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Duality

@ A periodic signal in time domain has the effect of sampling its
spectrum in frequency domain.

@ Sampling a time domain signal has the effect of making its spectrum
periodic in frequency domain.



Intantaneous Sampling

@ a uniform rate T, seconds

@ an infinite sequence of samples {g(nTs)}

e muliply g(t) by the impuse train E‘, o(t—nTs)

n—-—oo

ideal sampled signal

gs(t)= ¥ g(nTs)d(t—nTy)

n—=-—oo

@ instantaneous sampling
@ natural sampling

o flat top sampling



A Periodic Spectrum : DTFT

DTFT time domain : a sampled signal

gs(t) =[g(1)] [ E o(t— nTs)] Multiplying an impulse train

n—=-—oo

gs(t)= ¥ g(nTs)d(t—nTy)

n—=-—oo

DTFT frequency domain : a periodic spectrum

Gs(f) = i g(nTs)exp(—j2mnTf) Fourier transform of gg(t)
Gs(F)=fi ¥ G(f—mf) Replicating G(f), but why?
G(f) : Fourier transform of g(t) g(t) = G(f)

fs=1/Ts : the sampling rate
a periodic spectrum with a repetition frequency equal to the sampling rate



A Periodic Signal : CTFS

CTFS time domain : a periodic signal

g1, (t) = E g(t—mTs) A periodic signal

gr,(t) =1 Y G(nf;)exp(+j27mnfst) Fourier series exapansion

n—=-—oo

CTEFS frequency domain : a sampled spectrum
cn = fsG(nfs)

G(f) : Fourier transform of g(t) g(t) = G(f)
fs=1/Ts : the sampling rate

Note the duality between DTFS and CTFS



A periodic signal g7.(t) and a periodic spectrum Gg(f)

CTFS time domain : a periodic signal

gr,(t)= ¥ glt—mT)=1f ¥ G(nf)exp(+j2mnfit)

m—=—oo n——oo

A Fourier series expansion of a periodic signal

DTFT frequency domain : a periodic spectrum

Gs(1)= ¥ g(nTo)exp(—j2mnTsf)=f ¥ G(f—mk))

n——oo m—=—oo

Can prove through the duality property



DTFT and CTFT

The Fourier Transform of a Continuous Signal

G(F) = [ g(t)exp(—j2mft)dt
g(t)= [ G(f)exp(+j2mft)df

The Fourier Transform of a Sampled Signal

Gs(F) = gs(t)exp(—j2nrt)dt
gs(t) = [ Gs(f)exp(+j2mft)df

Gs(1)=J""| ¥ g(nT.)s(t—nT.)| exp(—j2nrt)de

n—-—co

= ¥ g(nT2) [ [8(t —nT.)exp(—j2mrt)] dt

n—=-—oo

=| Y g(nTs)exp(—2ninTs) (Discrete Time Fourier Transform)

n——oo




Other Definitions of DTFT

Gs(f)= ¥ g(nTs)exp(—j2nfnTs)

n—=-—oo

nN=-—o0 n—=—oo

Gs(jo)= ¥ g(nTs)exp(—jonT,)= ¥ glnlexp(—jonTs)

’ = o T, (normalized radian frequency)

GUd)= ¥ glnlexp(—jin)

n=-—co




Duality Between CTFS and DTFT

Continuous Time Fourier Series (CTFS)

gr(t)= T crexp(+j2mnft)

n—=-—oo

g1, (t): a periodic function in the time domain
cn: a sampled function in the frequency domain

Discrete Time Fourier Transform (DTFT)

oo

Gs(f)= ¥ g(nTs)exp(—j2mnTsf)

n—=—co

Gs(f): a periodic function in the frequuency domain
g(nTs): a sampled function in the time domain

Periodic functions: gr,(t) «— Gg(1)
Sampled functions: ¢, «— g(nTs)



CTFS and CTFT : Fourier Coefficients

Fourier Series

gr,(t)= Y cnexp(+j2mnfyt)
n——oo

1 +To/2

Ch= ﬁffro/z gy, (t)exp(—j2mnfot)dt

g(t) the one period portion of gr,(t), at the origin
then there exists Fourier transform g(t) = G(f)

g(t)=0,(t< -2, t>+10)

+Tp/2

¢ =45 ) ), 8(D)exp(—j2mnist)dt = fG(nf))

