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Linear Phase (1)
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Linear Phase (2)
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Linear Phase (3)
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Negative Frequency (1)

Coordinate (A) Coordinate (B)        

t t

As t increases, the phase increases. As t increases, the phase decreases.

t t

 

positive angular speed negative angular speed
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Negative Frequency (2)

Coordinate (B)

Coordinate (A) Coordinate (B)            ---   redraw

Φ = ω1t Φ = ω2 t

ω2 = −ω1

cos(ω2 t) = cos(ω1 t)

flip horizontally
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Negative Frequency (3)

Coordinate (A) Coordinate (B)        

t t

t t

 

As t increases, the phase increases. As t increases, the phase decreases.
positive angular speed negative angular speed
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Negative Frequency (4)

Coordinate (B)

Coordinate (A) Coordinate (B)            ---   redraw

Φ = ω1t Φ = ω2 t

ω2 = −ω1

sin (ω2 t) = −sin (ω1 t)

flip horizontally
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DFT Matrix (1)
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DFT Matrix (2)
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DFT Matrix (3)
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DFT Matrix (4)
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Fundamental Frequency
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Harmonic Frequency

N=8
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Sampling Time
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DFT Matrix and Signal
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Fundamental Frequency

e
+ j 2π

8
⋅0

τ
T = N τ

R

I

e
 j⋅

4⋅0
e

 j⋅
4⋅1

e
 j⋅

4⋅2
e

 j⋅
4⋅3

e
 j⋅

4⋅4
e

 j⋅
4⋅5

e
 j⋅

4⋅6
e

 j⋅
4⋅7

1 cycle

τT = N τ

f s =
1
τ

Sampling TimePeriod

Sampling Frequency

(samples per second )

f =
1
T

Fundamental Freq

(cycles per second )

f =
f s

N ( = 1
N τ )

f s = 1
τ

f =
f s

N

e
+ j 2π

8
⋅7

e
+ j 2π

8
⋅6

e
+ j 2π

8
⋅5

e
+ j 2π

8
⋅4

e
+ j 2π

8
⋅3

e
+ j 2π

8
⋅2

e
+ j 2π

8
⋅1

θ

Si
gn

al
’s

 F
re

qu
en

cy

Sa
m

pl
in

g 
Fr

eq
ue

nc
y



4B DFT Frequency 21 Young Won Lim
5/16/11

Cycles / Sample

Normalized 
Frequency 

(cycles  per sample)
f n

f s
= n

N



T = N 
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Normalized Frequency
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N

f snth Harmonic Freq

(seconds per sample)

(cycles per second)
(samples per second)



4B DFT Frequency 23 Young Won Lim
5/16/11

Normalized Frequency  (Ex 1)
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Normalized Frequency  (Ex 2)
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N=8 DFTDFT
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N=8 DFTDFT : The 1st Row of the DFT Matrix

X[0] measures how much of the +0·ω  component is present in x.
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cos − t  = cos  t 

sin − t  = −sin  t 

 t = 2 f t

2⋅ 0
8 ⋅f s⋅t

0 cycle

Sampling Time

Sequence Time Length

Sampling Frequency

zero Frequency
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N=8 DFTDFT : The 2nd Row of the DFT Matrix

X[1] measures how much of the +1·ω  component is present in x.
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
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cos − t  = cos  t 

sin − t  = −sin  t 

 t = 2 f t

2⋅ 1
8 ⋅f s⋅t
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Sampling Time

Sequence Time Length

Sampling Frequency

1st Harmonic Freq

samples of

samples of
measure
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N=8 DFTDFT : The 3rd Row of the DFT Matrix

X[2] measures how much of the +2·ω component is present in x.


T = N 



T = N 

f s =
1


f 2 =
2
T

=
2

N 
=

2 f s

N

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

W 8
k n = e

− j  2
8

k n
k = 2, n = 0, 1, ... , 7

R

I

cos −2 t  = cos2 t 

sin −2 t  = −sin 2 t 

 t = 2 f t

2⋅ 2
8 ⋅f s⋅t

2 cycles

Sampling Time

Sequence Time Length

Sampling Frequency

2nd Harmonic Freq

samples of

samples of
measure
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N=8 DFTDFT : The 4th Row of the DFT Matrix

X[3] measures how much of the +3·ω component is present in x.


