Reflexive_relation
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Relation Examples (1)

X =Y x>y
1 2 3 4 5 1 2 3 4 5
1 (1,1) 1
2 (2,1) (2,2) 2 (2,1)
3 (31 (32 (373) 3 (31) (32
4 (4,1) (4,2) (4,3) (4,4) 4 (4,1) (4,2) (4,3)
5 (51) (52) (53) (5,4) (5,5) 5 (51) (52) (53) (54)
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Relation Examples (2)

X=Yy Xx=y+1
1 2 3 4 5 1 2 3 4 5
1 (1,1 1
2 (2,2) 2 (2,1
3 (3,3) 3 (3,2)
4 (4,4) 4 (4,3)
5 (5,5) 5 (5,4)

https://en.wikipedia.org/wiki/Cartesian_product
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Relation Examples (3)

x+y =4 x+y <4
1 2 3 4 5 1 2 3 4 )
1 (1,3) 1 (11) (1.2) (1,3)
2 (2,2) 2 (21) (2,2
3 (3,1 3 (31
4 4
<) )
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Reflexive Relation Examples
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Is true for this case (need not be true for .~ 18 true for this case (need not be true for
all cases) all cases)
Reflexive Relation Irreflexive Relation
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Symmetric Relation Examples

X and ¥ are odd X and ¥ are odd
1 2 3 4 5 6 7 8 x 1 2 3 4 35 6 7 8 x
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Iz true for this case (need not be true for
all cases)

€ Must be true if the check mark with
the zarne number (2) i true for it to
he a symetric relation

Z» Iz true for this case and requires the
circle with the sarme number (2) to also
he true for it to be a symmetric relation

Symmetric Relation

https://en.wikipedia.org/wiki/Cartesian_product
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Anti-Symmetric Relation Examples

X is even and ¥ is odd X is even and ¥ is odd
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Z- 15 true for thus case and requires the
circle with the same mumber (2) to
he false for it to be a symmetric relation
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Transitive Relation Examples
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Reflexive Relation

Vx (x,x)€ER

All diagonal relations
must exist
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Symmetric Relation

Vx,Vy [ (x, y)ER = (y,x)eR]

= S no relation is mandatory

‘ but for any relation,
‘ its symmetric relation must exist
including diagonal relations

symmetric
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Symmetric Relation Examples

Vx,Vy [ (x, y)ER = (y,x)ER]

symmetric symmetric symmetric
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symmetric symmetric symmetric
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Not Symmetric Relation

-{ Vx,Vy [ (x, y)€R } > [ (y,x)€R ]}

Elely{[( yJER | | (y,x)€R | ]
Ay [ -] (x,y)eR | Vv | (y,x)eR |}
Elely[(xy } —.[ y,xGR]
dx,dy [ (x, y) } A [ (y, x) € R ] counter example
not symmetric not symmetric not symmetric
® ®
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Anti-symmetric Relation

Vx,Vy |[((x,y)ER A (y,x)€ER) > «x=y

x ‘ no relation is mandatory

‘ but for any relation,
‘ its symmetric relation must NOT exist
excluding diagonal relations
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Anti-symmetric Relation Examples

Vx,Vy |[((x,y)ER A (y,x)€ER) > «x=y

anti-symmetric anti-symmetric anti-symmetric

N N\

not
anti-symmetric

anti-symmetric anti-symmetric
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Not Anti-symmetric Relation

-{V x Vy[(x y)€ER A (y,X)ER]‘) x=y ]

dx,3y—| [(x y)ER A (y,x)ER}é [x:y]}
3x,3y-{~ | (x,y)ER A (y,x)eR |V [x=y ]

dx,3y| [(x,y)ER/\ (y, )ER}/\ - x=y |}

3x,Ay{ [ (x,y)ER A (y,x)ER | A [ x#y || counterexample

not anti-symmetric not anti-symmetric not anti-symmetric
* *
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Not Symmetric vs Not Anti-Symmetric Relation

[ Vx,Vy [ (x,y)eR | > [(y,x)eR |}
Ix,3y | (x,y)eR | A | (y,x) &R | not symmetric

~(Vx,Vy [ (x,y)eR A (y,x)€R| > [x=y ]}

Ax,3y( | (x,y)ER A (y,x)€ER | A [ x#y ] not anti-symmetric
neither _ nor |
symmetric anti-symmetric

H
N
®
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Reflexive, Symmetric, Anti-symmetric

Vx (x,x)€R
Vx,Vy [ (x,y)€R | > [(y,x)eR ]

Vx,Vy|(x,y)ER A (y,x)eR|> [x=y]

Reflexive
Also, symmetric (no relation for (X, y) where x#y)
Also, anti-symmetric  (no relation for (x, y) where x#y)
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Not Anti-symmetric Relation

-{V x Vy[(x y)€ER A (y,X)ER]‘) x=y ]

dx,3y—| [(x y)ER A (y,x)ER}é [x:y]}
3x,3y-{~ | (x,y)ER A (y,x)eR |V [x=y ]

dx,3y| [(x,y)ER/\ (y, )ER}/\ - x=y |}

3x,Ay{ [ (x,y)ER A (y,x)ER | A [ x#y || counterexample

not anti-symmetric not anti-symmetric not anti-symmetric
* *
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Symmetric vs Anti-Symmetric Relation

Relations (4B)

not symmetric == anti-symmetric

not anti-symmetric &= symmetric

\

~ Anti-
- symmetric
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