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N=8 DFTDFT

X [k ] = ∑
n = 0

7

W 8
k n x [n]

X [0] W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0 x [0 ]

X [1 ] W 8
0 W 8

1 W 8
2 W 8

3 W 8
4 W 8

5 W 8
6 W 8

7 x [1]

X [2 ] W 8
0 W 8

2 W 8
4 W 8

6 W 8
8 W 8

10 W 8
12 W 8

14 x [2]

X [3 ] W 8
0 W 8

3 W 8
6 W 8

9 W 8
12 W 8

15 W 8
18 W 8

21 x [3 ]

X [4 ] W 8
0 W 8

4 W 8
8 W 8

12 W 8
16 W 8

20 W 8
24 W 8

28 x [4 ]

X [5 ] W 8
0 W 8

5 W 8
10 W 8

15 W 8
20 W 8

25 W 8
30 W 8

35 x [5 ]

X [6] W 8
0 W 8

6 W 8
12 W 8

18 W 8
24 W 8

30 W 8
36 W 8

42 x [6 ]

X [7 ] W 8
0 W 8

7 W 8
14 W 8

21 W 8
28 W 8

35 W 8
42 W 8

49 x [7 ]

=

W 8
k n = e

− j  2
8

k n
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W 8
−k n = e

 j  2
8

k n

N=8 IDFTIDFT

x [n ] = 1
N ∑

k = 0

7

W 8
−k n X [k ]

X [0]W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0 W 8
0 W 8

0x [0 ]

X [1 ]W 8
0 W 8

−1 W 8
−2 W 8

−3 W 8
−4 W 8

−5 W 8
−6 W 8

−7x [1]

X [2 ]W 8
0 W 8

−2 W 8
−4 W 8

−6 W 8
−8 W 8

−10 W 8
−12 W 8

−14x [2]

X [3 ]W 8
0 W 8

−3 W 8
−6 W 8

−9 W 8
−12 W 8

−15 W 8
−18 W 8

−21x [3 ]

X [4 ]W 8
0 W 8

−4 W 8
−8 W 8

−12 W 8
−16 W 8

−20 W 8
−24 W 8

−28x [4 ]

X [5 ]W 8
0 W 8

−5 W 8
−10 W 8

−15 W 8
−20 W 8

−25 W 8
−30 W 8

−35x [5 ]

X [6]W 8
0 W 8

−6 W 8
−12 W 8

−18 W 8
−24 W 8

−30 W 8
−36 W 8

−42x [6 ]

X [7 ]W 8
0 W 8

−7 W 8
−14 W 8

−21 W 8
−28 W 8

−35 W 8
−42 W 8

−49x [7 ]

= 1
N
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A

N=8 DFTDFT Matrix (1)

x [0]

x [1]

x [2]

x [3]

x [4]

x [5]

x [6]

x [7]

X [0]

X [1]

X [2]

X [3]

X [4 ]

X [5]

X [6 ]

X [7 ]

=

X [k ] = ∑
n = 0

7

W 8
k n x [n ] W 8

k n = e
− j( 2π

8
)k n

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅1

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅3

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅5

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅7

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅3

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅1

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅7

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅5

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅5

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅7

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅1

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅3

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅0

e
− j⋅π

4
⋅7

e
− j⋅π

4
⋅6

e
− j⋅π

4
⋅5

e
− j⋅π

4
⋅4

e
− j⋅π

4
⋅3

e
− j⋅π

4
⋅2

e
− j⋅π

4
⋅1



3B DFT Matrix Properties 6 Young Won Lim
12/14/11

B

N=8 IDFTIDFT Matrix (1)

X [0 ]
N

X [1]
N

X [2]
N

X [3]
N

X [4 ]
N

X [5]
N

X [6 ]
N

X [7 ]
N

x [0 ]

x [1]

x [2]

x [3 ]

x [4 ]

x [5 ]

x [6 ]

x [7 ]

=

W 8
−k n = e

 j  2
8

k n
x [n ] = 1

N ∑
k = 0

7

W 8
−k n X [k ]

