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conv

#include <stdlib.h>  // to use max, min

[* conv.c - convolution of x[n] with h[n], resulting in y[n] */
[* h : filter array, M : filter order */

[* X . input array, L : input length */

[*y . output array with length of L+M */

void conv(int M, double *h, int L, double *x, double *y)

{
int n, m;
for (n = 0; n< L+M-1; n++)
for (y[n] = 0, m = max(0, n-L+1); m <= min(n, M-1); m++)
y[n] += h[m] * x[n-m];
}
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Index Variable Constraints

X = h Yy

x[0..L-1] h[0..M-1] y[0..L+M-2] ASsume
input array filter array, output array M<L
L input length M (filter length) (M+L-1) output length

M-1 (filter order)

M+L-1 M L n &[0,L+M-2]
casen Y[ +=0[m] *xn-m];  m o clon
M+L-1 L M n &[0,L+M-2]
case Y[ +=xml*n-ml b et
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* Flipped and shifted functions

« Case A: h[n-m] A,
e Case B: x[n-m] l
* Range partitions for n

» Effective index ranges for n, m, n-m
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Flipped and shifted waveforms

Case A
h [m] the original waveform A
h [- m] The flipped against y-axis A
h['(m'n)] — h[n-m] shift to the right by n £ ; ;.
n
X[m] the original waveform J Case B
X :-m] The flipped against y-axis ®
X:-(m-ﬂ)] = X[n-m] shift to the right by n J
n
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Flipped and shifted function of h[n-m] Case A

= L >
M M
M+L-1 L M -
—_ * _ .
y[n] = X[m] [n m], X[m] function
.
n € [0, L+M-2]
m = [0, L-l] /\ h[m] function
n-m & [0, M-1]
value 0 /\. hlO-m function
y[0] - [0-m]
m 1
[ ) | °®
[ o
[ [
value y[L+M-2] /\ h[l_+|\/|-2-m] function
m >
........................................... n>
-t L -l M-lr
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Flipped and shifted function of x[n-m] Case B

L L

M+L-1 M L &»
y[n] += H[m] * x[n-m]; h |
§ m] function
A
n  €[0,L+M-2] s
m = [0, M-l] X[m] function
n-m € [0, L-1] \ g
value O X O'm function
y{O] l j0-m]
m
[ o o
[ [
o o
value y[L+M-2] S i X[L+M-2-m] function
m 3
: M N L-1 .
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Range partitions for n (1)

A

partial inclusion

I

full inclusion

A /

partial inclusion

Case A

X[m]

h[n-m] n e [05 M'Z]
X[m]

h[n-m] n € [M-1, L-1]
X[m]

n € [L, L+M-2]
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Effective index for x[m] (2) Case A

- L =
partial inclusion R X[m] m €[ 0, n] for a given n
~ h{n-m] n € [0, M-2]
full inclusion . ‘ X[m] m’ € [n-M+1, n] for a given n
h[n-m] n € [M-1, L-1]
partial inclusion m X[m] m’ € [n-M+1, L-1] for a given n
x h[n-m] n € [L, L+M-2]
M n
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Effective index for h[n-m] (3) Case A

 J

A

partial inclusion |, _ X[m] m’ € [0, n] for a given n
— —
S. h[n-m] n-m’ € [n, 0] n € [0, M-2]
full inclusion . ‘ X[m] m’ € [n-M+1,n]  for a given n
‘ L
h[n-m] n-m’ € [M-1, 0] n € [M-1, L-1]
partial inclusion m X[m] m’ € [n-M+1, L-1] foragivenn
\» h[n-m] n-m’ € [TVI-l, n-L+1] n € [L, L+M-2]
M n

DLTI.1A Convolution 12 Young Wor/1 I7im
6/4/19



Index n and m Case A

min max min max
0 L-1 . 0 L-1
m > effective m >

h[n-m] N x[m] h[n-m] /\i x[m]

A m’ € [n-M+1, n] &.
......... .
........................... 4& &.
A m’ € [n-M+1, L-1] A
................................... : -
........................................... Aﬂ. m: Fixed zero Aﬂ,
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Index m and h-m Case A

min max max min
. 0 L-1 ) M1 0
effective m > effectiven-m |

/\l x[m] h[n-m] /\l x[m]
z’}.\‘ n-m’ Em] M'l& n-m: Floating zero

A.
n-m’ € [M-1, 0]

-
n-m’ € [M-1, n-L+1 ] Y :
m: Fixed Zero .covveevviiriririririrrseee s sl

n n
........................................... A. MlA@.
n n
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Range partitions for n (1) Case B

A
 J

partial inclusion A h[m]

| l x[n-m] n € [0, M-2]

full inclusion |, h{m]

_l X[n-m] n € [M-1, L-1]

partial inclusion h[m]

| l X[n_m] h & [L, L+M-2]
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Effective index for hfm] (2) Case B
partial inclusion h[m] me€[ 0, n] foragivenn
| l X[n-m] n € [0, M-2]
full inclusion A h[m] m €[ 0, M-1] foragivenn
| X[N-m] n € [M-1, L-1]
partial inclusion h[m] m’ € [n-L+1, M-1] for a given n

