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Linear Phase (1)
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Linear Phase (2)

O = w¢ (m1>0) b = w,t (oo2<0)
- A phase i A phase
P time P time

4 .

®w, = —,

cos(w,?) = cos(—w,¢) ‘ cos(,t) = cos(w,?)

sin(w,¢) = sin(—w, ) ‘ sin(w,?) = —sin(w, ?)

e’ = e/ = e’ = cos(m,t) — jsin(w,¢)
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Linear Phase (3)
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e’ = cos(w,t)+ jsin(w,¢)
W, = —o,
e’ = cos(w,t)— jsin(w,¢)
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Negative Frequency (1)
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Negative Frequency (2)

Coordinate (B) N
W ‘ = \/\/
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Negative Frequency (3)
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As t increases, the phase increases. As t increases, the phase decreases.
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Negative Frequency (4)
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Complex Phase Factor
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DFT Matrix (1)
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DFT Matrix (2)

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 Wy A
= 0 0 0 0 0 _0 0 _0 : - F i
k=0 © 0d 07 04 -0¢6 04040 T Vs
=4 0 -1 _ -2 -3 -4 -5 6 -7 ¢ . » =€
k=1 PRI R R PR R
=2 0 -2 - -6 0 -2 -4 -6
2424246246 242422 e / I
= 0 -3 -6 -1 -4 -7 -2 ) e .
3 3 A3 A3 33343 = v .
k= 0 -4 0 -4 0 -4 0 -4 . .
AN P S RPN, B S, B B |
=5 0 -5 -2 -7 -4 -1 -6 -3 3 T W,
595 57 5757 525 s A
=6 0 6 -4 2 0 -6 -4 -2 = e ; -
64 64 64 67 67 67 -6 EL
=7 0 _-7_-6_-5_-4_-3_-2 _-1 -
T T T T T T T
k=0 stride= 0 cw angular speed = 0
k=1 stride = -1 cw angular speed = -1w
k=2 stride=-2  cw angular speed = -2w
k=3 stride =-3 cw angular speed = -3w
k=4 stride =-4  cw angular speed = -4w
k=5 stride=-5  cw angular speed = -5w
k=6 stride =-6 cw angular speed = -6w -7
k=7 stride =-7 cw angular speed = -7w
Young Won Lim
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DFT Matrix (3)

still symmetric matrix
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n=0 n=1
= 0 0 0
0 -0 -0
= 0 -1 -2
1 -1 -1
= 0 -2 -4
k=2 D D
k=3 O -3 -6
-3 -3
= 0 -4 0
K -4 -4
k=6 0 +3 +
+3 ¢« +3
=6 0 _+2 _+4
+2 4 12
=7 0 +1 +2
+1 +1
k=0 stride= 0
k=1 stride = -1
k=2 stride=-2
k=3 stride =-3
k=4 stride=-4
k=5 stride=-5
k=6 stride =-6
k=7 stride = -7

-T Matrix (4)

cw angular speed = 0
cw angular speed = -1w

cw angular speed = -2w
cw angular speed = -3w
cw angular speed = -4w
cw angular speed = -5w
cw angular speed = -6w
cw angular speed = -7w
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n=2 n=3 n=4 n=5 n=6 n=7
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stride = +3
stride = +2
stride = +1

Wi=wy’

W§:Wg3. i W=y
:Wg“ . . Wg
Wi-w ; W=y

We=w;°

ccw angular speed = +3w
ccw angular speed = +2w
ccw angular speed = +1w
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Fundamental Frequency

N=8 8 complex phases View as 8 samples in time domain
DFT
Matrix
We=w’
0 cycle
views — “Aoycle |
-2 cycles
Wi=wy' -3 cycles
-4 cycles
+3 cycles
We=wy’
+2 cycles
Wi=wg° +1 cycle
- : -
ik &  —j2n/N)uk Period: T
Wy =

Fundamental Frequency : f=1/T
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Harmonic Frequency

N=8 8 complex phases View as 8 samples in time domain
DFT

angular
Measuring Frequency  stride speed -

0 0 cw 0 fé_) 0 cycle
1°* harmonic +f -1 cw -1 o -1cycle |
2" harmonic +2f -2 cw  -2w < -2 cycles
3" harmonic +3f -3 cw  -3w -3 cycles
4™ harmonic +4f -4 cw  -4w -4 cycles
5" harmonic -3f +3 cow  +3w +3 cycles
6" harmonic -2f 2 cow +20 +2 cycles
7™ harmonic -f +1 cow +16 +1 cycle