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅1

e
 j⋅

4
⋅2

e
 j⋅

4
⋅3

e
 j⋅

4
⋅4

e
 j⋅

4
⋅5

e
 j⋅

4
⋅6

e
 j⋅

4
⋅7

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅3

e
 j⋅

4
⋅6

e
 j⋅

4
⋅1

e
 j⋅

4
⋅4

e
 j⋅

4
⋅7

e
 j⋅

4
⋅2

e
 j⋅

4
⋅5

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅5

e
 j⋅

4
⋅2

e
 j⋅

4
⋅7

e
 j⋅

4
⋅4

e
 j⋅

4
⋅1

e
 j⋅

4
⋅6

e
 j⋅

4
⋅3

e
 j⋅

4
⋅0

e
 j⋅

4
⋅6

e
 j⋅

4
⋅4

e
 j⋅

4
⋅2

e
 j⋅

4
⋅0

e
 j⋅

4
⋅6

e
 j⋅

4
⋅4

e
 j⋅

4
⋅2

e
 j⋅

4
⋅0

e
 j⋅

4
⋅7

e
 j⋅

4
⋅6

e
 j⋅

4
⋅5

e
 j⋅

4
⋅4

e
 j⋅

4
⋅3

e
 j⋅

4
⋅2

e
 j⋅

4
⋅1
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Symmetric DFT Matrix – Index (1)

X [k ] = ∑
n = 0

N − 1

x [n ] e− j 2/N k n X [k ] = ∑
n = 0

N − 1

x [n] W N
k n

k=0
n=0 n=1 n=2 n=N-1

0·0 0·1 0·2 0·(N-1)

k=1 1·0 1·1 1·2 1·(N-1)
k=2 2·0 2·1 2·2 2·(N-1)

k=N-1 (N-1)·0 (N-1)·1 (N-1)·2 (N-1)·(N-1)

Exponents in 
DFT matrix A and 
IDFT matrix B

A = AT

B = BT
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Symmetric DFT Matrix – Index (2)

X [k ] = ∑
n = 0

N − 1

x [n ] e− j 2/N k n X [k ] = ∑
n = 0

N − 1

x [n] W N
k n

k=0
n=0 n=1 n=2 n=N-1

0·0 0·1 0·2 0·(N-1)

k=1 1·0 1·1 1·2 1·(N-1)
k=2 2·0 2·1 2·2 2·(N-1)

k=N-1 (N-1)·0 (N-1)·1 (N-1)·2 (N-1)·(N-1)

+0 +0 +0 +0

+1 +1 +1 +1

+2 +2 +2 +2

+(N-1) +(N-1) +(N-1) +(N-1)

+ 0 (mod N)

+ 1 (mod N)

+ 2 (mod N)

+ N-1 (mod N)

Exponents in 
DFT matrix A and 
IDFT matrix B

A = AT

B = BT
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Symmetric DFT Matrix – Index (3)

X [k ] = ∑
n = 0

N − 1

x [n ] e− j(2π/ N )k n X [k ] = ∑
n = 0

N − 1

x [n ] W N
k n

k=0
n=0 n=1 n=2 n=N-1

0·0 0·1 0·2 0·(N-1)

k=1 1·0 1·1 1·2 1·(N-1)
k=2 2·0 2·1 2·2 2·(N-1)

k=N-1 (N-1)·0 (N-1)·1 (N-1)·2 (N-1)·(N-1)

+0 +1 +2 +(N-1)

+0 +1 +2 +(N-1)

+0 +1 +2 +(N-1)

+0 +1 +2 +(N-1)

+0 (mod N) + 1 (mod N) + 2 (mod N) + N-1 (mod N)
Exponents in 
DFT matrix A and 
IDFT matrix B

A = AT

B = BT
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Conjugate Transpose DFT Matrix

X [k ] = ∑
n = 0

N − 1

x [n ] e− j(2π/ N )k n

A = AT

B = BT

x [n] = 1
N ∑

k = 0

N − 1

X [k ] e+ j(2π/ N )k n

X [0] x [0 ]
X [1 ] x [1]
X [2 ] x [2]

