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Expected Value

Suppose random variable X can take
value x, with probability p,,

value x, with probability p,, and so on, up to
value x_with probability p,.

Then the expectation of this random variable X is defined as
E[X] = z1p1 + zaps + -+ + TiPr-

Since all probabilities piadd uptoone (p, + p, + ...+ p _=1),

the expected value can be viewed as the weighted average,
with p’s being the weights:

B[X] = T1p1 + T2P2 + o+ TpPr  T1P1 + Tapa + -+ TP
1 pLtprtotpr
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Arithmetic Mean

2 elements {a, b} A:<aJ2rb>
3 elements (a,b,c]| A:(a+l§+c)

(a;+a,++a,) 1<
=hXa

n elements {a;,a,,...,a,) A= -
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Arithmetic Mean - Example

2 4
/4"‘\%»/ A N
| | |
E (24+4)=(3+3)=2-3=2-A
3 3
same length Arithmetic Mean: A= 3
2 4 6
—M— A - A
| | | |
- (2+4446)=(4+4+4)=3-4=3A
4 4 4
same length Arithmetic Mean: A=4
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Geometric Mean

2 elements (a, b} G=vab (a>0, b>0)
3 elements {a,b,c] G=3va-b-c (a>0, b>0, c>0)
1
n elements (a;,a,, ..., a, G=Ya;a,-a,=(]]a)"
i=1
(a>0)
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Geometric Mean - Example

8 4
e N . / A .
2
1 ‘ 2 2
(2:8)=(4-4)=4’=G
same area Geometric Mean: G =4
4
8 » A
2 N - 4\\/N
// / /
L ‘ 3 3
(2-4-8)=(4-4-4)=4°=G
same volume Geometric Mean: G =4
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Harmonic Mean

2 2ab
2 elements (a,b) H=—T—"79"=37p
(Z+E)
3 3abc
3 elements (a,b,c) H=—""T"T="3b7bcrcs
3tpTc
N N
n elements (a,,a,, ..., a,) H=——7 T.- 73
(a1+az+m+a_n> ;a

Expected Value (10D) 8 Young Won Lim

6/12/17



Harmonic Mean

same distance =D

same duration=T

60 km/hr
A —
B
4—
40 km/hr

60 km/hr 40 km/hr

—

B L L]
A B C

Average Speed

_(total distance)
~ (total time)

2D 2:60-40
~D _ D 60+40
60 " 40

Harmonic Mean: H = 48

=48km/hr

Average Speed

_(total distance)
~ (total time)

_60-T+40-T

= >T =50knvhr

Arithmetic Mean: A = 50
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Absolute Frequency

o
C
math score # of students q?;
40 ~ 50 1 £ 16
50 ~ 60 4 12
60 ~ 70 8
70 ~ 80 5 8
80 ~ 90 2 4
Total 20

40 50 60 70 80 90

T math score

Average Score?

45X 1 + 55X4 + 65X8 + 75X 5 + 85X2
1+4+8+5+2

= 66.5
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Absolute Frequency & Average - Rectangles

9 9
C C
(0] (0]
5 =}
o ]
= 16 & 16
12 12
8 8
4 4
T |
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90100
math score math score
Vi Py
45 55 65 75 85 45 55 65 75 85
I
20 45 x1 1 student
Q. 16 55 x4 4 students
=4
EERY
ES 65 x 8 8 students
O
8
4| 75x5 5 students
85x2 | 1 2 students
10 20 30 40 50 60 70 80 90100
math score
Young Won Lim
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Absolute Frequency & Average

Absolute Frequency

frequency

16
12
8

4

(_40/5/0 60 70 80 90

math score

20
16

12
66.5 x 20

cumulative
frequency

H

10 20 30 40 50 60 70 80 90100

math score

Avg = 66.5
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i

cumulative
frequency

frequency

16
12
8
4
10 20 30 40 50 60 70 80 90 100
math score
45 55 65 75 85
2035x1 1 student
16 55 x4 4 students
12
65 x 8 8 students
8
4| 75 x5 5 students
85 x 2 | 1 2 students
10 20 30 40 50 60 70 80 90 100
math score