DLTI.1A Convolution
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Effective index for x[n-m] (3) Case B
partial inclusion i o for a given n
| l x[n-m] n-m’ € [n, 0] n € [0, M-2]
full inclusion A h[m] m’ € [0, M-1] for a given n
| X[n-m] n-m’ € [n, n-M+1] n € [M-1, L-1]
partial inclusion h[m] m’ € [n-L+1, M-1] foragivenn

l X[n-m]

n-m’ € [L-1, n-M+1] n € [L, L+M-2]
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Index n and m Case B

min max min max
0 M-1 ) 0 M-1
m e effective m e
rim) Coxnml b
m’ € [0, n] | ml
e
m’ € [0, M-1] W l

......... m: Fixed zero — -~
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Index m and nh-m Case B

min max max min
. 0 M-1 . e
effectivem ——— effectiven-m |
B I
, n-m’ € [n, 0]
L n-m: Floating zero
m, l
-
- l n-m’ € [n, n-M+1]
m > i
-
, i n-m’ € [L-1, n-M+1]
m: Fixed zero ......... :m
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* Summary
 Effective ranges for m
 Effective ranges for n-m
* Memorizing effective ranges for m
e Lower and upper bounds for m
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Summary (1) : effective ranges for m Case A, B

Case A Case B
S xm N h[m]
m | m

A h[n-m] ‘l x[n -m]
............... +_m> Fixed zero _m» Fixed zero
Part. 1 m’ €[ 0, nj Part. 1 m’ €| 0, n]
Part. 2 m’ € [n-M+1, n] Part. 2 m’ €| 0, M-1]
Part. 3 m’ € [n-M+1, L-1] Part. 3 m’ € [n-L+1, M-1]
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Summary (2) : effective ranges for n-m Case A, B

Case A Case B
J x[m] N h[m]
m | m
A h[n-m] ‘l x[n -m]
4& Floating zero <L, .............. | Floating zero
- -
Part.t 1 n-m&[ n, 0] Partt1 n-m &[ n, 0]
- -
Part. 2 n-m’ € [ M-1, 0] Part.2 n-m’ €[ n, n-M+1]
- -
Part. 3 n-m’ €[ M-1, n-L+1] Part. 3 n-m’ € [L-1, n-M+1]
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Summary (3) : memorizing effective ranges for m

Case A, B

Case A

[max(0, n-(M-1)), min(n, L-1)]

n
s B
n-(M-1)
!
L-1
.
.............. e

Fixed zero

Case B

Fixed zero

[max(0, n-(L-1)), min(h, M-1)]

DLTI.1A Convolution

Young Won Lim
6/4/19



Summary (4) : lower and upper boun

ds for m Case A, B

Case A Case B

............. @. max(0, n-(M-1))

- J min(n, L-1) A min(n, M-1)

m

.............. —_— Fixed zero —_— Fixed zero

W max(0, n-(L-1))
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* Range Partitions for n
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Index sizes of including regions

amount of the
Including indices

partial inclusion full inclusion partial inclusion
- M1 L-M+1 - M1
[ [ o [ [ m o
M L
[0, M-2] [M-1, L-1] [L, L+M-2]

DLTI.1A Convolution
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Four boundary points

n
—
0 M-1 L-1 L+M-2
4 4 4 4
partial inclusion full inclusion partial inclusion
- M1 L-M+1 o M1
amount of the
Including indices
[ [ [ o [ [  J o
M L ]
[0, M-2] [M-1, L-1] [L, L+M-2]
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h[n-m] at the boundary points (1) Case A

A
\/
A
Y

yIn] += x[m] * H[n-m];

X[m]

n € [0, L+M-2] §
m  €[0, L-1] h[m]
n-m €& [0, M-1]
Pt1l vaue y[O] A h[O-m] function
partial overlap ®

Pt2 e y[M-l] A h[M-l-m] function
{ full overlap s
Pt3 aue y[L-l] A h[L-l-m] function

{ partial overlap : |
Pt4 vale y[L+M_2] A. h[L+M_2_m] function
@i @ ?"'0 """ -0
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X[n-m] at the boundary points (2) Case B

B
A
\

M+L-1 M L -

y[n] += H[m]* x[n-m]; m» h[m]

n € [0, L+M-2] j i 1
m €0, M-1] x[m]
n-m € [0, L-1] T 3
effective m : including regions
Ptl e y[O] X[O-m] function
0 | | |
partial overlap E ‘ | |
Pt2 .aue y[M-l] - >i X[M-l-m] function
{ full overlap E | |
Pt3 vaue y[l_'l] B i X[L-l-m] function
{ partial overlap : | | |
Pt4 vaue y[L+M_2] l l X[L+M_2_m] function
@ nnm @ ?'".' """ o
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Effective ranges of m and n-m Case A, B

Case A Case B

- J min(n, L-1) A min(n, M-1)
............. 4;. max(0, n-(M-1)) w max(0, n-(L-1))

n n
m n-m m n-m
0 [ 0, PO [ 0 [ B0, 0
. [ O, [1] [ . [ B 1, 0
S | :
M-1 [ tl\l] [ M-1 [ME1,
L-1 [ LM, LA] [ L-1 L%, Lw]
. [L-M+1, L-1] [ . [L-1, L-M+d]
: \ 3
L+M-2 [ L1, L-1 [ L+M-2 L-1 L]
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Effective ranges of m in x[m] (1) Case A