T = N 



T = N 

f s =
1


f 3 =
3
T

=
3

N 
=

3 f s

N

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅3

e
− j⋅

4
⋅6

e
− j⋅

4
⋅1

e
− j⋅

4
⋅4

e
− j⋅

4
⋅7

e
− j⋅

4
⋅2

e
− j⋅

4
⋅5

W 8
k n = e

− j  2
8

k n
k = 3, n = 0, 1, ... , 7

R

I

cos −3 t  = cos3 t 

sin −3 t  = −sin 3 t 

 t = 2 f t

2⋅ 3
8 ⋅f s⋅t

3 cycles

Sampling Time

Sequence Time Length

Sampling Frequency

3rd Harmonic Freq

samples of

samples of
measure



4B DFT Frequency 30 Young Won Lim
5/16/11

N=8 DFTDFT : The 5th Row of the DFT Matrix

X[4] measures how much of the +4·ω component is present in x.


T = N 



T = N 

f s =
1


f 4 =
4
T

=
4

N 
=

4 f s

N

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

W 8
k n = e

− j  2
8

k n
k = 4, n = 0, 1, ... , 7

R

I

cos −4 t  = cos 4  t 

sin −4  t  = −sin 4 t 

 t = 2 f t

2⋅ 4
8 ⋅f s⋅t

4 cycles

Sampling Time

Sequence Time Length

Sampling Frequency

4th Harmonic Freq

samples of

samples of
measure
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N=8 DFTDFT : The 6th Row of the DFT Matrix

X[5] measures how much of the −3·ω  component is present in x.


T = N 



T = N 

f s =
1


f −3 = −3
T

= −3
N 

=
−3 f s

N

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅5

e
− j⋅

4
⋅2

e
− j⋅

4
⋅7

e
− j⋅

4
⋅4

e
− j⋅

4
⋅1

e
− j⋅

4
⋅6

e
− j⋅

4
⋅3

W 8
k n = e

− j  2
8

k n
k = 5, n = 0, 1, ... , 7

R

I

cos −−3t  = cos 3 t 

sin −−3 t  = sin 3 t 

− t = −2 f t

2⋅ −3
8 ⋅f s⋅t

3 cycles

Sampling Time

Sequence Time Length

Sampling Frequency

-3rd Harmonic Freq

samples of

samples of
measure
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N=8 DFTDFT : The 7th Row of the DFT Matrix

X[6] measures how much of the −2·ω  component is present in x.


T = N 



T = N 

f s =
1


f −2 = −2
T

= −2
N 

=
−2 f s

N

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

W 8
k n = e

− j  2
8

k n
k = 2, n = 0, 1, ... , 7

R

I
cos −−2t  = cos2 t 

sin −−2t  = sin 2 t 

− t = −2 f t

2⋅ −2
8 ⋅f s⋅t

2 cycles

Sampling Time

Sequence Time Length

Sampling Frequency

-2nd Harmonic Freq

samples of

samples of
measure
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N=8 DFTDFT : The 8th Row of the DFT Matrix

X[7] measures how much of the −1·ω  component is present in x.


T = N 



T = N 

f s =
1


f −1 = −1
T

= −1
N 

=
f s

N

Sampling Time

Sequence Time Length

Sampling Frequency

-1st Harmonic Freq

R

I

e
− j⋅

4
⋅0

e
− j⋅

4
⋅7

e
− j⋅

4
⋅6

e
− j⋅

4
⋅5

e
− j⋅

4
⋅4

e
− j⋅

4
⋅3

e
− j⋅

4
⋅2

e
− j⋅

4
⋅1

W 8
k n = e

− j  2
8

k n
k = 7, n = 0, 1, ... , 7

R

I

cos −−t  = cos  t 

sin −− t  = sin  t 

− t = −2 f t

2⋅ −1
8 ⋅f s⋅t

1 cycle

samples of

samples of
measure
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0th row:  samples of cos  00 t  j⋅sin  00t
1th row:  samples of cos −10 t  j⋅sin −10t
2th row:  samples of cos −20 t  j⋅sin −20 t
3th row:  samples of cos −30 t  j⋅sin −30t
4th row:  samples of cos −40t  j⋅sin −40 t
5th row:  samples of cos −50 t  j⋅sin −50 t
6th row:  samples of cos −60t  j⋅sin −60 t
7th row:  samples of cos −70t  j⋅sin −70t