12
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Comparison of Histograms - Absolute Frequency

Group A > Group A

[

math score # of students g 16
40 ~ 50 1 ]

50 ~ 60 4 g 12
=

60 ~ 70 8 § 8
70 ~ 80 5 3

80 ~ 90 2 4

Total 20
40 50 60 70 80 90
math score
>
Group B § Group B

math score # of students % 16
40 ~ 50 1 -

50 ~ 60 2 £ 12
60 ~ 70 8 2

2 8
70 ~ 80 9 ©

80 ~ 90 5 4

Total 25

40 50 60 70 80 90

math score
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Normalization

Group A (20 students)

1 4 8 5 2

Total 20 student
counts

1.0

Normalization

fi relative count

A common scale n; n; 3
makes comparison f,- = = = o n;, (absolute)
convenient N Z n, count
1 k : N total (=3 .n.)
counts '’
1.0

| Total 25 student
1 2 8 9 5 counts

Group B (25 students)

Expected Value (10D) 14 Young Won Lim

6/12/17



Relative Frequency

Normalization

f. = Mmoo M
TN I
i 1
Group A n, f Group B n, f
math score absolute relative math score absolute relative
frequency frequency frequency frequency
40 ~ 50 1 1/20 = 0.05 40 ~ 50 1 1/25 = 0.04
50 ~ 60 4 4/20 = 0.20 50 ~ 60 2 2/25 = 0.08
60 ~ 70 8 8/20 = 0.40 60 ~ 70 8 8/25 = 0.32
70 ~ 80 5 5/20 = 0.25 70 ~ 80 9 9/25 = 0.36
80 ~ 90 2 2/20=0.10 80 ~ 90 5 5/25 = 0.20
Total 20 20/20 = 1.00 Total 25 25/25 = 1.00
N:Zini:ZO N:Zini:25
.05 20 40 25 .10 .04 .08 .32 .36 20
L] | L
% fi=1.00 > f,=1.00
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Comparison of Histograms - Relative Frequency

Group A . . Group A
P n, f 1o
math score absolute relative §
frequency frequency 2 8
40 ~ 50 1 1/20 = 0.05 o
50 ~ 60 4 4/20 = 0.20 E -6
60 ~ 70 8 8/20 = 0.40 5 4
70 ~ 80 5 5/20 = 0.25 [
80 ~ 90 2 2/20 = 0.10 2
Total 20 20/20 = 1.00
40 50 60 70 80 90
N Z 20 math score
pu— ini ju—
Group B n, fi Group B
- 1.0
math score fabsolute i relative >
requency reguency 5 8
40 ~ 50 1 1/25 = 0.04 3
50 ~ 60 2 2/25 = 0.08 2 6
60 ~ 70 8 8/25 = 0.32 S .
o) .
70 ~ 80 9 9/25 = 0.36 k-
80 ~ 90 5 5/25 = 0.20 =2
Total 25 25/25 =1.00
40 50 60 70 80 90
N=Yn =25 math score
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Relative Frequency & Average

Relative Frequency

=
o ™ o

>

relative frequency

2

(_40/5/0 60 70 80 90

math score

9

c 1.0

(0]

o
2 8
)

22

R .6

x 66.5
4
2

H

10 20 30 40 50 60 70 80 90100

Avg =665  Math score
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Group A

cumulative

=
=)

relative frequency
o o0

I

N}

10 20 30 40 50 60 70 80 90100

math score

P

45 55 65 75 85

P

o
¢ 1.0 45X.,051 1/20
=)
g, g| 55x.20 4/20
Y—
(0]
2
2 .6
. 65 x .40 8/20
4
2! 75x.25 5/20
85 x .10 | i 2/20
10 20 30 40 50 60 70 80 90 100
math score