Period: T

Fundamental Frequency : f=1/T
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Sampling Time

" _
W -E 7 N=8 8 complex phases
8 2T ° WS e
= e_jT‘.S _ e_j?'7 DFT
Matrix 8 samples in time domain
Wg g
S _ E Sampling Time: T
! Period: T T = Nt
we | Wy
_ —jg 3 _ i3

k=1 [ 6_1%0 e_jgl e_]%2 e_J%3 e_J%“t e_]'%5 e_’%é e_f? ] -1 cycle
%—»\ T
% >\ T = Nt
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DFT Matrix and Signal

2" Row of DFT Matrix

k=1 [ e_j.%o e_j.%l e_j.%z e_j.%.g, e_j.%4 e_j.%5 e_j%.6 e_j%q j 1 cycle
R X[1] measures
] +1 cycle signal
n=0 n=1 n=2 n=3 n= n=5 n=6 n=

Time-domain Signal

e e e e

e
R This x[i]’s give
I maximum X[1]

x[0]  x[1]  x[2]  x[3] x[4]  x[3]  x[6]  x[7] 7
N

-« > T

- » 7 = Nt

[ +j'%'0 +j'%'1 +j'%'2 +j'%'3 +j'%'4 +j'%'5 +j-%-6 +j'%'7 }
e e e

f =
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Fundamental Frequency

e”%'z > Period Sampling Time g
27 g 4 L q:; T = Nt T g
i 8 S
e 8 ° e &> . g
® | Fundamental Freq Sampling Frequenc iy
o g Y
27 ° ° + ;2n 0 (2] 1 1 c’
i 4 78 ) f = = — 'S
‘ ‘ 5 T fo= T 3
c
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+]2_"‘.5 ¢ +12?7( 7 U) ")
e B e
e”z?n'ﬁ f = & ( = L)
N Nt
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e e e e e e e e
R
1 cycle
1
/s
L
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Cycles / Sample

T T T T T T T T
T = N7
T second | sample
I/t samplel second
0 (cycles /second) m  0cycle over N sample periods =0/ N (cycles / sample)
# (cycles /second)  m 1 cycle “ “ =1 /N (cycles / sample)
ﬁ (cycles /second) w2 cycles “ “ =2/ N (cycles / sample)
% (cycles /second) ™ 3 cycles “ “ =3/ N (cycles / sample)
4
~- (cycles / second) - 4 cycles “ “ =4/ N (cycles / sample)
Normalized fo  m (cycles per second)
— = = (cycles per sample)
F[’equency S N (samples per second)
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Normalized Frequency

T
' = Nt
Sampling Time T (seconds per sample)
Sequence Time Length T = Nt
1
Sampling Frequency fo= = (samples per second)
1t Harmonic Freq f, = R if
‘T Nt N’
th - _ L B e
n" Harmonic Freq |, = T N Nfs n=0,1,2, y
Normalized f (cycles per second)
AN (5 (cycles per sample)
Fr equency 7. N (samples per second)
48 DFT Frequency 2D Young Won Lim
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Normalized Frequency (Ex 1)

1 cycle
7 w y
T
I' = N7
1% Harmonic Freq f, = L _ NL - % Normalized Freq Sr %
T S
R
1 cycle
T!
' = NT'
1 Harmonic Freq f ' = TL — Nl — f]i[ Normalized Freq pr I
! Tl Sl
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Normalized Frequency (Ex 2)

R

-
T = N7
4" Harmonic Freq f, = % — Ni - 4}(; s Normalized Freq J]; - %
T S
R
4 cycles
/ W y
T!
I'' = Nt'
4" Harmonic Freq 5= Ti — N4 — 4]{; Normalized Freq ]; L %
4 T! S!
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N=8 DFT

S = 8 =% T W e =
=R R R R R R R
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N=8 DFT : The 1st Row of the DFT Matrix

_]ZO _JZO —jEO —J%O —jEO —]%0 —]EO —jEO
e e e e e e e e
R. — — — — — — — L ]
0 cycle
I. [ ] ® [ ] [ ] [ ) [ ] [ ) @

wEr = ¢ 78 k=0 n=01,..,7

R w»  samples of cos(—wt) = cos(wt) measure wt = 21 f't
[ = samples of sin(—wt) = —sin(wt) } g 21t-(g) St
X[0] measures how much of the +0+-w component is present in X.
T
T = Nt
Sampling Time T