X [N−1] x [N−1 ]

=
k

n⋮ ⋮

x [0 ] X [0]
x [1] X [1]
x [2 ] X [2]

x [N −1] X [N −1]

=
n

k⋮ ⋮
e

− j( 2π
N )k n

e
+ j( 2π

N )k n

1
N

A∗ = B
B∗ = A

A H = B
B H = A
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Normal, Unitary, Orthogonal Matrix

A H = B
B H = A

QH Q = Q QH

Normal Matrix

Unitary Matrix

QH Q = Q Q H = I
Orthogonal Matrix

QT Q = Q QT = I

QH = Q−1 QT = Q−1

AB=N I
BA=N I

A H A = A A H = N I
B H B = B B H = N I
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Product of DFT & IDFT Matrix

X [k ] = ∑
n = 0

N − 1

x [n ] e− j 2/N k n X [k ] = ∑
n = 0

N − 1

x [n] W N
k n

{e− j( 2π
N ) k⋅0 , e− j ( 2π

N ) k⋅1 , ⋯ , e− j ( 2π
N ) k⋅(N −1)}

{
e+ j( 2π

N )0⋅n

e+ j ( 2π
N )1⋅n

⋮

e+ j( 2 π
N )( N −1)⋅n

}
e− j( 2π

N )( k−n)⋅0 + e− j ( 2π
N )(k−n)⋅1 + ⋯ + e− j( 2 π

N )(k−n)⋅( N −1) =

k

n

Inner product
0

N

(n≠k )

(n=k )
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N=8 DFTDFT & IDFT IDFT Matrix (1)

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅1

e
 j⋅

4
⋅2

e
 j⋅

4
⋅3

e
 j⋅

4
⋅4

e
 j⋅

4
⋅5

e
 j⋅

4
⋅6

e
 j⋅

4
⋅7

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅3

e
 j⋅

4
⋅6

e
 j⋅

4
⋅1

e
 j⋅

4
⋅4

e
 j⋅

4
⋅7

e
 j⋅

4
⋅2

e
 j⋅

4
⋅5

0 1 2 3 4 5 6 7

Row 0

Row 1

Row 2

Row 3

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅1

e
− j⋅

4
⋅2

e
− j⋅

4
⋅3

e
− j⋅

4
⋅4

e
− j⋅

4
⋅5

e
− j⋅

4
⋅6

e
− j⋅

4
⋅7

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

e
− j⋅

4
⋅0

e
− j⋅

4
⋅3

e
− j⋅

4
⋅6

e
− j⋅

4
⋅1

e
− j⋅

4
⋅4

e
− j⋅

4
⋅7

e
− j⋅

4
⋅2

e
− j⋅

4
⋅5

DFT

DFT

DFT

DFT

IDFT

IDFT

IDFT

IDFT
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N=8 DFTDFT & IDFTIDFT Matrix (2)