¢, =HG(nf) |

Fourier Transform

G(F) = J " g(t)exp(—j2mft)dt
g(t) = I G(F)exp(+j2nft)df




Fourier Series Expansion of g, (t)

+Tp/2

c, = Tioffro/z g(t)exp(—j2mnipt)dt = fo G(nfy)

The periodic signal g7,(t) from the Fourier coeffiecients ¢,

¢, = foG(nfy) : sampling in the frequency domain
gr,(t)= ¥ ciexp(+j2mnfot) =1y Xz G(nfo)exp(+j2mniyt)

n=-—oo

The periodic signal gr,(t) obtained by replicating g(t)

oo

gr,(t)= X g(t—mTy) . replication in the time domain

m=-—co

oo

Y g(t-mTo)=fh ¥ G(nh)exp(+j2mnit)

m—=—oo n——oo




CTFT of a periodic signal g7,(t)

Fourier Series

gr,(t)= X cnexp(+j2mnfyt)
n——oo

1 +Tp/2

ch = ?OLTO/Z gy, (t)exp(—j2mnfot)dt

g(t) the one period portion of gr,(t), at the origin
then there exists Fourier transform g(t) = G(f)

E g(t—mTy) =1y E G(nfy)exp(+j2mnfyt)

m—=—oo n——oo

Also, note exp(j2nf.t) = 6(fF 1)

Fourier Transform of a Periodic Signal

Y g(t—mTo)Sh ¥ G(nf)d(f — nfy)

m=—oo n—-—oo




A Periodic Signal Summary: CTFS & CTFT

CTFS time domain : a periodic signal

g1,(t) = oi g(t—mTs;) A periodic signal

m=
Fourier series exapansion

gr,(t)=1f ¥ G(nfs)exp(+j2mnfst)

n—=-—oo

CTEFS frequency domain : a sampled spectrum
Ch = st(nfs)

CFFT of a periodic signal
To f‘, g(t—mTo) = E‘, G(nfy)exp(+j2mnfyt)

n——oo

m—=—oco
: sampling in the frequency domain

S ¥ G(nfo)d(f —nfy)




Duality (Time Shift = Frequency Shift)

’g(f—to)ﬁG( )exp(—j2nfto)

[h(t) = g(t —to)] , [H(7) = G(/)exp(—j27nl to)]

change the order (the left and right hand sides)

[H(F) = G(F)exp(—j2rito)] ;. » [A(t) = g(t —to)],¢
change ty and fywith each other

[G(—t)exp(+j2nfot)] , [g(f — f)]

change g() and G() :

G(—t) —&(t), 2(F —fo) — G(f —1o)

2(t)exp(+j2nfot) S G(F — fo)




Duality (Frequency Shift = Time Shift)

]g(f)exp(+j27tfot) = G6(F = 1)

[h(t) = g(t)exp(+j2nfyt)] , [H(F) = G(F —f)]

change the order (the left and right hand sides)

[H(7) = G(F = o)l » [M(t) = g(t)exp(+2mfot)] . ¢
change ty and fywith each other

[G(t—t0)] , [g(=7)exp(—j2mtor )]

change g() and G() :

G(t—to) «— g(t—to), g(—1) < G(f)

2(t—to) S G(F)exp(—j2nf to)




Duality (Frequecy Sampling=- Time Sampling)

mi mg(t —mTy) S fonf‘,mG(nf()ﬁ(f— nfy) Frequency Sampling
_h(t)zmﬁwg(r—mm] , [H( )=h §_G(n1)3( —nfo)}
c:hange the order (the left and right hand sides) h(t) = H(f)
6, L 6ons(r=n)| | E ete-m)| MO =H-N
c:hange To and fywith each other _
I Gomate-nTo)| |6 £ o omb)| (0= a(-1)
G(nTo) < g(nTo), g(— 1 — mfy) « G(f — mfo) g(t) = G(f)
L g(nT)S(t-nT) S h ¥ G(f—mh) Time Sampling




Duality (Time Sampling= Frequency Sampling)