L M-1
M+L-1 L M < =‘= >
+: * _ . |
>
n €0, L+M-2]
m € [0, L-1] M h[m]
n-m € [0, M-1] - |
max(0, n-(M-1))  min(n, L-1) effective m : including regions
lower bound  upper bound ?
y[O] [ 0, 0] I h[0-m]
. [ 0. 1]
y[M-1] [ 0, M-1] h[M-1-m]
y[L-1] [ L-M, L-1] h[L-1-m]
. [L-M+1, L-1]
y[L+M-2] [ L-1, L-1 h[L+M-2-m]
DLTI.1A Convolution 31 Young Won Lim
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Effective ranges of m in hfm] (2) Case B

L M-1
M+L-1 M L > ‘ - .
y[n] += H[m] * x[n-m][; |
m \ h[m
AN [m]
n €[0,L+M-2] — |
m € [0, M-1] L X[m]
n-m € [0, L-1] T g
max(0, n-(L-1))  min(n, M-1) effective m : including fegions
lower bound upper bound 3 3
yiol [ 0, o L x[0-m]
: [ 0 1
y[M-1] [ O, M-1] i% X[M-1-m]
y[L-1] [ 0, M-1] l X[L-1-m]
. 1, M-1]
y[L+M-2] [M-1, M-1] i i X[L+M-2-m]
" o LS S— @ @
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Effective ranges of n-m in h[n-m] (1) Case A

max(0, n-(M-1))  min(n, L-1)
lower bound upper bound

y[0] [ 0 [0 yaN h[0-m]

L M-1
M+L-1 L M -« -
y[n] += x[m] * h[n-m]; i <[]
n € [0, L+M-2]
m  €[o L1 N h[m]
n-m € [0, M-1] - -
-

° 1, 0: :
yM-1] [ ML 0] PAN h[M-1-m]
y[L-1] [ M-1, | O] .@. h[L-1-m]
. [ M-1, 1]
y[L+M-2] [ |M-1, M-1] A. h[L+M-2-m]
" o LS S— @ @
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Effective ranges of n-m in x[n-m] (2) Case B

L M-1
M+L-1 M L > = .
= @ -ml: |
yIn] += hfm] * x[n-m]; .
n € [0, L+M-2]
m €0, M-1] L X[m]
n-m € [0, L-1] o< >
max(0, n-(L-1)) min(n, M-1) —m>
lower bound upper bound
o [ o [0 VAN x[0-m]
: [ L 0
yiM-1] M1, | 0] m x[M-1-m]
il LA L] AN L1
. [L-1, L-M+1]
y[L+M-2] L1, -1 i X[L+M-2-m]
" i [ T @ @ @
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Index n-m value example Case A
0 M-:!. L-1
L=8 xm] 01234567
‘ M+L-1 L M
M=4 h[m] 012 ]
—_ * .
v w | y[n] += X[m] * h[n-m];
o n=0 1 0 h[0-m]
n=1 z 10 h[1-m]
n=2 v 210 h[2-m]
M1 n=3 ) 3210 h[3-m]
n=4 32 1‘0 h[4-m]
n=5 o 3210 h[5-m]
i \
n=6 Z 3210 h[6-m]
-1 n=7 v 3210 h[7-m]
n=8 ‘ 321 h[8-m]
n=9 ; 32 h[9-m]
L-M2|  n=10 v 3 h[10-n]
Con=11 h[1n]
DLTI.1A Convolution 35 Young Won Lim
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Index n-m value example Case B

0 M-1 L-1
V= him) DI212]S M+L-1 M L
L=8 xm] 01234567 __ N _
M LM ML y[n = h[m] X[n-m]1
0 n=0 1 0 X[0-m]
n=1 n 10 x[1-m]
n=2 v 210 X[2-m]
M-1  n=3 ) 3210 X[3-m]
n=4 4321 X[4-m]
n=5 ~ 54372 X[5-m]
n=6 f 6543 X[6-m]
L1 n=7 - 7654 X[7-m]
n=8 ‘ 765 X[8-m]
n=9 = 76 x[9-m]
L-M-2|  n=10 v 7 X[10-n]
e o L TITTTTTT x[11-n]
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* Reasoning about |lower and upper bounds of m Case A

Case A Case B
M+L-1 L M M+L-1 M L
y[n] +=X[m] * h[n-m]; y[n] += hm] * x[n-m];
A
m = [max(0, n-(M-1)), min(n, L-1)] m = [max(0, n-(L-1)), min(n, M-1)]
»
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Index Variable Constraints Case A

M+L-1 L M

y[n] += x[m] * h[n-m]; x " h >y
Constraint1: n € [0, L+M-2] y[] :array with size of L+M-1
Constraint 2 : n-m € [0, M-1] h[] : array with size of M
Constraint3: m &[0, L-1] X[] : array with size of L
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Lower Bound of m = max(0, n-(M-1)) Case A

UB(n-m) LB(m) = max(0, n-(M-1)) LB(m)

min
0 L-1
UB(n-m)=n - LB(m)=0
M1
UB(n_m) - M_l < lllllllllllllllllllllllll LB(m) - n_(M_l) <
n ) m
Floating zero Fixed zero
M+L-1 L M

y[n] +=X[m] * h{n-m];
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Upper Bound of m = min(n, L-1) Case A