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅4

e
 j⋅

4
⋅0

e
 j⋅

4
⋅5

e
 j⋅

4
⋅2

e
 j⋅

4
⋅7

e
 j⋅

4
⋅4

e
 j⋅

4
⋅1

e
 j⋅

4
⋅6

e
 j⋅

4
⋅3

e
 j⋅

4
⋅0

e
 j⋅

4
⋅6

e
 j⋅

4
⋅4

e
 j⋅

4
⋅2

e
 j⋅

4
⋅0

e
 j⋅

4
⋅6

e
 j⋅

4
⋅4

e
 j⋅

4
⋅2

e
 j⋅

4
⋅0

e
 j⋅

4
⋅7

e
 j⋅

4
⋅6

e
 j⋅

4
⋅5

e
 j⋅

4
⋅4

e
 j⋅

4
⋅3

e
 j⋅

4
⋅2

e
 j⋅

4
⋅1

0 1 2 3 4 5 6 7

Row 4

Row 5

Row 6

Row 7

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅5

e
− j⋅

4
⋅2

e
− j⋅

4
⋅7

e
− j⋅

4
⋅4

e
− j⋅

4
⋅1

e
− j⋅

4
⋅6

e
− j⋅

4
⋅3

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

e
− j⋅

4
⋅0

e
− j⋅

4
⋅7

e
− j⋅

4
⋅6

e
− j⋅

4
⋅5

e
− j⋅

4
⋅4

e
− j⋅

4
⋅3

e
− j⋅

4
⋅2

e
− j⋅

4
⋅1

DFT

DFT

DFT

DFT

IDFT

IDFT

IDFT

IDFT



3B DFT Matrix Properties 15 Young Won Lim
12/14/11

Product AB – Diagonal Elements

e
− j⋅

4
⋅0

e
− j⋅

4
⋅1

e
− j⋅

4
⋅2

e
− j⋅

4
⋅3

e
− j⋅

4
⋅4

e
− j⋅

4
⋅5

e
− j⋅

4
⋅6

e
− j⋅

4
⋅7

e
 j⋅

4
⋅0

e
 j⋅

4
⋅1

e
 j⋅

4
⋅2

e
 j⋅

4
⋅3

e
 j⋅

4
⋅4

e
 j⋅

4
⋅5

e
 j⋅

4
⋅6

e
 j⋅

4
⋅7

+1 +1 +1 +1 +1 +1 +1 +1 =  N

(1, 1)C

C = A·B [C ] i , j = [A ] row i ⋅ [B] col j

(i, i)C =  N

T
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Product AB – Off-Diagonal Elements

(1, 2)
e

− j⋅
4
⋅0

e
− j⋅

4
⋅1

e
− j⋅

4
⋅2

e
− j⋅

4
⋅3

e
− j⋅

4
⋅4

e
− j⋅

4
⋅5

e
− j⋅

4
⋅6

e
− j⋅

4
⋅7

+ + + + + + + =  0

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅2

e
 j⋅

4
⋅4

e
 j⋅

4
⋅6

e
 j⋅

4
⋅0

e
 j⋅

4
⋅1

e
 j⋅

4
⋅2

e
 j⋅

4
⋅3

e
 j⋅

4
⋅4

e
 j⋅

4
⋅5

e
 j⋅

4
⋅6

e
 j⋅

4
⋅7

C

C = A·B [C ] i , j = [A ] row i ⋅ [B] col j

(i, j)C =  0

T
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Root of Unity

W 8
0W 8

1W 8
2W 8

3W 8
4W 8

5W 8
6W 8

7 = 0

∑
k=0

N−1

W N
k = ∑

k=0

N−1

e
− j2

N k
= 0

∑
k=0

N−1

e
− j2

N k = zN − 1
z − 1

= 0

z ≡ e
− j2

N 

z N = e
− j2

N N
= 1

W 8
0

W 8
1

W 8
2

W 8
3

W 8
4

W 8
5

W 8
7

W 8
6
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Complex Vector Inner Product

〈 x , y 〉 = x H ⋅ y = ∑ xi
∗ yi

Hermitian inner product 

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)

: conjugate transposex H

Norm of Hermitian inner products 

the length of a vector∥x∥ = √〈 x , x 〉 = √ x H ⋅ x = √∑ xi
∗ xi

〈 x , x 〉 = x H ⋅x = ∑ xi
∗ xi

(a1− j b1 a2− j b2 ⋯ an− j bn) (a1+ j b1

a2+ j b2

⋮
an+ j bn

) = ∑
i=1

n

a i
2 + bi

2
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Cauchy-Schwartz Inequality