§ g(nTs)o(t—nTs) S fs i G(f —mfs) Time Sampling

n—=—oo m—=—oo

)= T T3] [H)=f T G( - mh)]

h(t) = H(f)

change the order (the left and right hand sides)

t £ Gr-mn)| | £ eemse-am)|  HEo= a0
—t t—f

m—=—oo n—-—oo

change Ty and fywith each other

§ Ge-mm| 6 £ et G(—1) = (f)
G(—t—mTo) < g(t—mTo) , g(nfs) < G(nf) g(t) = G(f)
i g(t—mTy) S fs E‘, G(nfs)O(f — nfs) Frequency Sampling




Sampling Duality

periodic in the time domain: fundamental period To =1/f;

oo (=)

To ¥ g(t—mTo)= Y G(nfy)exp(+j2mnfyt)
m=—oo n—=—o
= E G(nfy)S(f — nfy) : sampling in the frequency domain

n=—co

periodic in the frequency domain : sampling rate f;, =1/ T

Y g(nTs)o(t—nTs) : sampling in the time domain

n—=-—oo

Sf T G(f-mk)= T g(nTy)exp(—j2anT,f)

m——oo n—=—o




Analysis (Time Shift = Frequency Shift) (1)

’g(f—to)ﬁG( )exp(—j27f to)

G(—t)exp(+j2nthy) = g(f —fo)
G(—t)exp(+j2rtfy)

— |7 (") exp(+j2rr t)df | exp(+j2nfyt) (G(~t)

+o0

= [ g(f)exp(+j2n(f + fo)t) (v="4f)

+

= [ g(v—f)exp(+j2mvt)dv

[G(—t)exp(+j2mtho)] = [ [g(f — fo)l exp(+j2mrt)

]g(f)exp(+j2m%t) = G6(F = 1)




Analysis (Time Shift = Frequency Shift) (2)

8(t—t0) S G(F)exp(—j2n/ to)

T G(F ~ h)exp(-+j2nf 1)dr | exp(~j2nfyt) = g(t)

I [G(—t)exp(+j2mtfy)] exp(—j2nft)dt = [g(f — fo)]

I WG(—t)exp(—th( —fo))dt = [g(F — )] (v=
f " G(—t)exp(—j2mtv))dt = g(v) (—-t=1,v=1t)
I G(v)exp(+j2mtt)dT = g(t) (r=1~1)

fi G(F = h)exp(-+j2(7 ~ fo)1)dr =g(7)

I

6~ f)lexp(+j2xi t)df = [g(t)exp(+j2nfyt)]

g(t)exp(+i2nhot) S G(f — fo)




CTFS, CTFT, and DTFT

+Ty/2 )
CTFS fTO/2 gy, (t)exp(—j2mnfot)dt

CTFT G(r) f g(t)exp(—j2rmft)dt

DTFT Gs(F)= ¥ g(nTs)exp(—j2anT,f)

Continuous Time Fourier Series (CTFS)
gr,(t): a continuous time periodic function
c,: a discrete frequency function
Continuous Time Fourier Transform (CTFT)
g(t): a continuous time aperiodic function
G(f): a continuous frequency aperiodic function
Discrete Time Fourier Transform (DTFT)

g(nTs): a discrete time (sampled) aperiodic function
Gs(7): a continuous frequency periodic function




CTFT: Continuous Time Fourier Transform

CTFT

G(F) = J'_ g(t)exp(—j2mft)dt

g(t) G(f)




CTFS: Continuous Time Fourier Series

CTFS

+Tp/2

c,= TLO‘/;TOQ gTO(t)exp(—j27rnf0t)dt

gr,(t) ¢, = foG(nf,)
T, fo=1/T,
|||||




DTFT: Discrete Time Fourier Transform

DTFT

Gs(f)= Y g(nTs)exp(—j2nnTf)

n——oo

g(nT,) f,=1T, Gi(f)

TA
Al o)




Fourier Series of an Impulse Train

Fourier Series

gn(t)= ¥ crexp(+j2mnfot)

1 +T0/2

=1/ o2 gr, (t)exp(—j2mnfot)dt

p(t) = L8(t—nTo)

n—=-—co

1 +To/2

= ﬁfiwz o(t)exp(—j2mnfyt)dt = fy

Two Representations of an Impulse Train

p(t)= ¥ 8(t—nTo)

n—=—oo

p(t)=fo ¥ exp(+j2mnfyt)

Nn——co




Fourier Transform of an Impulse Train

Two Representations of an Impulse Train

oo

p(t)y= Y 8(t—nTp) = P(f)= Y exp(+j2nnTyf)