LB(n-m) UB(m) = min(n, L-1) UB(m)

min
0 L-1
- LB(n-m) =0 UB(m)=n -
- LB(n-m) = n-(L-1) uB(m) = (L-1) -
m
Floating zero Fixed Zero
M+L-1 L M

y[n] +=X[m] * h{n-m];
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Constraint 1 & 2 — UB(nh-m) LB(m) Case A

- r/""'—\\

Constraint2:n-m €[0,M-1] = n-m: M-1..0 (0, n+1-M)
for UB(n-m) values
m should be |east possible

0 < (n-m) s(M-;l, / m

Case A)nsM-1
UB(n-m) = n
LB(m)=0

UB(n-m)=n -

CaseB)nz=M
UB(N-m) = M-1 - o UB(n-m) = M-1
LB(m) = n-(M-1)

LB(m) = n-(M-1)

LB(m) = max(0, n-(M-1))

n m

Floating zero Fixed zero

M+L-1 L M

y[n] +=X[m] * h{n-m];
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Constraint 1 & 3 — UB(m) = LB(n-m) Case A

- \\“ max :71|; \“‘
Constrain 3: m € [0, L-1] == n-m: M- 1L 0/ (n, M-1)

for LB(n-m) values
m should be greatest possible

0= (n-m)sM-1

0 L-1

Case A)n=sM-1
UB(m) =n
LB(n-m) =0 J

LB(n-m) =0 9

CaseB)nz=M
UB(m) =L-1
LB(n-m) = n-(L-1)

be

UB(m) = (L-1)
LB(n-m) = n-(L-1)"

M-1

UB(m) = min(n, L-1)

n \ m
Floating zero Fixed zero
M+L-1
y[n] += X[m] h[ﬂ mJ;
DLTI.1A Convolution 42 Young Won Lim
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* Reasoning about |lower and upper bounds of m Case B

Case A Case B
M+L-1 L M M+L-1 M L
y[n] +=x[m] * h[n-m]; y[n] += him] * x[n-m];
A
m = [max(0, n-(M-1)), min(n, L-1)] m = [max(0, n-(L-1)), min(n, M-1)]

»
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Index Variable Constraints Case B

M+L-1 M L

y[n] += h[m] * x[n-m]; x " h >y
Constraint1: n € [0, L+M-2] y[] :array with size of L+M-1
Constraint 2 : n-m € [0, L-1] X[] : array with size of L
Constraint3: m €& [0, M-1] h[] : array with size of M
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Lower Bound of m = max(0, n-(L-1)) Case B

UB(n-m) LB(m) = max(0, n-(L-1)) LB(m)

min
L-1
L-1
UB(h-m)=n LB(m)=0 —
UB(n-m)=L-1 LB(m)=n-(L-1)
.............. .
Floating zero Fixed zero
M+L-1 M L
—_— * .
y[n] +=h[m] * x[n-m];
DLTI.1A Convolution 45 Young Won Lim
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Upper Bound of m = min(n, M-1) Case B

LB(n-m) UB(m) = min(n, M-1) UB(m)

max
L-1
~—— LB(n-m)=0 UB(m)=n
~— —LB(n-m) =n-(M-1) upim)=mM-1
llllllllllllll Il\;l—l n 0 M-1
Floating zero Fixed zero
M+L-1 M L
— * .
y[n] += him] * x[n-m];
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Constraint 1 & 2 — UB(nh-m) LB(m) Case B

7N

[ max = min

Constraint2:n-m € [0,L-1] == n-m: | L-1..0 (0, n+1-L)
for UB(n-m) values
m should be |east possible

) LB(m)
L1 0 < (n-m) S\L'l/ | 0 M-1
Case A)n=sL-1
UB(n-m) = n
= LB(m) =0
UB(n-m)=n Case B)n=L
UB(n-m) = L-1
LB(m) = n-(L-1)
uB(n-m)=L-1
,,,,,,,,,,,,,, LB(m) = max(0, n-(L-1))
" m
Floating zero Fixed zero
M+L-1 M L
—_— * .
y[n] += h[m] * x[n-m];
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Constraint 1 & 3 — UB(m) = LB(n-m) Case B

\‘ max :n_ln\
Constrain 3 : m € [0, M-1] == n-m: L-1.. 0 (n, M-1)

for LB(n-m) values
m should be greatest possible

) uB
L1 0 <(n-m)sL-1 (mzn
Case A)n=sM-1
UB(m) =n
LB(n-m) =0
CaseB)nz=M
UB(m) = M-1
LB(n-m) = n-(M-1)
UB(m) = min(n, M-1)
0 M-1
Floating zero Fixed zero
M+L-1 M L
y[n] += h[m] * x[n-m];
DLTI.1A Convolution 48 Young Won Lim
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Counting Case A

Constraint 1 :n € [0, L+M-2]

oo TN SR T Case A
n= 1 n=1
n= 2 n=2
1 Y M+L-1 L M
y[n] += X[m] * h[n-m];
‘=M1 |
nN= L -1 77777777777777777777777777777 n= M+0
n= L+0 n=M+1
n= L+1 n=M+2
M L
\J
n=L+M2 n=M+L-2 m = [max(0, n-(M-1)), min(n, L-1)]
h=L1M-1 = n=M+L-1 =~ »
Counting 1 Counting 2
M <L is assumed
len(filier) < len(input)
DLTI.1A Convolution 49 Young W06r/14|7i1r3