Sampling Frequency f = %

Sequence Time Length T = N~ zero Frequency

4B DFT Frequency 260
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N=8 DFT : The 2nd Row of the DFT Matrix

%0 — A —i NI LYY _ a5 AL AN
[814 e] e] e] e] eJ4 e] ej4}
R
1 cycle
7 y
— A
= ¢ 8 k=1, n=01,.,7
R ws  samples of cos(—wt) = cos(wt) } measure wt = 27ft
>
[ w  samples of sin(—wt) = —sin(w¢) 21(5)f
X[ 1] measures how much of the +1-w component is present in X.
T
= Nt
Sampling Time T Sampling Frequency f = %
Sequence Time Length T = Nt 1t Harmonic Fre f, = _ &
T T T TN TN
48 DFT Frequency 27 Young Won Lim
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N=8 DFT : The 3rd Row of the D

T Matrix

[ — 0 —j 2 =g — 6 — 0 — 2 —j—4 —1%-6 }
e e e e e e e e
R
2 cycles
I y
— AR
= ¢ 8 k=2 n=01.,7
R w»  samples of cos(—2wt) = cos(2wt) } measure wt = 2Tft
[
[ =  samples of sin(—2wt) = —sin(2w?) 21(3)-f
X[2] measures how much of the +2-wcomponent is present in X.
T
T = Nt
Sampling Time T Sampling Frequency f = %
. B o , 2 2 21
Sequence Time Length T = Nt 2" Harmonic Freq  f, = — = — =
T NT N
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Matrix

N=8 DFT : The 4th Row of the DF

e
R
3 cycles
7 Yy

_-(2_“)kn
s k=3 n=01,.,7

W' = e —
R w»  samples of cos(—3wt) = cos(3wt) } measure wt = 2Tft
>
[ = samples of sin(—3wt¢) = —sin(3wt) 210(2)f
X[3] measures how much of the +3-wcomponent is present in X.
T
T = Nt
Sampling Time T Sampling Frequency f = %
3
= N<T 3“ Harmonic Freq  f, = 3.3 /s
T NT N

Sequence Time Length T

Young Won Lim
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N=8 DFT : The 5th Row of the DFT Matrix

.

R
4 I

7 cycles

—j(Ekn

W = e k=4, n=01.,7

R w  samples of cos(—4wt) = cos(4wt) } measure wi = 21ft
>

[ w  samples of sin(—4wt) = —sin(4wt) 2m-(5)-f ot

X[4] measures how much of the +4-@wcomponent is present in X.

T
T = N7
Sampling Time T Sampling Frequency f = %
. , 4 4 47,
Sequence Time Length T = N 4" Harmonic Freq ~ f4 = F v
T
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N=8 DFT : The 6th Row of the DFT Matrix

3 cycles

—Jj(=)kn

W = e ® k=5 n=01,.,7

R w samples of cos(—(—3w)t) = cos(3w?) }measure —wt = —2Tft
-

[ m samples of sin(—(—-3w)t) = sin(3wt) 2T (2)f 1

X[5] measures how much of the —3-w component is present in X.

T
' = N7
Sampling Time T Sampling Frequency f = %
S ] — rd : —3 -3 _3fs
equence Time Length T = N -3“ Harmonic Freq  f_; = T T N T N
T
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N=8 DFT : The 7th Row of the DFT Matrix

AL e LY — a5 -0 _+Ns — .y sl
[614 eJ4 e]4 e] eJ e] e] eJ4 }
R
2 cycles
7 y
— i (Ekn
= ¢ 8 k=2 n=01.,7
R w samples of  cos(—(—2w)t) = cos(2w¢) }measure —wt = 27 ft
>
[ m samples of sin(—(—2w)t) = sin(2wt) 21 (2)-f 8
X[6] measures how much of the —2-w component is present in X.
T
T = N7
Sampling Time T Sampling Frequency f = %
. _ nd . _2 _2 _2fs
Sequence Time Length T = N~ -2"" Harmonic Freq f_, = —/ = =
T NT N
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Matrix