∣ 〈 x , y 〉∣2
≤ 〈 x , x 〉⋅ 〈 y , y 〉

∣ 〈 x , y 〉∣ ≤ ∥x∥⋅∥y∥

For all vectors x and y of an inner product space

The equality holds if and only if x and y are linearly dependent

x = (a1+ j b1

a2+ j b2

⋮
an+ j bn

)〈 x , y 〉 = x H ⋅ y ≤ ∥x∥⋅∥y∥

y = k x

y = k(a1+ j b1

a2+ j b2

⋮
an+ j bn

)
Inner product is maximum 
when

maximum

〈 x , y 〉 ≤ k(∑i=1

n

ai
2 + bi

2)
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Orthogonality 

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

r0
r1
r2
r3
r 4
r5
r6
r7

r0
∗r1

∗r2
∗r3

∗r 4
∗r5

∗r6
∗r7

∗

r0⋅r0
∗ r0⋅r1

∗ r0⋅r2
∗ r0⋅r3

∗ r0⋅r4
∗ r0⋅r5

∗ r0⋅r6
∗ r0⋅r7

∗

r1⋅r0
∗ r1⋅r1

∗ r1⋅r2
∗ r1⋅r3

∗ r1⋅r4
∗ r1⋅r5

∗ r1⋅r6
∗ r1⋅r7

∗

r2⋅r0
∗ r2⋅r1

∗ r2⋅r2
∗ r2⋅r3

∗ r2⋅r4
∗ r2⋅r5

∗ r2⋅r6
∗ r2⋅r7

∗

r3⋅r0
∗ r3⋅r1

∗ r3⋅r2
∗ r3⋅r3

∗ r3⋅r4
∗ r3⋅r5

∗ r3⋅r6
∗ r3⋅r7

∗

r4⋅r0
∗ r4⋅r1

∗ r4⋅r2
∗ r4⋅r3

∗ r4⋅r4
∗ r4⋅r5

∗ r4⋅r6
∗ r4⋅r7

∗

r5⋅r0
∗ r5⋅r1

∗ r5⋅r2
∗ r5⋅r3

∗ r5⋅r4
∗ r5⋅r5

∗ r5⋅r6
∗ r5⋅r7

∗

r6⋅r0
∗ r6⋅r1

∗ r6⋅r2
∗ r6⋅r3

∗ r6⋅r4
∗ r6⋅r5

∗ r6⋅r6
∗ r6⋅r7

∗

r7⋅r0
∗ r7⋅r1

∗ r7⋅r2
∗ r7⋅r3

∗ r7⋅r4
∗ r7⋅r5

∗ r7⋅r6
∗ r7⋅r7

∗

=

〈r i
H , ri

H 〉 = r i⋅r i
∗ = N

(i ≠ j)

A H = B
B H = A

AB=N I
BA=N I

A H A = A A H = N I
B H B = B B H = N I

〈r i
H , r j

H 〉 = r i⋅r j
∗ = 0



3B DFT Matrix Properties 21 Young Won Lim
12/14/11

N=8 DFTDFT : Inner Product X[0]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[0] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[0] measures “0 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r0
H , x 〉 = r 0⋅ x ≤ ∥r0

H∥⋅∥x∥

x = k r 0
H maximum when
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N=8 DFTDFT : Inner Product X[1]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[1] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[1] measures “+1 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r1
H , x 〉 = r1⋅ x ≤ ∥r1

H∥⋅∥x∥

x = k r 1
H maximum when
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N=8 DFTDFT : Inner Product X[2]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[2] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[2] measures “+2 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r2
H , x 〉 = r 2⋅ x ≤ ∥r 2

H∥⋅∥x∥

x = k r 2
H maximum when
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N=8 DFTDFT : Inner Product X[3]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[3] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[3] measures “+3 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r3
H , x 〉 = r3⋅ x ≤ ∥r3

H∥⋅∥x∥

x = k r 3
H maximum when
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N=8 DFTDFT : Inner Product X[4]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[4] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[4] measures “+4 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r 4
H , x 〉 = r 4⋅ x ≤ ∥r 4

H∥⋅∥x∥

x = k r 4
H maximum when
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N=8 DFTDFT : Inner Product X[5]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[5] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[5] measures “-3 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r5
H , x 〉 = r5⋅ x ≤ ∥r5

H∥⋅∥x∥

x = k r 5
H maximum when
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N=8 DFTDFT : Inner Product X[6]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[6] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[6] measures “-2 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r6
H , x 〉 = r6⋅x ≤ ∥r6

H∥⋅∥x∥

x = k r 6
H maximum when



3B DFT Matrix Properties 28 Young Won Lim
12/14/11

N=8 DFTDFT : Inner Product X[7]

x

X [0]
X [1 ]
X [2 ]

=X [3]
X [4]
X [5]
X [6]
X [7]

x [0 ]
x [1]
x [2 ]
x [3]
x [4]
x [5]
x [6]
x [7]

  When x looks like this, X[7] is max. 