Constraint 1 & 2 — LB(m) &= Max(n-m) Case A

Constraint 2 : n-m € [0, M-1] =) n
n= 0 m=0] .. 0
n=1
n= 2

(3)

=M1/
n= M
n= M+1

n= M+2

LB(m) = Max(n-m) max(0, n-(M-1)) = LB(m)

M+L-1 L M

y[n] +=X[m] * h{n-m];
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Summary — LB(m) &= Max(n-m) Case A

Constraint 2 : n-m & [0, M-1j =) n -m :M-1 ‘ 0 (0, n-M+1)
(3) Min(m) UB(n-m) M
@
1) max(0, n-(M-1))
M+L-1 L M

y[n] +=X[m] * h{n-m];
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Constraint 1 & 3 — UB(m) ¢é= Min(n-m) Case A

;‘—/ \\\\ \\\‘
Constraint3:m€E€[0,L-1] == n - m: M-1
{ / (n, L-l)
n= 0 m= .0 0 _m = ( 0, L-1)
n=1 m= L1 ‘ 1 - m = ( 1, L-1)
n= 2 m= 2 | 2 - m = ( 2, L-1)
‘ |
(4) | L
J
=L | oam= L L1 -m=_ .Jo]|] L1 Ly
n= L+0 m= AL-1 L+0 - m = (L+0, L-1)
n= L+1 m= Wlla | T =m=— . (L+1,  L-1)
M
n= L+M-2 m=___ . L1 L+M-2 —m = ... MD (L+M-2, L-1)
n= L+M-1 m= . L-1 L+M-1 — m = (L+M-1, L-1)
UB(m) <= Min(n-m) min(n, L-1) = UB(m)
M+L-1 L M
_ * .
y[n] += x[m] * h[n-m];
DLTI.1A Convolution 52 Young Won Lim
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Summary — UB(m) ¢= Min(n-m) Case A

TN N
Constraint3: m € [0,\ L:I;] =) N m : M-1 0/,/ n. 1)
| | Min(n-m) (3) min(n, L-1)
UB(m) = UB(m)
(4)K L
(1)
Max(m) M
M+L-1 L M
—_ * .
y[n] += x[m] * h[n-m];
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Constraint 1, 2, 3 — UB(m) and LB(m) Case A

Constraint2: n-m € [0, M-1] = n-m:M-1...0

Constraint 3: m € [0, L-1] = n-m:M-1...0
n=0 0 m= {0 0 —m=0 m=0 0 —m FO0
=11 1 m= {0 1 - m=1 m=1 1 —m 0
= (2 2 m= |0 2 - m=2 m= 2 2 —m 4o M L
=M1 m=lo f M1 -m=M1. |
n=M+#0  m=Q@Q) M+0 -mgmy.. - | ]
h=M+1 @ m=2 M+l -mgMy.. - | ]
n=M+2 -1 m=3  M+2 - mIaM-Q§ ... m=G1 L1 -m F0 |
L+0 1] L0 - m =1)
L+1 L-1] L+1 — m =2 L M
= M+L2L+M-2 m= Ll MiL-2-m gAMYL maL1] L+M-2- m =M-1
n= M+L-1L+M-1 m= L M+L-1-m =M-1 ... m= L-1 L+M-1- m =M
LB(m) = max(0, n-(M-1)) UB(m) = min(n, L-1)
M+L-1 L M

m = [max(0, n-(M-1)), min(n, L-)]  Y[N] += X[mM] * h[n-m];
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Constraint 1, 2, 3 — UB(m) and LB(m) Case A

Constraint2: n-m € [0, M-1] = n-m:M-1...0

Constraint 3: m € [0, L-1] = n-m:M-1...0
n= 0 0 m= |0 0 - m=0 m=0 0 —m FO0
=1 1 m= |0 1 - m=1 m=1 1 —m 0
=2 2 m= 0 2 - m=2 m= 2 2 —m Ho M L
n=M1  m=f0 | M1 -m=M21. |
n=Mt0  m=@0 M0 -mdqdmq.. |
n=M+1 @ m=2 M+l -msM-y..
n=M+2 L1 = m=3 M+2 - mgM-QJ ... | m=L-1] L-1 - m =0
L+0 L1 0o - m D
L+1 L-1] L+1 — m =2 B M
= M#L-2L+M-2  m= L1 MiL-2-m gAMYL mAL1l] L+M-2-m =M1
n= M+L-1L+M-1 m= L M+L-1-m =M-1 ... m= L-1 L+M-1-—- m =M
LB(m) = max(0, n-(M-1)) UB(m) = min(n, L-1)
M+L-1 L M

m = [max(0, n-(M-1)), min(n, L-)]  Y[N] += X[mM] * h[n-m];
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Case A