——o0

p(t)=fo ¥ exp(+j2mnfot) = P()=fy ¥ 8(F—nf)

n——oo nN=—oo

p(t) = P(f)

exp(+j2mnfyt) = O(f —nfy)
P(r)= | p(t)exp(—j2xr t)dt
P(f)=f ¥ 8(f—nk)

n—-—oo

Fourier Transform

G(F)= [ g(t)exp(—j2nft)dt
g(t) = I G(F)exp(+j2nft)df




Other Derivation of DTFT

oo

p(t)= Y o(t—nTyp) (Method 1)

n—-—oo

gs(t)= ¥ g(nTo)8(t—nTp)

Nn=-—oo

S(t—nTy) 2 exp(—j2xnTy)
Gs(f) = n:Z_mg(nTs)exp(—jzn nTs)

p(t)=fo ¥ exp(+j2mnfyt) (Method 1)

n=-—oo

gs(t) = g(t) x Tioexp(+j27tnfot)

g(t)p(t) = G(7)xP(1)
Gs()=+ X G(f—nfy)

n—=-—oo




Sampling Theorem

Strictly band-limited signal g(t) : G(f) =0 for |f| > W

@ Sampling Period Ts <1/2W max To=1/2W

o Sampling Frequency £, >2W min fg =2W

gs(t) = Gs(f)
E g(nTs)8(t—nTs) |= E g(nTs)exp(—j2mnTf) (DTFT)

n—=-—oo n—=-—oco

Gs(f)= ¥ g(5 ) exp(—j%E)

n=-—oco

: Fourier Transform of the sequence g(nT.) = g(n/2W)



Discrete Fourier Transform

Discrete Time Fourier Transform (DTFT)

Gs(N)= L _glaly)expl—i%f

f=kx2W/N

° g :g(ﬁ) :g(nTs)
o G = Gs(3) = Gs(7+)

Discrete Fourier Transform (DFT)

N—
Gk = Z gneXp(_J v k)

n=0




Recovering G(f) from Gg(f)

o f,=2W
e G(f)=0for |f| > W

o Gs(f)=2W Y G(f—mf)

=2W[G(f)+ G(f £ )+ G(f £2f)+ -]

o G(f) =5k Gs(F) W< fF<4W



Ideal Low Pass Filter

The knowledge of the all the sample values of g(n/2W)

can determine the Fourier Transform G(f) with the scaling factor 1/2W
by the DFT Gg(f) with a focus to the interval —W < f <4+ W

. the sampled sequence g(n/2W) contains all the information of g(t)




Reconstruction g(t) from {g(n/2W)}

g(t) = [G( ) exp(j2nft)df
=W [1 Dy g(zw)exp(—f”ﬁf)] exp(j2nft)df

gl { sy [ explizn (e~ o ldf |

n [ explj2nf (t—5 )]rW
W J2ﬂ(t—m W
|:e\p[+1271:W (t—5py )] —exp[—j2nW (t— 2W)]:|

W 2j-2rW(t—5y)
n sin[2nW (t— 55 )] i n in[2nWt—n
W) [ 27rW(t7%W ] )y g(f) [S Jnﬁvtfnn?)]}

- i () [sinc[2We — n]]



Interpolation Formula

g(t)=

E g(5yy)sinc[2Wt — n

S}

n

)sinc [2W(t — 55)] (interpolation formula)

— 517) | *[sinc(2Wt)]

|deal Low Pass Filter : Synthesis / Reconstruction Filter

e h(t) =sinc(2W't)
e H(f)= ﬁ
e h(t)=sinc(2Wt)

for —oo < t < 40
for —W < f<+W




Analysis and Synthesis

Analysis : at the transmitter

A band-limited signal (only for —W < f < +W")
is completely described by sample values
whose time instants are separated by 1/2//seconds.

G(f ):LWZE g5 )exp(—j 2oL W< f<4W

Synthesis : at the receiver

A band-limited signal (only for —W < f < +W")
is completely recovered by sample values
whose time instants are separated by 1/2//seconds.

| A

g(t)= Y glspy)sinc2Wt—n] —o0 <t < oo

n—=-—oo

A\




Nyquist Rate and Interval

Nyquist Rate

The sampling rate of 2/ samples per second
for a signal bandwidth W hertz

Nyquist Interval

The reciprocal of the sampling rate : 1/2\V.
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