0 cycle
-1 cycles
-2 cycles

+1 cycles
+2 cycles

-3 cycles
-4 cycles
+3 cycles

  X[7] measures “-1 cycle” component in x

{ e
− j 2π

8
k n}

{e− j 2π
8

k n}

= cos(−2π
8 k n)

= sin(−2π
8 k n)

R e

I m

〈r7
H , x 〉 = r 7⋅x ≤ ∥r7

H∥⋅∥x∥

x = k r 7
H maximum when
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N=8 DFTDFT : X[0] in A∙B

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[0] = e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

e
− j⋅

4
⋅0

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[0]

When x looks like this, X[0] is max. (=N) 
                                     X[k] = 0   for  k≠ 0

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[1] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[1]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅1

e
− j⋅

4
⋅2

e
− j⋅

4
⋅3

e
− j⋅

4
⋅4

e
− j⋅

4
⋅5

e
− j⋅

4
⋅6

e
− j⋅

4
⋅7

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[1] = 

When x looks like this, X[1] is max. (=N) 
                                     X[k] = 0   for  k≠ 1

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[2] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[2]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

e
− j⋅

4
⋅0

e
− j⋅

4
⋅2

e
− j⋅

4
⋅4

e
− j⋅

4
⋅6

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[2] = 

When x looks like this, X[2] is max. (=N) 
                                     X[k] = 0   for  k≠ 2

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[3] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[3]

e
− j⋅

4
⋅0

e
− j⋅

4
⋅3

e
− j⋅

4
⋅6

e
− j⋅

4
⋅1

e
− j⋅

4
⋅4

e
− j⋅

4
⋅7

e
− j⋅

4
⋅2

e
− j⋅

4
⋅5

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[3] = 

When x looks like this, X[3] is max. (=N) 
                                     X[k] = 0   for  k≠ 3

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[4] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

X[4]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[4] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

e
− j⋅

4
⋅0

e
− j⋅

4
⋅4

When x looks like this, X[4] is max. (=N) 
                                 X[k] = 0   for  k≠ 4 x

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[5] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[5]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[5] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅5

e
− j⋅

4
⋅2

e
− j⋅

4
⋅7

e
− j⋅

4
⋅4

e
− j⋅

4
⋅1

e
− j⋅

4
⋅6

e
− j⋅

4
⋅3

When x looks like this, X[5] is max. (=N) 
                                     X[k] = 0   for  k≠ 5

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[6] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

x

X[6]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[6] = e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

e
− j⋅

4
⋅0

e
− j⋅

4
⋅6

e
− j⋅

4
⋅4

e
− j⋅

4
⋅2

When x looks like this, X[6] is max. (=N) 
                                     X[k] = 0   for  k≠ 6

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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N=8 DFTDFT : X[7] in A∙B

X [k ] = ∑
n = 0

7

W 8
k n x [n] W 8

k n = e
− j  2

8
k n

When x looks like this, X[7] is max. (=N) 
                                     X[k] = 0   for  k≠ 7 x

X[7]

x [0 ] x [1] x [2] x [3 ] x [4 ] x [5 ] x [6 ] x [7 ]
T

X[7] = 
e

− j⋅
4
⋅0

e
− j⋅

4
⋅7

e
− j⋅

4
⋅6

e
− j⋅

4
⋅5

e
− j⋅

4
⋅4

e
− j⋅

4
⋅3

e
− j⋅

4
⋅2

e
− j⋅

4
⋅1

U ⋅U H = I

Unitary Matrix

A⋅B = A⋅ AH = N I
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