L-1

M

m OHdN®M |l dN® Foum | g |
TRRTRRTII TR T TR A =T
y EEEE|EEE ! EE | S|
- TN I FER IR T
e cccc ccc i ccici
L
3 m m
— AT R R AT S R AT R —
EEEE | EEEE | EEEE | N
= TTATIDDRD IRRRR ! s
] cccc Cccc!lcccce ! ﬂl._al._ +
X =
x m m m oo o
o + THITT I RPN IRTOR —l— =
i E{EE!EEE| EEEE | W W W
+ Ol dd T NANN I Ommm |
S C  LDipLjfgfijiufy £
1 1 1 m-
> c £
n
=
N~ y (@] — (Q\] o
© s ©O +H N ™
Lo 4 o d o ™
<t Y O +dH o m
™| ™ o «H o ™
AN N o — AN o
— — o — (V] o
ol O —i N o
E| E
X| C
T+IN-1 T-W
- -t I -

8
4

L
n
n
n

n
n
n
n
n
n
n
n=
n

Valid index set example

M-1
L-1
L-M-2

6/4/19
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Counting Case B

Constraint 1 :n € [0, L+M-2]

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Case B

n= 0 n==0

n= 1 n=1

n= 2 n=2

M+L-1 M L
M — .
- y[n] += h[m] * x[n-m];
‘=M1 ‘

nN= L -1 77777777777777777777777777777 n= M+0

n= L+0 n=M+1

n= L+1 n=M+2

M L
\J

n=L+™M-2 n=M+L-2 m = [max(0, n-(L-1)), min(n, M-1)]
n=1+M1 = n=M+L-1 = >

Counting 1 Counting 2

M <L is assumed
len(filier) < len(input)
DLTI.1A Convolution 57 Young Won Lim
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Constraint 1 & 2 — LB(m) ¢é= Max(n-m) Case B

Constraint 2 : n-m € [0, L-1] =) n  -m L1 .0 (0, n-L+1)
n= 0 m=0] .. 0 -m =0 |. (0, 1-L)
n= 1 m= 0] ... 1 -m=1 .. (0, 2-L)
n= 2 @) m= 0] .. 2 -m=2 .. (0, 3-L)
(4) L
|
| © LL)
O, 1)
. 0, 2 M
0 ( )
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, © M1
n= L+M-1 L+M-1 — m =L-1... 0, M)
Max(n-m) max(0, n-(L-1)) = LB(m)
M+L-1 M L
y[n] += h[m] * x[n-m];
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Summary — LB(m) = Max(n-m) Case B

Constraint 2 : n-m € [0,\|_11 =) n  -m 1_1 ... 0 (0, n-L+1)
(3) Min(m) UB(n-m)
| \ L
max(0, n-(L-1)) M
= LB(m)
M+L-1 M L

y[n] += h[m] * x[n-m];
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Constraint 1 & 3 — UB(m) ¢é= Min(n-m) Case B

Constrain 3: m € [0, M-1] -_—

m (n, M-1)
n=0 m= O | 0 —m = ( 0, M-1)
n= 1 m= o ‘ 1 —m = ( 1, M-1)
n= 2 m= .2 2 - m = ( 2, M-1) M
@
n=M1 m=__ ML M-1 -m= .10 ]| (M-1, M-1)
n= M+0 m= . Im-1 M+0 —m = (M+0, M-1)
n= M+1 m= M-1 M+l —-m = (M+1, M-1)
M+2 —m =
(1) 0 L
n=M+-2  m= . M1) M+L-2 —m = .. L1 (M+L-2, M-1)
n= M+L-1 m= ...M-1 M+L-1 — m = (M+L-1, M-1)
UB(m) <= Min(n-m) min(n, M-1) = UB(m)
M+L-1 M L
— * .
y[n] += h[m] * x[n-m];
DLTI.1A Convolution 60 Young Won Lim
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Summary — UB(m) ¢= Min(n-m) Case B

e ~ N
Ind \\ r \

Constrain 3 : m € [0, M-1] =) n -m:L1 ..0 (n M-1)
\\‘/ _ ,T -

UB(m) Min(n-m) @) min(n, M-1) M
@ = UB(m)
wo| b—bm-—
Max(m) L
M+L-1 M L
y[n] += h[m] * x[n-m[;
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Constraint 1, 2, 3 —max m and min m Case B

Constraint2: n-m € [0, L-1] = n-m:L-1...0

Constraint 3: m € [0, M-1] = n-m:L-1..0
—
n= 0 0 m= |0 0 —m=0 m=0 O —-m 40
=1 1 m= |0 1 —m=1 m=1 1 -m 0
=12 2 m= 10 2 -—m=2 m= 2 2 —-m H0 ML
=M1 omsfo | B .. m=Ml M1-m H0 |
=M+  m=lo | . m={M-1] M+0-m =1)
n=M+s1 = m=|0 | | L-2 - m=L=2 .. | m=M-1} M+l1-m =2
n=M+2 L1 m=fo | oLt -mslloL mAM-1] M+2-m =3
n= L+0 1 L+0 — mFL-1
n= L+1 2 L+1 — m4{L-1 L M
n= M+L-2L+M-2 m=M-1 = L+M-2=m JL-1] ... m=(M-1] M+L-2—m =1-1
n= M+L-1 L+M-1 m=M L+M-1-m =L-1 ... m=M-1 M+L-1- m =
LB(m) = max(0, n-(L-1)) UB(m) = min(n, M-1)
M+L-1 M L

m = [max(0, n-(L-1)), min(n, M-1)]  Y[N] += h[m] * X[n-m];
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Constraint 1, 2, 3 —max m and min m Case B