17
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Average

Group A Group A
Group A n; f,~ g > 1.0
math scor absolute relative o o
ath score frequency frequency o 16 g 8
40 ~ 50 1 1/20 = 0.05 - L
o 12 .6
50 ~ 60 4 4/20 = 0.20 5 g
60 ~ 70 8 8/20 = 0.40 § 8 ‘g 4
70 ~ 80 5 5/20 = 0.25 L =
80 ~ 90 2 2/20 = 0.10 4 -2
Total 20 20/20 = 1.00
40 50 60 70 80 90 40 50 60 70 80 90
math score math score
N=2,n=20 T T
Average Score?
45X 1 + 55X4 + 65X8 + 75X 5 + 85x%2
1+4+8+5+2
_ 45x1 , 55x4  65x8  T75X5  B5X2
20 20 20 20 20
1 4 8 5 2
= 45X— 4+ 55X— 4+ 65X— + 75X— + 85X— = 66.5
20 20 20 20 20
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Accumulative Frequency

Group A n, Group A
> 20 = 20
math score absolute accumulative S — 18
frequency absolute frequency @ % 16
40 ~ 50 1 1 B& B 13
50 ~ 60 4 5 58 12
g3
60 ~ 70 8 13 38 8
70 ~ 80 5 18 R .
80 ~ 90 2 20 4
Total 20 20 1
40 50 60 70 80 90
N=Y 20 math score
= ini =
Group A f. Group A
lati ati g 10 - I
relative accumulative c e 90
math score frequency relative frequency o S 8
S o3 . 25
40 ~ 50 0.05 0.05 =
M w —t 65
50 ~ 60 0.20 0.25 E 0 .6
60 ~ 70 0.40 0.65 35
70 ~ 80 0.25 0.90 g g
80 ~ 90 0.10 1.00 2 e i
Total 1.00 1.00 .05
.05
40 50 60 70 80 90
1.0 = zi fi — 75 math score
Young Won Lim
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Relative Frequency & Ratio

Absolute frequency

Group A n f i 2 student
math score absolute relative
frequency frequency

40 ~ 50 1 1/20 = 0.05

50 ~ 60 4/20 = 0.20 5 students
60 ~ 70 8/20 = 0.40
70 ~ 80 5/20 = 0.25
80 ~ 90 2/20 = 0.10
Total 20 20/20 = 1.00

N = Zi n,= 20
8 students

Relative frequency

N U1 0o &~

o 10

8 .25
6 4 students
.40
4
2 .20 1 students
.05

1.2 .3 4.5 .6 .7 .8.9

| 20 |

20 Young Won Lim
6/12/17

Expected Value (10D)



Normalization Equations (1)

n: n;
fo= — N = —~ n =N -f,
N fi
relative  _ count total _ count count = total , relative
frequency total count count relative freq count frequency
_ part part
fraction = total = - part = total « part
total fraction
0.xxx = — OO00o0O = — AA = 00000 ¢ 0.xxx
O0O0O00 0.xXXxX
Young Won Lim
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Normalization Equations (2)
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Binomial Probability Distribution
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Expected Value of the Binomial Distribution

f(k;n,p) =Pr(X =k) = (k)pk(l —p)nk

u=;zﬂk(:)9“{1—zr)“"“ = Zk:k P(X=k)

o (m—1) e n\_ _ n  _  (n-1)
=kz=1:ik(ﬂ—k)!k!pk (gt k)T = T i
N (n— ! k-1(1 _ p)(n—1)-(k-1) 1) = (ne1)—(k—

P k- De—n® P (n—k) (n( 1)1>('k 1)

L n—1 n_]‘ = n— -
=npkz_;‘(k_l)p“‘l(l—p)‘“‘”‘““” G k—1) (k—1)((n—1)—(k—1))!

n—1
_ n= 1) e -yt ith £:= k— 1

ﬂp;( f )p( P) wi
- npz (T)p‘g{l —p)t withm:=n—1

£=0

::i(P‘F{l—P))m @ I_ZO(T)pl<1_p)mI:(p+(1_p))m
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