N=8 DFT : The 8th Row of the DF

L BRI _alls LY LY _is ;.0 A
[e]“ et et ¢ e’ e’ e’ e14j
R
1 cycle
7 y
— (2 kn
e = ¢ 8 k=7 n=01,.,7
R w samples of cos(—(—w)t) = cos(wt) }measure —wt = —2Tft
>
[ w samples of sin(—(—w)t) = sin(wt) 2T ()f
X[7] measures how much of the —I-w component is present in X.
T
T = N7
Sampling Time T Sampling Frequency f = %
= NT -1% Harmonic Freq [, = —L = -1 = &
T NT N

Sequence Time Length T

Young Won Lim
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N=8 DFT : DFT Matrix in + or — Frequencies

7 Oth row: samples of  cos( Ow,)t+ j-sin( Ow,)t (0 cycle)

wy = 2T 1th row: samples of  cos(— lmo)t + j-sin(—1w,)t (-1 cycle)
2th row: samples of  cos(—2w,)t + j - sin(—2w,)t (-2 cycles)

3th row: samples of  cos(—3w,)t + j - sin(—3 w,)t (-3 cycles)

4th row: samples of  cos(—4w,)t + j-sin(—4 w,)t (-4 cycles)

@ Sthrow: samples of  cos(—5w,)t + j-sin(—5w,)? (-5 cycles)
6th row: samples of  cos(—6w,)t + j-sin(—6w,)? (-6 cycles)

Tth row: samples of  cos(—7w,)t + j - sin(—7 w,)¢ (-7 cycles)

Oth row: samples of  cos( Ow,)t+ j-sin( Ow,)? (0 cycle)
Ith row: samples of  cos(+7w,)t + j - sin(+7 w,)¢ (7 cycles)
)
)

2th row: samples of cos(+6w,)t + j-sin(+6w,)t (6 cycles)

(

( ) (

( ) (
—— | 3throw: samples of  cos(+5w,)t + j-sin(+5w,)t (5 cycles)
— | 4Athrow: samples of  cos(+4w,)t + j-sin(+4w,)t (4 cycles)
Sthrow: samples of  cos(+3w,)t + j - sin(+3 w,)t (3 cycles)
@ 6th row: samples of  cos(+2w,)t + j - sin(+2w,)? (2 cycles)
7th row: samples of  cos(+1w,)t + j-sin(+1w,)¢ (1 cycles)
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N=8 DFT : DFT Matrix in Both Frequencies

7 Oth row: samples of  cos( Ow,)t + j-sin( Ow,)t (0 cycle)
w, = ZW'W 1th row: samples of cos (— looo)t + j-sin(—1w,)t (-1 cycle)
2th row: samples of  cos(—2w,)t + j - sin(—2w,)? (-2 cycles)
3throw: samples of  cos(—3w,)t + j-sin(—3 w,)¢ (-3 cycles)
4th row: samples of  cos(—4w,)t + j-sin(—4w,)t (-4 cycles)
Sthrow: samples of  cos(—5w,)t + j-sin(—5w,)t (-5 cycles)
6th row: samples of  cos(—6w,)t + j - sin(—6w,)t (-6 cycles)
7th row: samples of  cos(—7w,)t + j - sin(—7 w,)t (-7 cycles)
Oth row: samples of  cos( Ow,)t + j-sin( Ow,)t (0 cycle)
Ith row: samples of  cos(—1w,)t + j - sin(—1w,)t (-1 cycle)
2th row: samples of  cos(—2w,)t + j - sin(—2w,)? (-2 cycles)
—_ 3th row: samples of  cos(—3w,)t + j - sin(—3 w,)¢ (-3 cycles)
— 4th row: samples of  cos(—4w,)t + j - sin(—4w,)t (-4 cycles)
- Sthrow: samples of  cos(+3w,)t + j-sin(+3w,)t (3 cycles)
6th row: samples of  cos(+2w,)t + j - sin(+2w,)? (2 cycles)
7Tthrow: samples of  cos(+1w,)t + j - sin(+1w,)¢ (1 cycles)
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Frequency View of a DFT Matrix

Normalized
Frequency
N
— -1
> 1
N
PR
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Frequency View of a X[i] Vector

~
X[0] f=0 0 Q 0 (Ocycle)
@
X[1] = +1xf ~f ;g; -~ (1cycle)
X[2] = +2xf =f n . (2cycles)
k)
. 1
7! E
S
S
Z
IV e AL R N
¥ —n [ : & oes)
X[Z+1] f=-E-Dxs, | LD E = (5 Ueyeles
N
2
X[N-2] [ =-2+f, —2f. = G
X[N—1] f=—1%f —Lf, - (—1cycle)
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