Constraint2: n-m € [0, L-1] = n-m:L-1...0

Constraint 3: m € [0, M-1] = n-m:L-1..0
—
n=0 0 m= {0 0 —m=0 m=0 0 - m HO0
=11 1 m= {0 1 - m=1 m=1 1 - m 4HO0
=2 2 m= |0 2 - m=2 m= 2 2 —m 4o M L
=M1  m=lo f . m=Mi1 M1l-m =0 |
n=M+00  m=l0 | . meM-1f M+0-m =)
h=M+1 = m=|0 | -2 -m=L-2 .. | m=M-1} M+l-m =2
n=M+2 L1 m=|0 | -1 -m=L1 .. m=M-1} M+2-m =3
n= L+0 1 L+O0 — m4L-1
n= L+1 2 L+1 — m43L-1 B M
n= M+L-2L+M-2  m=M-1  L+M-2-m qL1] .. mAM-1] M+L-2- m =L-1
n= M+L-1L+M-1 m= M L+M-1-m =L-1 ... m=M-1 M+L-1- m =
LB(m) = max(0, n-(L-1)) UB(m) = min(n, M-1)
M+L-1 M L

m = [max(0, n-(L-1)), min(n, M-1)]  Y[N] += h[m] * X[n-m];
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Case B

L-1

M-1

— | m P oo
m OHdN®M | AN® | N | i
______________“____.m.
. EEEE|EEE | EE | S|
c TN I FER IR T
[— ccccicccicc c
X
* m m
O ANM O ANM | OHdANM |
| | [T | 1 1 1 e 1 A I —
m EEEE|EEEE | EEEE | o
TAITTIRRERIRRAR Y TJmem S
e cccclccecec il cccec i al._al._ +
L =
I m m " oo o
+ TITT IR IO | i —
b ElEE|{EEE|EEEE | ww W
T 0/ O !l dd I NNN | OM®O®M |
= &, DiLpiugpigugyl £
1
= Ec ¢
n
=
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Ol =
ol
\4 ‘ — S
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n
n
n
n
n
n
n
n=
n

Valid index set example

M-1
L-1
L-M-2
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Impulse Response

Discrete Time LTI System Continuous Time LTI System

x[n] jmm=d)  h[n] m=) y[n] x(t) )  h(t) == y(t)

d[n] mms=»  h[n] wmm=m» h[n] 5(¢t) wmmm)p  h(t) mmp h(t)
ylnl = ¥ x[m]h[n ~m] y(t) = [ h(x) x(t - ) dr

auy(nl+ @ ayn1ls o ayineNI = xinl | Themostgenerd fom of

DLTI.1A Convolution 6 5 Young W06r/14|7i1r3



Convolution Sum

y[n] = f x[m|hln—-m] = i x[n—m]h[m] yln] = _ x[i]y[Jj]
m=—ow m=—w L,J
i+ j=n
m=-1 m=20 m=1
| | v
yin] = - x[=1]h[n+ 1]+ x[0]h[n] + x[1]h[n—1] = Y. x[m]h[n-m]
-1+n+1=n 0+n-0=n +1+n-1=n
m=-1 m=0 m=1
1 | | | | ro
y[n] = x[n+ 11h[-1] + x[n]h[0] + x[n—1]h[1] = > x[n-m]h[m]
-1+n+1=n 0+n-0=n +1+n-1=n
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Difference Equation

a,ylnl+a, yln-1]+---+a, yy[n-N| = b, x[n]+b, ;x[n=1]+---+b, yx[n-M]

N J
4
present past outputs
output Feedback
recursive

any[n] — an[n] + bn—lx[n_]-] +oee bn—MX[n_M]

a;,=0 foralli

Non-recursive
Finite Impulse Response (FIR) filter

any[n] — an[n] + bn_1X[Tl—1] oot bn—MX[n_M] B an—ly[n_l] R an—N.y[n_N]

a,#0 for some i

Recursive
Infinite Impulse Response (lIR) filter
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Infinite Impulse Response (lIR)

a,y[n]+ a, ;y[n-1]+ ---+ a, yy[n—N] = b, x[n]+|b, ;x[n—1]+ ---+ b, ,,x[n—M]|

a,y[n]+ a, ,y[n-1]+ -+ a, yy[n-N]| = b,x[n] = | b,hn]

a ylnl+a, ,y[n-1]+ -+ a, yy[n—-N] = b, ;x[n—1] ) b, h[n-1]
a,y[nl+ a,,y[n-1]+ -+ a, yy[n-N]| =

a,y[nl+a, ,y[n-1]+ ---+ a, yy[n—-N] = b, ,,x[n—M] ) b, . h[n—M]
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IR and a Superposition of Inputs

any[n]+an—1y[n_]—]+°"+an—N.y[n_N] = X[n]
h[n] = ai(a[n]—an_lh[n—1]—---—an Lh[n—N))
x|n] memsd  h[n] =) y[n]
b,6[n] b,h[n]
‘ h[n] ‘ a h[n]+ a, h[n-1]+ -+ a, yh[n—N] = b, x[n]
b, ,8[n—1] b, h[n—1]
‘ h(n] ‘ a,h[n]+ a, thin-1]+ ---+ a, yh[n—-N] =/b, ;x[n—1]
b, ,d[n—M] b, yh[n—M]
‘ h(n] ‘ a,h[n]+ a, hin-1]+ -+ a, (h[n—-N] = b, ,,x[n—M]
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IR as an Sum of All Impulse Responses

a,ylnl+a, ;yln-1]+---+a, yy[n—-N]| = b,x[n]+b, ;x[n-1]+---+b, ,,x[n—M |

X [n] mmssp h,[n] jmesm) y[n]