(0 cycle)
(-1 cycle)

(-2 cycles)
(-3 cycles)
(-4 cycles)
(-5 cycles)
(-6 cycles)
(-7 cycles)

0th row:  samples of cos  00 t  j⋅sin  00 t
1th row:  samples of cos 70t  j⋅sin 70t
2th row:  samples of cos 60t  j⋅sin 60 t
3th row:  samples of cos 50 t  j⋅sin 50 t
4th row:  samples of cos 40t  j⋅sin 40 t
5th row:  samples of cos 30 t  j⋅sin 30t
6th row:  samples of cos 20 t  j⋅sin 20 t
7th row:  samples of cos 10 t  j⋅sin 10t

(0 cycle)
(7 cycles)
(6 cycles)
(5 cycles)
(4 cycles)
(3 cycles)
(2 cycles)
(1 cycles)

N=8 DFTDFT : DFT Matrix in + or – Frequencies

0 = 2⋅
f s

N

c.w

c.c.w
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0th row:  samples of cos  00 t  j⋅sin  00t
1th row:  samples of cos −10 t  j⋅sin −10t
2th row:  samples of cos −20 t  j⋅sin −20 t
3th row:  samples of cos −30 t  j⋅sin −30t
4th row:  samples of cos −40t  j⋅sin −40 t
5th row:  samples of cos 30 t  j⋅sin 30t
6th row:  samples of cos 20 t  j⋅sin 20 t
7th row:  samples of cos 10 t  j⋅sin 10t

N=8 DFTDFT : DFT Matrix in Both Frequencies

0 = 2⋅
f s

N

0th row:  samples of cos  00 t  j⋅sin  00t
1th row:  samples of cos −10 t  j⋅sin −10t
2th row:  samples of cos −20 t  j⋅sin −20 t
3th row:  samples of cos −30 t  j⋅sin −30t
4th row:  samples of cos −40t  j⋅sin −40 t
5th row:  samples of cos −50 t  j⋅sin −50 t
6th row:  samples of cos −60t  j⋅sin −60 t
7th row:  samples of cos −70t  j⋅sin −70t

(3 cycles)
(2 cycles)
(1 cycles)

(0 cycle)
(-1 cycle)

(-2 cycles)
(-3 cycles)
(-4 cycles)

(0 cycle)
(-1 cycle)

(-2 cycles)
(-3 cycles)
(-4 cycles)
(-5 cycles)
(-6 cycles)
(-7 cycles)
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N
2

− 1

N
2

− 1

f = −1 ∗ f o

f = −2 ∗ f o

f = − N
2 − 1∗ f o

f = − N
2  ∗ f o

f = 1 ∗ f o

f = 2 ∗ f o

f =  N
2 − 1∗ f o

(−1 cycle)
(−2 cycles)

f = 0

(−( N
2 −1)cycles)

 N
2 −1 cycles

 N
2 cycles 

2cycles 
1cycle

0cycle 

Frequency View of a DFT Matrix
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N

−1
2  1

N
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2

1
N

2
N

1
2 − 1

N

0 Normalized 
Frequency 

f o =
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N

row 1
row 2

row  N
2 −1

row  N
2 

row N − 1

row N − 2

row  N
2  1

row 0
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N
2

− 1

N
2

− 1

f = 1 ∗ f o

f = 2 ∗ f o

f =  N
2 − 1∗ f o

f =  N
2  ∗ f o

f = −1 ∗ f o

f = −2 ∗ f o

f = − N
2 − 1 ∗ f o

f = 0

Frequency View of a X[i] Vector
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X [ N
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X [N−1]

1
N f s
2
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 N
2 − 1

N f s
1
2 f s

− 1
N f s
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N f s

−  N
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N f s
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1
N
2
N

1
2 − 1

N
1
2

−1
N
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N

−1
2  1

N

0
1cycle
2cycles 

 N
2 −1 cycles

(−( N
2 −1)cycles)

 N
2 cycles

(−2 cycles)
(−1 cycle)

0cycle 
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