Xgln] = b,x[n]+b, x[n=1]+---+b,_,, x[n—M]

.
a,ylnl+a, yln-1]+--+a, yy[n-N]| = x[n]
h[n] = ai(a[n]—an_lh[n—1]—---—an Jh[n-NJ)

n J
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IR Example

Discrete Time LTI System

vinl = 3 x[m]h[n-m]

M =— oo

x[n]

u(n)
ARCTRRA

DLTI.1A Convolution
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Infinite length

/1
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Discrete Time Exponential y"

Discrete Time LTI System

yln] = x[m] h[n —m]

e =y e’ =y
A=Iny y=¢e"

y=¢e" A=Iny

A=-0.3 y=4

y=e%%=0.7408 A=In4=1.386

e—O.3t — 07408t el.386t — 4t
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Finite Impulse Response (FIR)

a,y[n] =b,x[n]+b, ;x[n=1]+---+b, yX[n-M]

Tapped Delay Line

Transversal Filter

DLTI.1A Convolution 73 Young Wor/1 I7im
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FIR Example

Discrete Time LTI System
yln] = ¥ x{m]h[n-m]
x[n] ) hln]  —)
L

DLTI.1A Convolution
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Convolution Sums in FIR Systems

a,y[n] =b,x[n]+b, ;x[n=1]+---+b, yX[n-M]

Computing Convolution Sums of an FIR

*Flip and Slide Form
LTI Form
*Convolution Table
*Direct Form
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Flip and Slide Form

<
El
[
gt
8
x
3
=y
=
|
=
I
P S
>
|
3
_
E}
<
)
[l
“M
DS
<
=

h, h, h, h, M+1 points

hy h, h; h
Xo X1 Xy X3 Xn-1Xn  Xpe Xp-2X1-1 L points
i |
Yo
hy h, h; h
Xo Xp Xy X3 Xn_1Xn Xpea Xy 2Xp 1
i |
Yn
h, h, h, h,
Xo X1 X3 X3 Xn-1Xn Xpi1 Xp 2X1 1
i |
Vi-1+m
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LTI Form

y[n] = x[m] h[n — m] - x[n — m] h[m] y[nl = > x[ily[J]
m=—owo m=-—ow i+_}in
L
-« g
x[n] XpRGEERts Xn-1Xn  Xnpoa R L points
- p M+1
h[n] h, h, h, h, X,0[n] b i[] we» X h[n]
h[n-1] h, h, h, h, X 0[n—=1] w=p 1li] == x h[n-1]
h[n-2] h, h, h, h; X,0[n—=2] == L] == x,h[n-2]
1 1 1 |
x[n] yn]

hy h, h, hy| xx,

hy h, h, h; xx, S[n] - h[n] ‘h[n]

3 8 8 8 8 8
Yo Vi V2 V3 Vi Y5
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Convolution Table

yinl = ¥ ximlhln-m] = 3 x[n—m]h[m] yinl = 3 iyl
T e e
L
- >
x[n] Ay a5 G Xn-1Xn  Xpen 25t i L points
- p M+1
h(n] h, h, h, h;
X, X, X, X, X5 X
h, hox, hyx; hyx;  hyx, hyxs  hyxg
h, h,x, h;x;, hyx; hyx, hxg hxg yln] = Z x[ilylJ]
h, h,x, h,x;, hy,x; h,x, hyxs h,x; i+ jn
h, hsx, hyx;  hyxy  hyx,  hyxy  hyxg
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Direct Form

y[n] = >, x[m]h[n - m] = x[n —m] h[m] yln] = Z x[i]y[Jj]

m=—owo m=-—ow i+_}in

L

-« g
x[n] Ky Ko e X Xn-1Xn  Xnpoq K i L points

- p M+1
hin] |[h, h, h, h,

ko) min[n,M]
yln] = x[n —m] h[m] y[n] = > x[n —m]h[m]

m==x m=max|[n—(L-1),0]

O<m<M O<m<M

O<n-m=<L-1 —(L-1)<m-n<0

m<n<L-1+m n—(L-1)<m<n

O<n<L-1+M max|n—(L-1),0] < m <min[n, M]
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Convolution Property

DLTI.1A Convolution 80
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Freguency Response

x(t) = Ae’® el > h(t) s y(t) = H(jw) - Ae’®e’™

y(t) — J'h el ® JWt T)dt
= J. h Jq’ JWt e_jUJT dt
— AeJCD Jwt fh —jot dT
= x(t) H(jw)
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Direct Form
Convolution Table
LTI Form
Matrix Form
Flip-and-side form
Overlap-Add Block Convolution

Block Processing Method
Sample Processing Method

Orfanidis intro to signal processing
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